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Prologue

The book An Introduction to Optimization for Economists originates from a crashcourse refresher in
mathematics that I taught for many years at Tilburg University to research master and starting PhD
students economics, prior to my retirement in 2019.

After my retirement, the lecture notes from this course were used as the foundation for writing this
book. Additional theory was inorporated, and to make the material accessible at different levels,
numerous exercises were added.

In this accompanying volume to the book, answers to all exercises are provided. A disclaimer ap-
plies here. Many exercises have not been checked yet by students. Though I did my best in elaborating
them accurately, probably still typo’s or other inaccuracies will be there. Readers are encouraged to
report them on the site mentioned below, so that other users may benefit from this later on.

My personal hope is that students around the world will enhance their understanding through the
mathematical approach to optimization presented in this book. In particular, I believe the book can
serve as a useful stepping stone towards the study of more specialized areas in optimization.

I would like to thank Tilburg University, and especially Tilburg University Press, for making it
possible to publish this book as open access. I am particularly grateful to Beatriz Lourenco Barrocas
Neves Ferreira for her support throughout the publishing process.

Last but not least, I would like to thank my wife, Carine, for giving me the space and freedom to
devote so much of my time writing this book and conducting research.

If you have any comments on the book, you are most welcome to post and share them on the
DOI-site: https://doi.org/10.56675/9789403860336.

Writing this book has been a rewarding way to spend part of my retirement. If you feel inclined to
show your appreciation, you may consider a small donation to the bank account below. I will use this
money then to make a hiking tour with Carine. You may use next Wise bank account for that purpose:
Jacob Christiaan Engwerda, IBAN: BE21967500746803, Belgium, Swift/BIC: TRWIBEB1XXX.

Hoping you may benefit from the book, Jacob Engwerda.

» VI «






Preface

Economics is a social science that studies the production, distribution, and consumption of goods and
services. A central concern of the discipline is how economic agents behave and interact, and how
economies function as a whole. In line with this focus, a fundamental distinction in economics is
made between microeconomics and macroeconomics.

Microeconomics analyzes the behavior of individual components of the economy, such as house-
holds and firms, buyers and sellers, as well as markets and their interactions. Macroeconomics, in
contrast, examines the economy as a whole and addresses issues such as unemployment, inflation,
economic growth, and monetary and fiscal policy.

To support such analyses, economists frequently rely on mathematical tools to model specific eco-
nomic situations. By using mathematical abstractions of real-world phenomena, one aims to gain
deeper insight into the underlying mechanisms at work. Ultimately, this approach is intended to
improve the allocation of scarce resources.

In the book An Introduction to Optimization for Economists, we review a number of standard math-
ematical tools that are used to determine optima of functions. Accordingly, the focus lies on the
second aspect of the analysis described above: given a specific mathematical model of an economic
problem, how can one derive conclusions that—provided the model captures the essential features
of the problem—Iead to a better understanding of agent behavior and a more efficient allocation of
resources.

Beginning with the concept of a function, the main text presents conditions under which optima
can be derived. Both single-variable and multivariable functions are considered. Since resources are
typically scarce, we then study conditions for finding optima when the domain of a function is re-
stricted, leading to so-called constrained optimization problems. A special and important subclass
of these problems consists of convex optimization problems. Owing to their favorable numerical
properties—particularly in the case of linear programming—they are widely used in applications and
are therefore treated in a separate section. Finally, we consider optimization problems in which the
outcome is influenced by the actions of more than one agent.

This book is intended for students who wish to learn mathematical techniques that they can later
apply to their own economic problems. The main text is accessible to students in economics as well
as those pursuing more technical fields of study. Mathematical technicalities are deliberately kept to
a minimum. The goal is to provide students with a basic understanding of the underlying ideas and
an intuitive sense of the conditions under which specific mathematical tools can be applied and how
they are used.

Each chapter concludes with a set of exercises, which are divided into three categories. The first
category consists of exercises that allow students to test their understanding of the presented material.
The second category encourages deeper engagement with mathematical rigor, including proofs of
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theorems introduced in the main text and related topics. The third category aims to illustrate how
the theoretical tools can be applied in economics to gain better insight into real-world phenomena.
In this accompanying volume, we provide solutions to all exercises in the book.
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Df(x) = [Dif(z) - Dn(z)]
(@)

Cl

Ck

f’(x), or, Hessian H (x)
AT

A>0

A>0

A<O

A<0

det A

A—l

Inxn

Ts(a)

TLs(a)

Notation and Symbols

there exist ¢, € such that ||f(z)|| < ¢||z|| when 0 < [|z|| < e.

Real numbers

strictly positive real numbers

set of vectors with n real entries

set of n x m matrices with real entries

inverse function of f(x)

n*" order derivative of f(x)

transpose of the vector x

length V2T z of vector x, or, distance vector x to the origin
partial derivative of f w.r.t. z;

directional derivative f(x) in the direction u

row matrix of partial derivatives (or, Jacobian of f(x))
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set of differentiable functions which partial derivatives are continuous
set of functions which all k*"-order partial derivatives are continuous
second order derivative of f(z), i.e. [(D}f(z))T--- (D, f(z))T]"
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CHAPTER 1

Static Optimization: The Scalar Case

1.1 Functions of one variable

EXERCISE 1.1 Determine for the rules f, defined below, a set D as large as possible such that f defines
a function from D — IR. Calculate the range of the corresponding function.

a. flx)=z+1. b. flz)=21 < f(x):ﬁ d. f(z)={z|2? =y, wherey € [1,4]}.

ANSWER 1.1
a. D=R; f(D) =R.

b. D =R\{0}; f(D) =D

c. D=R\{1} f(D)={y|y>0}
d. D =[1,2]; f(D) = [1.4].

EXERCISE 1.2 Determine which of the functions f, defined below, is invertible. For all functions that
are invertible, determine the inverse function f~1.
a. flz)=xz+1. b. f(z)=2?% z€[-1,1]. c. f(x)=-22+1, 2€l0,1].

ANSWER 1.2

a. invertible; y =2 +1 =2 =y—1— fY(z)=2—1.

b. not invertible.

c. invertible: y = 22 +1 =2’ =1-y—a2=y1T—-y— fl(z) = V1 -

EXERCISE 1.3

. . oo (z z? _92\4
a. Slmphfy Wg(al)og(z)' d. Solve (i) - 64 (2 2 ) .
b. Simplify e2(®) — In(e2*). e. Solve 2In(z — Je) — In(z — 3e) = 1.

c. Solve 2% = 4-3v—4,

» 1«



Questions and Answers Introduction to Optimization for Economists

ANSWER 1.3

A TTogty)

b. e2In(®) _ In(e2?) = (@) _ In(e2*) = 22 — 22 .

c. 2% =484y or’ _92(=Bu—d) 02 _9( 35 4) 522460 4+8=0—x=-2 z=—4.

d. (i)mz — 64 (2720)" 227 —96p8r 920" _ 968 9,2 68y =1, 2 =3.

eQm@f%@fm@f%@:14HMx—?P7m@f%@:JM@AHn%égi:m@y»gﬁ%ﬁz
e (x—3e)’=e(z—32e) v’ —2ex+e=0z=e

EXERCISE 1.4 Let f(z) = 2% + 1 and g(z) = log(z? + 1). Determine

a (f+9)@. b (fo)) e (1) (@) d (fog)x). e (gof)(a).

ANSWER 1.4

a. (f +g)(x) = 2% +1+log(z® +1).

b. (fg)(z) = (z* + 1) log(2? +1).

¢ (g) z) = og;?xﬁl)

d. (fog)(z) = log (22 +1) + 1.

e. (go f)(x) =log((z* + 1)* + 1).

1.2 Compact Sets

EXERCISE 1.5 Determine the boundary and accumulation points of next sets. Motivate which of these
sets is bounded, open, closed or compact, respectively.
a. [1,2] U [3, ). b. {1,2}. c. [1,2)U(2,3]. d. [1,3) N (0,2].

ANSWER 1.5

a. Boundary points: 1,2,3. Accumulation points: 1,2,3. Not bounded, not open, closed, not compact.

b. Boundary points: 1,2. Accumulation points: none. Bounded, not open, closed, compact.

c. Boundary points: 1,3. Accumulation points: 1,2,3. Bounded, not open, not closed, not compact.

d. [1,3) N (0,2] = [1,2] — Boundary points: 1,2. Accumulation points: 1,2. Bounded, not open,
closed, compact.

1.3 Continuous Functions

EXERCISE 1.6 Motivate which of the next functions is continuous.

1
a.f(x):{lOg(x;+1)’ zig c.f(x):{g’ zig

b. f(z) = ze® +n(E"+1)

» 2«



Static Optimization: The Scalar Case

ANSWER 1.6

a. g(z) = 22 + 1 > 1 is continuous; h(y) = log(y) is continuous — h(g(x)) is continuous; k(z) = = is
continuous. Notice k(0) = h(g(0)) — f is continuous.

b. g(z) = #? + 1 > 1 is continuous; h(y) = In(y) is continuous — h(g(x)) is continuous — z(z) =
% + h(g(x)) is continuous; k(y) = €Y is continuous — f(z) = zk(z(z)) is continuous.

c. Let g(z) = 1, o # 0. Consider the sequence t;, = 1. Then, ¢, converges to zero if k goes to
infinity. Furthermore, g(¢x) = k goes to infinity. So, g(¢;) does not converge to zero. So, g is not

continuous.

EXERCISE 1.7 Motivate whether the next functions have an optimum.

a. f(z)=2, x>0. b. f(x) = ll'lw(lgj-Q)’ —10<z <12,

ANSWER 1.7

a. The range of f is (0, c0). Furthermore f(z) < f(y) if x > y. So, f has no optimum.

b. D :=[—10,12] is compact. f is continuous on D. So, by Weierstrass’ theorem, f has both a global

maximum and a global minimum on D.

1.4 Differentiable Functions

EXERCISE 1.8 Determine the derivative of the next functions f(z).

a. f(z) =a? +2log(x), x> 0. ¢ fla)="22 x>0 e. f(z) = log(z2+1)+VzT + 1.
b. f(z) = 2 +2%, x #0. d. f(z) = 22¢*" 4+ 1.
ANSWER 1.8
a. f( )—2m+ln2z
b. f'(z) = -1 + 2 1n2.
’ L(z+1)—In(z
C. f,(l') = «l (—:_,_)1)211( )
d. f (z) = 2ze™ + 22%e*
e. f/(gj) = ﬁ?gﬁl + \/iZT

EXERCISE 1. 9 Motivate which of the next functions is differentiable.

a. f(z )—% c. f(x) =x+ |zl e. f(z) = z|z| +log(e” + 4).
T z<0 r, <0
b. f(x) = ’ . d. f(z) = ’ -
J(@) {a:+1, x>0 /(@) {Qx, x>0
ANSWER 1.9
a. g(z) = 2% + 2 > 2 is differentiable; h(y) = In(y) is differentiable — h(g(z)) is differentiable,

moreover h(g(z)) # 0; k(x) = 22 + €” is differentiable — f = (kg((”” )) is differentiable.
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b. Let g(z) := x and h(z) := x + 1. Then ¢g(0) = 0 # 1 = h(0). So, f is not continuous at z = 0.
Therefore f is not differentiable at z = 0.

c. fl&) =2zifxz > 0and f(z) = 0if z < 0. So, the tangent line to the graph of f at z = 0 is not
uniquely determined. Therefore, f is not differentiable at x = 0.

d. Similar to item c. it follows that the tangent line to the graph of f at x = 0 is not uniquely
determined. Therefore, f is not differentiable at x = 0.

e. f(z) = 22 + log(e® + 4) is differentiable if x > 0 and f(z) = —2? + log(e® + 4) is differentiable if
x < 0. Let g, (z) = 2% and g_(x) = —22. Then, both g, and g_ are differentiable at z = 0 with
derivative 0 — h(x) = x|z| is differentiable at = = 0. Also, log(e® + 4) is differentiable at x = 0 —
f is differentiable at z = 0 too.

1.5 First-Order Criterium for an Optimum of a Scalar Function

EXERCISE 1.10 Determine the stationary points of the next functions.

a. f(z) = ze®. b. f(z) = 45 c. f(z)=In(z?+22x+10). d. f(z)=<
ANSWER 1.10
a flx)=(x4+1)e*=0—>2=—1.
b. f'(x) = %—0%1}2:1%1:173::—1
c. fllz)= %—O%x:—l.
f(z)= @:O—mﬁ:l%x:l,x:—l

1.6 Monotonicity of Functions

EXERCISE 1.11 Determine the intervals where the next functions f(x) are decreasing and increasing,
respectively.

2

a. f(x) = 2% — 3z. b. f(z) =e*". c. flx)=2,z#0. d. f(x):::—z,x;«éo.

ANSWER 1.11
a f(x)=32-3=0—2=1, z=—1.

— f is monotonically increasing on (—oo, —1] U [1, 00);
f is monotonically decreasing on [—1, 1].
b. f'(z) =2ze” =0 — 2z =0.

» 4«



Static Optimization: The Scalar Case

— f is monotonically decreasing on (—oo, 0];
f is monotonically increasing on [0, c0).

c. fllz)= =2, z#0.

— f is monotonically increasing on (—oo, 0);
f is monotonically decreasing on (0, o).
d f () = Zei=gee’ _ 2@=2e" _g 449

T zt

— f is monotonically increasing on (—o0,0) U [2,00);

f is monotonically decreasing on (0, 2].

EXERCISE 1.12 Determine the optima of the next functions, using Theorem 1.34.
—(z+1)% o< -1
a. f(z)=a3—32%+3z+ 1. c. f(z)= 0, x € (—1,0);

a:z, x > 0.

ANSWER 1.12
a f(r)=322—6x+3=0—x=1.

+ + f'(x)

— f has a saddle point at x = 1.
b. f(#) =72 —T2* =0 -T2 (22 -1) =0 2x=—-1,2=0, z=1.

+ - - + f'(x)
——————— 0-------0-------0------
-1 X
— f has a maximum at z = —1, a saddle point at = 0 and a minimum at x = 1. As f(100.000) >

f(—1), the maximum is not global; as f(—100.000) < f(1), the minimum is not global.
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c. Notice that f is differentiable for all z # {—1,0}. Furthermore, g(z) = —(z + 1)? is differentiable
at z = —1 with ¢'(—=1) = 0 and h(z) = 0 is differentiable at z = —1 with A’ (=1) = 0. As
g(—1) = h(-1) it follows that f is differentiable at 2 = —1 too. Similarly it follows that f is also
differentiable at = 0.

— f(x)==2(x+1), < —1; f(z)=0, z € (0,1) and f () = 2z, = > 0.

— f has a local maximum at = € [—1,0) and a local minimum at z € (—1,0].

EXERCISE 1.13 Determine the optima of the next functions f(z). Indicate whether the optima are

local or global optima.

a. f(r)=a%-3z+1. c. f(z)=axe 2%, —2<2<2
b. f(x) = 3x* — 42® + 5. d. f(z)= 5.
ANSWER 1.13

a. f'(z) = 32% — 3 — Stationary points: z = 1, 2 = —1.

+ - + ' (x)
_______ O_______o_______
-1 X
— f has a local maximum at + = —1 and a local minimum at z = 1. As f(100.000) > f(—1), the

maximum is not global; as f(—100.000) < f(1), the minimum is not global.
b. f'(x) = 1223 — 1222 = 122%(x — 1) — Stationary points: = = 0, z = 1.

— f has a saddle point at x = 0 and a global minimum at z = 1.

c. fl(x)=e"2"" — 22 2%" = (1 —2%)e~2*" — Stationary points: x =1, z = —1.
- + - ')
|-=————- 0-=====- 0--—---- |
-2 -1 1 2 x
— f has a local minimum at z = —1 and = = 2; a local maximum at x = —2 and z = 1.

Note that the domain is compact and f is continuous. Therefore, by Weierstrass’ theorem, f attains

both a global maximum and a global minimum. Since f(—1) < f(2), f has a global minimum at

x = —1. Similarly, since f(—2) < f(1), f has a global maximum at x = 1.
d.fl(x):%:Oszzlﬁle, r=-1

y 6«



Static Optimization: The Scalar Case

- + - ')
______ o_______o_______
-1 1 X
— f has a local minimum at z = —1 and a local maximum at z = 1. Note f(z) — 0 if v — +o0,

f(1) > 0and f(—1) < 0. Consequently, f has a global minimum at x = —1 and a global maximum

atx = 1.

1.7 Convexity and Second-Order Criteria for an Optimum of a Scalar Function

EXERCISE 1.14 Indicate the intervals where the next functions are convex and concave, respectively.
d. f(z) =¢e*—In(z), x > 0.

2

a. f(x)=e". b. f(z)=In(z), z >0. c f(z)=e2%.

ANSWER 1.14

a. f(x)=e* = f(z) =e. f(z) >0 — fis convex on (—o0, c0).

b. f(x) =1 = f(x) = =}, f'(2) <0 — f is concave on (0, c0).

c. f(@)=—ze 2 5 f(2)=(2®>—1)e 2 = f(z)=0atz=1landz = —1
+ - + " (x)
______ O_______O_______
-1 1 X

— fis convex on (—oo, —1] U [1,00) and f is concave on [—1,1].
d f(z)=e" -1 5 f(2)=e"+ L — f(x) > 0— f is convex on (0, c0).

EXERCISE 1.15 Verify the correctness of the result stated in Remark 1.44 by checking the advertized
conditions for the examples considered in Example 1.43.

ANSWER 1.15

a. f(z)=2* = f(0) = £(0) = f®0) = 0; fH(0) = 24 > 0 — item i. of Remark 1.44 applies — f
has local minimum at « = 0.

b. f(z) = —z* = £(0) = £(0) = f®(0) = 0; f¥(0) = —24 < 0 — item ii. of Remark 1.44 applies
— f has local maximum at z = 0.

c. f(z) =23 — f(0) = f(0)=0; f®(0) = 6 # 0 — item iii. of Remark 1.44 applies — f has saddle

point at x = 0.

EXERCISE 1.16 Consider the function f(z) = 1+ (2 — 1)3. Determine all extremal points of f and
indicate whether they are local or global optima.

y 7/«
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ANSWER 1.16
f'(x) = 6x(x? — 1)® — Stationary points: z = 0, z = 1 and = —1.
- + - + f'(x)
————— 0-----——0--—-—----0------
-1 0 1 X
— f has a local minimum at « = —1 and z = 1; a local maximum at z = 0. f(—1) = f(1) — f hasa
global minimum at = —1 and = = 1; f(100) > f(0) — f has no global maximum.

EXERCISE 1.17 Show that the function f(z) = 2® — 422 has a local maximum at x = 0. Is this also a

global maximum? Determine all extremal points of f on [—1.1,1.1].

ANSWER 1.17

a. f'(z)=8z"—8x — f(x) = 5625 —8 — f(0) = 0and — f"(0) = —8 < 0 — f has local maximum
atz = 0.
£(100) > f(0) — f has not a global maximum at x = 0.

b. f'(x) = 8x(x5 — 1) — stationary points at z = 0, 2 = —1 and = = 1

- + - + £'(x)
| ==~ 0-————==0---———- 0-————-- I
-1.1 -1 1 1.1 x
— fhasalocal minimum atx = —1and « = 1; alocal maximumatx = 0. f(—1.1) = f(1.1) > f(0)
— f has a global maximum at x = —1.1 and « = 1.1; f(—1) = f(1) — f has global minimum at
z=1and x = —1.

1.8 Sexi Functions

EXERCISE 1.18 Consider the function f(z) = 2?sin 2, = # 0. Let f(0) = 0.

a. Use the definition of differentiability to show that f(x) is differentiable at = = 0.
b. Show that f'(z) = 2zsin L — cos 1, x # 0.

c. Show that f'(x) is not continuous at z = 0.

ANSWER 1.18
a. From the definition of differentiability it follows that we have to show that next difference quotient
has a limit if Az approaches zero.
fO+Az)— f(0) (Az)?sin=—0

o1
Az - Az = Awsin Az’

Note that |Az sin 5| < |Az|. Therefore, | Az sin 1| approaches zero if | Az| approaches zero.

» 8 «



Static Optimization: The Scalar Case

b. For = # 0, f is differentiable. Using the standard calculation rules we have f (z) = 2z sin% +
z%=3 cos 1.

c. Note that if 2 approaches zero 2z sin 1 approaches zero (see item a.). On the other hand cos 2
fluctuates between —1 and 1 if x approaches zero. So, f (2) does not approach a limiting value if

« approaches zero. Therefore f'(x) is not continuous at z = 0.

Mixed Exercises

EXERCISE 1.19 Determine for the functions f below all stationary points. Indicate whether f attains

at these points a local or global minimum/maximum.

x

a. f(r) = 2% — 62 + 8. d. f(z)=2%+1. g f(2) = 152
—1 2 _ =z _ __2x°+4

e fz)=32%— 322 —20-1. f f(z)= j’;ﬁ’

ANSWER 1.19

a. f'(z) = 2z — 6 — Stationary point: x = 3.

— f has a global minimum at = = 3.

b. f'(x) = 42® — 42 = 4x(2® — 1) — Stationary points: z =0, z = 1 and z = —1.

- + - + £'(x)
————— 0------0------0-----
-1 X
— f has a local minimum at z = —1 and x = 1; f has a local maximum at xz = 0.

f(100) > f(0) — f has no global maximum.
f(=1) = f(1) — f has global minimum at = —1 and = = 1.
c. fi(x)=22—2—2=(z—2)(x+1) — Stationary points: z = —1 and = = 2.

+ - + f£'(x)
_____ 0___________ —_———
-1 X
— f has a local maximum at x = —1; f has a local minimum at z = 2.

£(100) > f(—1) — f has no global maximum.
f(=100) < f(2) — f has no global minimum.
d. f'(z) = 5a* — Stationary point: z = 0.
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— f has a global maximum at z = 0.
e. f(z)= eme_ﬁem — Stationary point: z = 1.

+ - £ (x)

— f has a global maximum at z = 1.

’ 2 _ . .
£ f(z)=2= +(22_ff)(24”3) = ’%izj‘fj‘l — Stationary points: z = —2 and z = 3.
- + - (%)
_____ O________o_______
-2 0.5 X
— f has a local minimum at x = —2; f has a local maximum at z = %

Note f(z) — 0if z — +o0, f(—2) < 0 and f(3) > 0. Consequently, f has a global minimum at

z = —2 and a global maximum at z = 1.

— Stationary point: z = 1.

g. f’ (.13) _ e (x?4+1)—2xe®  (z2—2x+1)e”

(x2+1)? T (2%+1)2
+ + f'(x)
_________ o
1 X

— f has a saddle point at = = 1.
/ _da(la'+ 1224+ 1) - (227 +4) (2P +2)  —2B(2?+4)
h. f (x) - (ix4+%z2+1)2 - (%m4+%m2+1)2

+ - £'(x)

— Stationary point: z =0

— f has a global maximum at z = 0.

EXERCISE 1.20 Determine for the functions g below all stationary points. Indicate whether ¢ attains

at these points a local or global minimum/maximum.
a. g(z) =log(1422). b. g(z) = e +2=, ¢ gl@)=/tzt+22+1. d g(z) = ze 37

ANSWER 1.20
a. g (z)= m(l())2(++;zc2) —» Stationary point: z = 0.
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— ¢ has a global minimum at x = 0.

b. ¢ (z) = 2z + 2)6””2“:” — Stationary point: z = —1.

— ¢ has a global minimum at « = 0.
/ 232z z(z?42)

c.g(x)= W W v — Stationary point: =0
- + g' (x)
X

— ¢ has a global minimum at « = 0.

d. ¢ (z) =e 2% — g% 3% = (1 — 2)e~2*" — Stationary points: z = —1 and z = 1.
- + - g
_____ 0___________0_____
-1 1 X
— ¢ has a local minimum at x = —1; g has a local maximum at x = 1.

Note g(x) — 0 if x — +o0, g(1) > 0 and g(—1) < 0. Consequently, g has a global minimum at

z = —1 and a global maximum at = = 1.

EXERCISE 1.21 Determine for the functions h below all stationary points. Indicate whether A attains
at these points a local or global minimum/maximum.
a. h(z) = (e +1)2. b. h(z) = -5 2 >0. c. h(z) = (22 +1)3 (22 +2)3.

67%424»1 )
d. h(z) = In(15) + In(vVI T 22).

ANSWER 1.21
a. h'(z) = 4;10(@””2 + 1)e””2 — Stationary point: = = 0.

- + g' (x)
X
— h has a global minimum at z = 0.
, 3.4 —8a41,3 —3a241_ 3 3.4 3241 1 . .
b. b (z) = 222~ Jtif 22 7= 2“67;”1(2”) — No stationary points

(e” 2o+ )
+ g'(x)

| _____________________

0 b4

— h has a global minimum at =z = 0.
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c. h(z)=3(@®+1)"522(2% +2)5 + (22 + 1)52(a® +2)" 522
2 1 % 2

2a(5(2? +2) + 2(2* 4+ 1)) — Stationary point: z = 0.

— h has a global minimum at z = 0.

d. n () = — ﬁr”;Q + e = —Hfrz — Stationary point: z = 0.
+ - g'(x)
___________ O__________
0 X

— h has a global maximum at z = 0.

EXERCISE 1.22 Determine for the functions f below all extremal points. Indicate whether f attains

at these points a local or global minimum/maximum.

a. f(z) =22 —4x+3, z € [0,5]. e fla) = £, z € [5,5].

b. f(z) = 1a® — 222 + 3z, x € [0,4]. f flz)= {2, z € [~4,~1) U (~1,4].
e flx)y=1a—z+1, z€[-2,2). g. f(x):ﬁ7 x € [—1,00).

d. f(z) =1In(1 4+ z), = € [0,10]. h. f(z) = 5,z € [—3,00).

ANSWER 1.22
a. f (z) = 2z — 4 — Stationary point: z = 2.

- + g'(x)

0 2 5 X

— f has a global minimum at z = 2.
f(0) < f(5) — f has a global maximum at = 5 and a local maximum at z = 0.
b. f'(x) = 2® — 4z + 3 — Stationary points: z = 2.

+ - + g'(x)

— f has a local maximum at x = 1 and x = 4; f has a local minimum at z = 0 and = = 3.
f(1) = f(4) — f has a global maximum at z = 1 and = 4;
f(0) = f(3) — f has a global minimum at z = 0 and = = 3.

/

c. f(z)=2%—1 — Stationary points: z = 1 and z = —1.
+ - + g' (x)
|-~ 0-—————- 0-—--- )
-2 -1 1 2 X
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— f has a local maximum at x = —1; f has a local minimum at x = —2 and = = 1.
f(=1) = f(2) — f has a global maximum at x = —1;
f(=2) = f(1) — f has a global minimum at 2z = —2 and « = 1.

fx) = 11 — No stationary points.

+ g' (x)

— f has a global minimum at = 0; f has a global maximum at « = 10.

 f(z) = 2x((11:fr))"§12 = fl(:fz) — Stationary points: z = 2.

+ - g'(x)

— f has a global maximum at = 2; f has a local minimum at z = % and z = 5.
f(2) > f(5) — f has a global minimum at z = 5.

. fl(2) = 2”((111?);’”2 = fl(i;? —» Stationary points: 2 = —2 and x = 0.
+ - - + g'(x)
|--=-0--—-) (-—=--0--————- I
-4 -2 -1 4 x
— f has a local maximum at x = —2 and x = 4; f has a local minimum at z = —4 and x = 0.

f(—1.01) < f(0) and f(—1.01) < f(—4) — f has no global minimum.
f(=0.99) > f(—2) and f(—0.99) > f(4) — f has no global maximum.

f(x) = —(lf%)z —=—» Stationary points: z = 0.
+ - g' (x)
| ___________________
-1 X
— f has a global maximum at z = 0; f has a local minimum at x = —1.
f(5) < f(=1) — f has no global minimum.
f(x) = 1?“1912;22)%2 = (11_;;;2)2 —» Stationary point: z = 1.
+ - g' (x)
|----—- Om=mmmmmmmmmm
-0.5 1 X
— f has a global maximum at z = 1; f has a local minimum at x = —0.5.

Note f(x) — 0if z — oo, f(—0.5) < 0. Consequently, f has a global minimum at z = —0.5.
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EXERCISE 1.23 Solve the next equations.

a. 2% 27 4 4%2° =24, d. In(e®”) 4 (@ = 2,

b. 227 4 22F2 = 5, e.In(5z2—7) —In(z — 1) =In(z + 1), = > L.
C. %22 447+ B =32, £ In(z® — 22 +1) = gy, v > L.
ANSWER 1.23

Q2527 4 4%2" =24 6%2" =242 =42"=22 o0 =2.

b. 227 42742 = 5 & (27)2 4 4% 27 —5=0,0r, withy :=27, 42 +4y - 5=0&y=-Hory =1 <
22 =—-bor2*=1<2=0.

Coix2%pgr g 3 =326 4w AT 4 AT+ 3P =326 244" =326 4" =16 1 =2

d.In(e”)+ @ =2 22 4tz =2o2=1orz=—2.

eelnz—7) —In(z—1)=In(z+1)eh2ZT =n@z+1) e 2T =z +1abz-T=2>-1&

2?2 —br+6=0<z=3o0rz=2.
20 =2 y=1lory=-lsn@z—-1)=lorln@z-1)=-1cz—-1=corz—-1=1«

mzl—i—eorx:l—i—é

< with y := In(x —

EXERCISE 1.24 Determine the boundary and accumulation points of next sets. Motivate whether
these sets are

bounded/open/closed or compact, respectively

a. (—1,2] U (3,4). b. [-1,2) U (2,4]. c. [-1,2] U [3,4]. d. (-1,2) U(2,00).

ANSWER 1.24

a. Boundary points: 2
Accumulation points: -1, 2, 3, 4
Set is bounded: |z| < 10 for all z € S.
Set is not open: every interval (2 — €1, 2 + €3) contains an element not belonging to S (¢; > 0).
Set is not closed: every interval (—1 — €1, —1 + €2) contains an element belonging to S (¢; > 0).
Or, t, =—1+ % — —1, with ¢, € S for all k¥ > 1, whereas its limit —1 ¢ S.
Set is not compact: it is not closed.

b. Boundary points: -1, 4
Accumulation points: -1, 2, 4
Set is bounded: |z| < 10 forall z € S.
Set is not open: every interval (—1 — €1, —1 + €3) contains an element not belonging to S (¢; > 0).
Set is not closed: every interval (2 — €;,2 + €5) contains an element belonging to S (¢; > 0). Or,
ty =2+ + — 2, with ¢, € S for all k > 1, whereas its limit 2 ¢ S.
Set is not compact: it is not closed.

¢. Boundary points and accumulation points: -1, 2, 3, 4
Set is bounded: |z| < 10 for all z € S.
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Set is not open: every interval (—1 — ¢;, —1 + ¢5) contains an element not belonging to S (¢; > 0).
Set is closed: complement set is open. Proof: construct appropriate intervals for the cases: = < —1,
2 <z < 3 and z > 4, respectively.
Set is compact: it is both closed and bounded.

d. Boundary points: none
Accumulation points: -1, 2
Set is not bounded: Assume there exists an m such that |z| < m for all z € S. Choose z = m + 1,
clearly « € S and |z| > m.
Set is open: construct an appropriate interval for the cases —1 < x < 2 and x > 2, respectively.
Set is not closed: every interval (2 — €;,2 + ¢5) contains an element belonging to S (¢; > 0). Or,
te =2+ + — 2, with ¢, € S forall k > 1, whereas its limit 2 ¢ S.
Set is not compact: it is neither closed nor bounded.

EXERCISE 1.25 Determine the largest domain for next functions g where they are continuous, respec-
tively differentiable. Motivate your answetr.

a. g(z) =z +1In(1 + 22). b. g(x) = |v + 1] +em, c. g(x) = 1;*1_
z2-1 2
T #£ 1 e+ 1, z <0;
d. g(z) = nl*z) e. g(x) =¢ =1’ ’ f g(x) = U=
(@) v (=) 0, z=1. (=) lz+1|, 2> 0.
ANSWER 1.25

a. g is defined on z € RR.
g is continuous on z € R (both g;(z) = x and g2(z) = In(1 + 2?) are continuous on this set).
g is differentiable on z € R (both g;(z) = z and g2(z) = In(1 + 22) are differentiable on this set).
b. g is defined on z € RR.
g is continuous on z € R (both g1 (z) = |z + 1| and go(z) = ¢*~*" are continuous on this set).
g is differentiable on # € R\ {—1} (g1(z) = |z+1| is differentiable for all # # —1 and g, (z) = e*~*"
is differentiable everywhere).
c. g is defined on = > 1.
g is continuous on z > 1 (both g;(z) = v/x — 1 and go(z) = % are continuous on this set).
g is differentiable on « > 1 (g1(z) = /& —1 is differentiable for all z > 1 and go(z) = 1 is
differentiable for all z > 0).
d. gisdefinedon D := {z | z > —1, = # 0}.
g is continuous on D (g1(z) = Inz + 1 is continuous for all z > —1 and go(x) = % is continuous
for all = # 0).
g is differentiable on D (g;(z) = Inz + 1 is differentiable for all z > —1 and g»(z) = 2 is differen-
tiable for all z # 0).
e. gisdefined on D := {x | x # —1}.
Note that at x = 1, g1 (x) := 221 equals 0. So, g is continuous on D.

x+1
g is differentiable on D, since g; is differentiable on D.
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f. gis defined on RR.
Note that g; () := 2% + 1 is continuous for all x < 0 and go(z) := [z + 1| =z + 1, for all x > 0, is
continuous. As g;(0) = ¢2(0), g is continuous on R.
g1 is differentiable for all x, with ¢, = 2. g is differentiable for all z > —1, with g, = 1. So,
91(0) # g4(0). Therefore, g is differentiable for all z # 0.

EXERCISE 1.26 Determine the intervals where the next functions h are decreasing and increasing,
respectively.

a. h(z) = 22 — 4z + 4. c. h(z)=a*—3%2+222+1. e h(z)=In(l+z), > 0.

b. h(z) = —23 + 322 — 3z + 1. d. h(z) = e~ * 22,

ANSWER 1.26
ah(zx)=2c—4—h(zx)=0atz =2

— h is increasing on [2, co) and decreasing on (—oo, 2.

’

b.h'(z)=—322+62—-3=-3x—-12—=h(z)=0atz=1

— h is decreasing on .

’

c. W(z)=4a® — 822 + 4z =4da(x —1)> > h'(z) =0atz=0and z = 1

- + +  h'(xx)

— h is increasing on [0, co) and decreasing on (—o0, 0].

d. h'(z) = (20 +2)e "2 5 B/ (z)=0atz =1

+ - h'(x)

— h is increasing on (—oo, 1] and decreasing on [1, c0).

e. h'(z) = 1& — h/(z) > 0 forall z > 0 — h is increasing on (0, 0c).

EXERCISE 1.27 Determine for the functions h in Exercise 1.26 the intervals where they are convex

and concave, respectively.
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ANSWER 1.27
a. h'(x) = 2 — h is convex everywhere.
b.h'(z) = -6z +6 = h'(z)=0atz = 1.

— h is convex on (—oo, 1] and concave on [1, c0).
c. h(z)=1222 —16z+4 — h'(z) =0atz=1andz =1

+ - + h" (%)

— h is convex on (—oo, #] and [1, c0) and concave on [, 1].

= 9 4+ 2)2)e~ "2 — 9(242 — 4g + 1)e~ 2 5 B'(z) = 0 at s = 428 and
2
;= 4+VE
2
+ - + h"(x)
_____ 0_______0_____
] t X

— h is convex on (—oo, s] and [¢, c0) and concave on s, t].

e. h'(z) = — a2 — W (¢) <0forallz >0 — his concave for all z > 0.

(1+ac

Advanced, Deepening and Broadening Exercises

EXERCISE 1.28 Consider the intervals below in IR. Show that next statements are true.
a. The intervals (a, b), (a,00) and (—oo, b) are open.

b. The intervals [a, b], [a, 00) and (—o0, b] are closed.

c. The intervals [a, b) and (a, b] are neither open or closed .

d. R, is as well open as closed.

ANSWER 1.28

a. Let x € (a,b). Consider, e.g., a,, = a and b, = b. Then (a,,b,) C (a,b).
Let z € (a,00). Consider, e.g., a; = a and b, = z + 1. Then (a,z,b,) C (a, ).
Let z € (—o0,b). Consider, e.g., a; =« — 1 and b, = b. Then (a,x,b;) C (—o0,b).

b. The complement set of [a, b] is (—o0, a) U (b, 00), which is the union of two open sets (see item a.).
By Proposition 1.10, the union of open sets is also open. A similar argument applies to the other

intervals.
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Another way to justify these statements is to show that the set of accumulation points of this interval
coincides with its set of boundary points, namely {a, b}.
Consider the sequence {s, }>2 ; defined by s,, = a+ ”%“ Then s,, converges to a, and both s,, and
a lie in the interval [a, b]. Similarly, consider the sequence {¢,,}32, defined by ¢, = b+ “=°. Then
t,, converges to b, and both ¢,, and b belong to [a, b].
It is straightforward to verify that [a, b] has no accumulation points other than {a, b}.

c. The interval [a, b) is not open. Indeed, for any interval (a,, b, ) containing a, there exists a point -

such as a — “5*= - that lies in (a,, b,) but not in [a, ).
To see that [a, b) is not closed, consider its complement set (—oo,a) U [b, 00). This set is not open;
by an argument similar to the one above, one can show that [b, c0) is not open.

d. Let z € R. Define a, := x — 1 and b, := = + 1. Then (a,, b,) C R, which shows that R is open.
Moreover, for any sequence that converges to a limit s, we have s € IR. Therefore, if R has any

boundary points, they must lie in RR.

EXERCISE 1.29 Which of the next statements are true. Motivate your answer.

a. Every differentiable function is continuous.

b. There exist continuous functions which are not differentiable.

c. Every continuous function attains both a global maximum and a global minimum on [0, 2].

d. There exist continuous functions that attain both a global maximum and a global minimum on
(0,2).

. A bounded set which contains all its boundary points is compact.

o

f. Every strictly increasing function is convex.
g. Every boundary point is an accumulation point.

ANSWER 1.29

. True, see paragraph above Theorem 1.23.

. True, see Figure 1.12.

. True, [0, 2] is compact, so by Weierstrass’ Theorem 1.19 this result holds

. True, consider f(z) =z, 0 <z <1, fx)=-3x+4, 1<z <3, flx) =2—2,3 <z <2. Then
3

[/ has a global maximum at 2 = 1 and a global minimum at z = 3.

e. False, by definition a boundary point always belongs to the set. S = (0, 2] has one boundary point

A p oo

(which belongs to \S), but S is not closed (it does not contain all its accumulation points, i.e., O is
an accumulation point of S but does not belong to S).

f. False, consider h(z) = In(1 4 x) for z > 0 (see Exercises 26e,27¢).

g. True. If b is a boundary point, by definition b € S. So, every interval (b;, b,) containing b, contains
b € S and, again by definition of b being a boundary point, a point outside S. That is, b satisfies
the definition of accumulation point.
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EXERCISE 1.30 (uniqueness inverse function)
Assume f : D — R is invertible. Show, using the definition, that the inverse function is uniquely
determined. Hint: assume f has two inverse functions. Show they have to coincide.

ANSWER 1.30
Assume that both ¢g(y) and h(y) are inverse functions of f. By definition, they satisfy

D) (fog)(y) =y, (foh)(y) =y, forally € R, and
ii) (gof)(z) = z, (hof)(z) =z, forall z € D.

Using i) and ii), we obtain
9(y) = g(foh(y)) = (gof)(h(y)) = h(y) for all y € R.

EXERCISE 1.31 The polynomial p(z) of degree 3 has zeros at x = 1 and # = 2. Furthermore, p(3) = 4.
Determine p(z). Hint: use the property that if a polynomial p,,(x) of degree n has a zero at x = q,

pn(x) = (¥ — a)pp—1(x), where p,,_ is a polynomial of degree n — 1.

ANSWER 1.31
p)=(x—1)(z—2)(x —a). Asp(3) =4 itfollows4d =2%1%x(3—a) > a=1.

EXERCISE 1.32 (Limits and continuity)

The intuition that a sequence s,, n = 1,2,3,--- approaches the number s (or: the limit of the
sequence {s,}°2, is s) is formal defined as: for every ¢ > 0 (however small that may be) we can
find a number N such that, for all n > N the distance between s,, and s, that is |s,, — s|, is smaller
than this e.

Use this definition to show that

a. f(z) =1 is continuous on R.

b. f(x) = z is continuous on R.

c. f(x) is discontinuous at z = 1 if f(x) =2 forz € [0,1) and f(x) = 3 for z € [1,2).

ANSWER 1.32

a. Let 7y € R be arbitrary, and suppose that s,, approaches z,. Let ¢ > 0 be given. By definition,
there exists an N, such that for all n > N,, we have |s,, — z¢| < e.
Now consider the distance between f(s,) and f(x). For all n > N,, we have |f(s,) — f(z0)| =
|1 — 1| = 0. Hence, f(s,) approaches f(z,) whenever s,, approaches z.

b. Let 2y € R be an arbitrary number, and assume s,, approaches xy. Choose an arbitrary ¢ > 0. By
definition, we can find an N, such that for all n > N, |s,, — 2| < e. Next consider the distance
between f(sy,) and f(zo). Note that for all n > N, |f(sn) — f(z0)| = |$n — Zo| < €. So, whenever
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the distance between s,, and xy becomes small, the distance between f(s,,) and f(xz() becomes
small too.

c. Consider s, =1 — L. Then s, approaches 1. But, f(s,) = 2 for all n, whereas f(1) = 3. So, f(sy)
does not approach f(1). Therefore f is discontinuous at 1.

EXERCISE 1.33 (Differentiability implies continuity)

Formal a function f is called differentiable at x if the difference quotient at this point approaches
some number if the change in the function argument, Az, approaches zero. Show that if f is dif-
ferentiable at x, this implies that f(z¢ + Ax) approaches f(z() if Ax approaches zero. Or, stated
differently, f is continuous at x.

ANSWER 1.33

By definition, f is differentiable at x if

f(zo + Az) — f(x0)
Az

approaches some number s if Az approaches zero. Equivalently,

f(zo + Ax) — f(x0)

A — s approaches zero if Ax approaches zero,
€T

or
flxo+ Ax) — f(xg) — sA
Az

Since the denumerator tends to zero as Az approaches zero, this fraction can only converge to zero

X .
approaches zero if Az approaches zero.

if the numerator also tends to zero. That is,

f(zo + Az) — f(zo) — sAxapproaches zero if Az tends to zero.
This implies that

f(xo + Az) — f(x0) must approach zero if Az approaches zero,

which shows that f is continuous at x.

EXERCISE 1.34 (First-order condition optimum)

Show, using the definition of differentiability (see Exercise 1.32), that if f is differentiable on an open
interval I, and f attains a maximum at zg € I, f (z9) = 0. Hint, show this by contradiction. That
is, assume either f'(x) > 0 or f () < 0 and show that under those assumptions f cannot attain a

maximum at z.
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ANSWER 1.34
Assume, for example, that f ' (zo) > 0. Since f is differentiable, the difference quotient

f(zo + Az) — f(z0)
Az

approaches the number s := f’ (zo) as Ax approaches zero.
Now consider approaching z, from the right, i.e. Az > 0. Then the difference quotient is close to s

when Az is sufficiently small. Since s > 0, there must exist some Az such that for all Az € (0, Az),

flxo + Ax) — f(w0)

0.
Ax -

This implies that
f(xo + Ax) — f(zo) > 0 for all Az € (0, Ax),

or equivalently,
f(x) > f(xg) for all x € (29,70 + Ax).

Thus, f cannot have a maximum at x.
A similar argument shows that the assumption f' () < 0 leads to a contradiction when approaching
xo from the left.

EXERCISE 1.35 (Rolle’s theorem)

Consider the continuous function f on the compact interval [a, b]. Assume f(x) is differentiable on the

open interval (a,b) and f(a) = f(b). Below you are asked to show that there exists a point ¢ € (a, b)

for which f'(c) = 0.

a. Motivate why f attains both a maximum M and a minimum m on [a, ).

b. Assume f(a) = M and f(b) = m. Show that there exists a point ¢ € (a, b) for which f'(c) = 0.

c. Assume either M or m is not attained at an endpoint of the interval. Show that there exists a point
¢ € (a,b) for which f'(c) = 0.

d. Assume h(0) = h(1) = 0 and h(z) is differentiable on (0,1). Consider the function f(z) =
ef“zgfzgfzh(x) on [0, 1]. Motivate, using Rolle’s Theorem, why there exists a point ¢ € (0, 1) such
that f'(c) = 0.

ANSWER 1.35

a. Follows by Weierstrass’ Theorem.

b. As f(a) = f(b) = M = m it follows that f(z) is constant. So, f () = 0 on (a, b).

c. Assume the maximum M is not attained at an endpoint. Then at some point ¢ € (a,b), f(c) = M.
As f is differentiable on (a, ), it follows that f'(c) = 0.
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d. Note: f(0) = f(1). Furthermore, f is differentiable on (0,1) as both e=*"~2"~* and h(xz) are
differentiable on (0,1). So, the conditions of Rolle’s theorem are satisfied and it follows by this
theorem that there exists a point ¢ € (0, 1) such that f'(¢) = 0.

EXERCISE 1.36 (Mean Value Theorem)
Consider the continuous function f on the compact interval [a,b]. Assume f(x) is differentiable on
the open interval (a, b). Below, in item c., you are asked to show that there exists a point ¢ € (a, b) for
which f'(c) = L&=110),

a. Consider g(x) = f(z) — LU= 1 _ 4). Show that g(a) = g(b).

b. Use Rolle’s Theorem (Exerc1se 1.34) to conclude that there exists a point ¢ € (a,b) for which

g (c)=0.

c. Show, using item b., that there exists a point ¢ € (a, b) for which f'(c) =
d. Assume f(z) is continuous on [0, 1], differentiable on (0,1) and f'(z) € [—

f(0) < f(1) <24 £(0).

®)=f(a)

)= f
b—a
2,2]. Show that —2 +

ANSWER 1.36

a. g(a) = f(a) — L8 (@ —a) = f(a); 9(b) = J(b) = LY9=LL (b — ) = f(a).

b. g(a) = g(b) and ¢ is differentiable on (a, b). So by Rolle’s theorem there exists a ¢ € (a, b) such that
g'(c) =0.

c. Note ¢ (¢) = f'(¢) — W The result follows then by item b.

d. f satisfies the conditions of the mean value theorem on [0, 1] — there exists a ¢ € (0,1) such that
fle) = IO — (1) — f(0). So, f(1) = f(0) + f(0). As f'(z) € [~2,2] it follows that
~24 £(0) < £(1) < 2+ f(0).

EXERCISE 1.37 (Monotonicity and derivative)

Assume f is differentiable on an open interval I. Show, using the definition of differentiability (see
Exercise 1.32), that f is increasing on [ if and only if f/(x) > 0. Hint: use the mean value theorem
(Exercise 1.35) to estimate the average change in f between any two points in /.

ANSWER 1.37

” Let @ and b be any two points in / with a < b. Consider £ ) f (@),
Note that f is continuous on [a, ] and differentiable on (a,b). By the Mean Value Theorem, there
exists a ¢ € (a, b) such that

By assumption, f (¢) > 0. Since b — a > 0, it follows that f(b) — f(a) > 0, i.e., f(b) > f(a).

(
” = " Let xg € I and take b > x(. Since f is monotonically increasing, f(b) > f(x¢), and hence
JO=f@0) -

b—.Lo

Now consider b < zg. Then f(b) < f(z¢), so again M > 0.
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Thus,
f(zo + Az) — f(20)

for every Ax # 0,
Az

> 0.

Since f is differentiable on I, it follows that when Az approaches zero, W approaches
f (x0). Since for every Az the difference quotient is nonnegative, we conclude that f'(z,) must be

nonnegative too.

EXERCISE 1.38 (First-order characterization convex function)
Assume f is differentiable on an open interval I. Below, in items c.and e., respectively, you are asked
to show that f is convex on I if and only if f(y) > f(z) + f (z)(y — z) for all z,y € I.
a. Consider zy and y = z¢ + Az € I. Use the definition of convexity to conclude that
(T=XN)f(xo+ Az) > f(xo+ (1 — N)Axmg) — f(zo) + (1 — X) f(x0), for each X € [0, 1].
b. Let ¢t := 1 — \. Show that we obtain the next inequality from item a.:
fzo+ Az) > f(ag) 4 Lozl —f (o) Ay

tAxg
c. Use the definition of differentiability (see Exercise 1.32) to show from item b., that if f is convex,

Fy) = f(xo) + [ (z0)(y — wo)-

d. Assume f(y) > f(z)+ f (z)(y — ) forall 2,y € I. Let z := Az + (1 — \y). Show that (i) f(z) >
F(2)+ [ (2)(@ — 2) and (id) f(y) > f(z) + [ (2)(y - 2).

e. By multiplication of (i) by A and (ii) by (1 — A) in item d., and adding both resulting inequalities
show that if f(y) > f(z) + f (2)(y — ) for all #,y € I, f is convex on 1.

ANSWER 1.38
a. By the definition of convexity

fQzo+ (1= N)y) < Af(xo) + (1 = N f(y).
If we take y = xg + Az, this becomes
f(xo + (1 = A)Az) < Af(wo) + (1= A)f(zo + Axo) + f(20) = f(20)-
Rearranging, we get
(1 =) f(zo + Az) = f(wo + (1 = A)Amzo) — f(xo) + (1 = A) f(20)-
b. Setting ¢t = (1 — \), the inequality from item a. becomes:
tf(zo+ Az) > f(xo + tAxg) — f(xo) + tf(20),

which can be rewritten as

J(wo +tAxo) — f(0)
t

f(zo +tAxo) — f(x0)
tA.’t()

f(zo + Az) > + f(zo) = Axg + f(o).
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c. Since f is differentiable on I,

f(wo +tAzo) — f(0)
tAI‘O

approaches f /(aro) if ¢t approaches zero.

Because the inequality in item b. holds for all ¢ € [0, 1], we can in particular consider ¢ approaching
zero to obtain
Fwo + Az) > f (x0)Axo + f(0)

or, equivalently, using y = xo 4+ Az, f(y) > f(zo) + f (z0)(y — x0).

d. For z,y € I, also z := Az + (1 — \y) € I. Using the definition of convexity with respect to the pairs
(z, z) and (y, z), respectively, we obtain both inequalities.

e. From (i):

M(x) = Af(2) + Af (2)(z = 2),

and from (ii):

(1 =Nfy) = (1= Nf2)+ 0 =N () - 2).

Adding these two inequalities gives:
M (@)+A=2)f(y) 2 M ()M (2)@—=2)+1=N () +1A=N) () (y—2) = [(2) = FOa+(1-N)y)

EXERCISE 1.39 (Taylor’s theorem)
Assume f(x) is n times differentiable on the open interval I and a € I. Below, in item d., you are

asked to show that for any « € I there exists a point £ located between x and a such that

)

n!

f(l’) = pn—l(x) +

(I - a)n’ (11)
where p,,_1(z) is given by next polynomial of degree n — 1

f” a 2 f(S)(a)
L0 g 120

(z —CL)3 N ﬁ(m_ a)(n—l)_

a. Let F(y) == f(z) - (f<y>+ffg“>< D+ Iy 4+ P y><n—1>>.
Consider g(y) := F(y) — (u)" F(a). Show that g(a) = g(z) = 0.

r—a

b. Use Rolle’s Theorem (Exercise 1.34) to conclude that there exists a point £ between z and a such

that F'(€) + %F( )= 0.

¢. Show that F'(y) =— w(; )1)| FM(y).

d. Calculate F'(a) from item b. Next show that there exists a point £ between x and a such that (1.1)
holds.
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ANSWER 1.39
a. From the definition of g(y we have

and

F(l') = f($)<f(£ﬂ)+ 1 (l‘x)Jrf”(.w)(xx)2+,,,+f(nl)1(;ﬂ!)(1.l,)(n1)>

|
=
8
N~—
I
~
—
&
|
e

Thus, g(z) = 0.

b. Without loss of generality, assume =z > a. By item a., we have g(a) = g¢(z). The function g
is continuous on [a, z| differentiable on (a,z). Therefore, by Rolle’s theorem, there exists some
¢ € (a,z) such that

g(§)=0
This implies that
/ (z—¢"" _
F(©) 4 n s Fla) =0
c. By differentiating F'(y) we obtain
Fo) = w7+ eyl We oy
A ) n— f D (y) w2 @yt
m(x—y) 2—(”—1)m($—y) 2+wf( )(y))
_ (z —y)"! (n)
= —Wf ().
d. From item b, we obtain
/ _@=8""" r(n) n
F(a‘) = - (f‘_gf—v?—l == (n(_xli!&“)ffl (g) = f( )|(§) (l‘ - (l)”.
" o "

Using the definition of F'(a) from item a, this yields f(z) — pp—1(x) = 1) (x —a)™.

n!

EXERCISE 1.40 (Brouwer’s Fixed Point Theorem)
Consider a continuous function f on the compact interval [a, b]. Assume f(z) € [a, b] for all © € [a, b].
Then Brouwer’s Fixed Point Theorem states that under these assumptions, there exists a point ¢ € [a, b]
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for which f(¢) = ¢. (Such a point is called a fixed point of f). Below you are asked to prove this

theorem.

a.
b.

Consider the function g(z) = f(«) — . Motivate that g is continuous.
Show that in case neither f(a) = a or f(b) = b there exists a point ¢; € [a,b] where g(c¢;) > 0 and
a point ¢y € [a, b] where g(cz) < 0.

c. Use items a and b to conclude that there must exist a point ¢ € [a, b] for which f(c) = c.

d. Consider the function f(z) = ¢~*"~*"~ on [0, 1]. Motivate why there exists a point ¢ € [0, 1] such
that f(c) = c.

ANSWER 1.40

a. The function f(z) is continuous, and fs(x) = x is also continuous. Therefore, g = f(z) — z is
continuous.

b. We have

g(a)=f(a) —a>a—a=0, and g(b) = f(b) —b<b—b=0.
c. From item b., either f(a) = a or f(b) = b, or there exist points ¢;, ¢z € [a,b] such that g(¢;) > 0

and g(c2) < 0. Since g is continuous it follows in the latter case that there exists a point ¢ between
c1 and ¢9 such that g(c) = 0, thatis, f(c) = c.

. Note that —2® — 22 — 2 < 0 for all x € [0, 1]. Hence,

3

P [0, 1] for allz € [0, 1].

The function f is continuous on the compact interval [0, 1]. Therefore, by Brouwer’s Fixed Point
Theorem, there exists a point ¢ € [0, 1] such that e~ ="~ = ¢,

EXERCISE 1.41 (Fixed Point Contraction Mapping Theorem)
Consider the function f on the closed interval I. Assume f(z) € I for all € I and, moreover, there

exists a constant 0 < ¢ < 1 such that for all z,y € I, |f(z) — f(y)| < ¢z — y|. Then the Contraction

Mapping Theorem states that under these conditions f has a unique fixed point z € I. Below you are

asked to show the correctness of this statement under the simplifying condition that f is continuous

and the interval is compact.

a.
b.

C.

Assume f is continuous and [ is compact. Show that f has a fixed point on I.
Show that f has a unique fixed point on I. Hint: assume there is another one.
Let € I. Consider the sequence defined by: s; = z and s,+1 = f(sn), n = 2,3,... Show that
|f(sn) — sn| < ¢™|s2 — s1]- (Using this, one can show that this implies that f must have a fixed
point, i.e., that the Contraction Mapping Theorem applies also without assuming continuity of f

and the assumption that the interval is compact.)
2

. Consider the function f(z) = 2e=*"~*"= on [0, 1]. Show that f has a unique fixed point on [0, 1].

7
Hint: use the Mean value Theorem to estimate f(x) — f(y).

y 26 «



Static Optimization: The Scalar Case

e. Consider f(z) = z%ﬂ Show that f(z) has a unique fixed point. Hint: use the Mean value Theorem

to estimate f(x) — f(y).

ANSWER 1.41

a. Let I = [a, b]. Note thati.) f(z) is continuous [a, b]; ii.) for all z € [a, b], we have f(z) € [a, ]].
Therefore, by Brouwer’s Fixed Point Theorem, f has a fixed point in [a, ).

b. Assume that f has two fixed points Z; and #». Then,

|1 — Zo| = [ f(Z1) — f(Z2)| < c|T1 — Z2| < |21 — Tal.

This is a contradiction. Therefore, the assumption is false, and it follows that f has a unique fixed
point.
c. Since sp1+1 = f(sn),

|f(5n) - Sn| = |5n+1 - Sn‘ = ‘f(sn) - f(sn—l)‘ < C|3n — Sp—1
Repeating this argument, we obtain
Sni1 = Snl < clsn — sno1] < lspo1 —sn_a| <o < Msa — sl

d. Note (see the previous exercise) that f(x) € [0,1] for all z € [0, 1].
Furthermore, f is differentiable on [0,1]. Therefore, by the Mean Value Theorem, there exists a
¢ € (0,1) such that

’

f@) = fly)=f )z —y).

We have f'(z) = L(—322 — 2z — 1)e*"~*"~* which implies that |f'(z)| < & for all z € (0,1).

Hence,

1
7

15@) ~ Fw)| = 17 @l — )l < 21z ).

Therefore, by the Contraction Mapping Theorem, f has a unique fixed point on [0, 1].
e. The function f is differentiable on R. Therefore, by the Mean value Theorem, there exists a £ €
(z,y) such that

’

f@) = fly)=f )z —y).

2”2”)2. To determine its extrema, we compute the second derivative of f:

We have f'(z) = e

» 4 2
fz) = %

The stationary points of f  satisfy 6z + 422 — 2 = 0. Straightforward calculations show that at

=2 f has a stationary point. An elementary analysis of f shows that f (z) attains a global

maximum at z = f\/g and a global minimum at z = \/% Moreover, |f’(—\/§)| = (I

Hence,

co 2] 9\@
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It follows that

, 9/4
@)= )l =15 ©ll@—y)| < \8/;|<x—y)|.

Therefore, by the Contraction Mapping Theorem, f has a unique fixed point.

EXERCISE 1.42 (Stationary point of a convex function is a global minimum)
Taylor’s theorem (Exercise 1.39) states that if a function is twice differentiable we can find for every
x and a, a point ( that is located somewhere between x and « such that,

f@) = f@+§ @ - @)+ 37O — o) 12

We will use this property to show that if a function f is convex, twice differentiable and has a stationary

point at z = a, f(a) is a global minimum.

a. Show that if f has a stationary point at x = a there exists a point ¢, that is located somewhere
between x and a, such that f(z) = f(a) + 3£ ({)(z — a)>.

b. Use item a to show that if f is convex, f(z) > f(a).

c. Show that f(z) = 2% — 22+ e~® + 1 has a global minimum. Hint: consider the sign scheme of the
derivative to conclude that f has a stationary point.

ANSWER 1.42
a. If f has a stationary point at z = a, f (a) = 0. So, by (1.2), f(z) = f(a) + L1(O(z — a)?.
) =0

b. Since f is twice differentiable, it is convex iff. f(x) > 0. In particular, f"(¢ . Consequently,

f(x) = fla) + %f"(c)(x —a)? > f(a) for every z.

Hence f attains a global minimum at z = a.
c. We have f'(z) =22 —2— e~ %, s0 f (—100) > 0 and f'(100) < 0. Furthermore,

f(x)=2+e*>0forallz,
which shows that f is convex. Therefore, by item b., f has a global minimum.

EXERCISE 1.43 Make a Taylor series expansion (1.2) for the functions f below, with « =0 and a = 1,
respectively.

a. f(x) = e b. f(z) = 13- ¢ flx)=a2*+z+2.

ANSWER 1.43
a. e® =14z + 1ea?, where ( is located between z and 0.

e’ =e+e(r— 1)+ e (z — 1)%, where ( is located between z and 1.
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b. L =1-z+ %Mﬁ, where ( is located between z and 0.

==5—i-1)+ %mw —1)2, where ( is located between z and 1.
c. x2+x+2:2+x+%*2*x2.

4z +2=443(x—1)+ 5 *2x(z—1)%

EXERCISE 1.44 (Newton-Raphson’s algorithm to find a root of an equation)

Assume a function f is twice differentiable and has a root at x = «. In this exercise we describe an

algorithm, introduced by Newton and Raphson, to produce successively better approximations of this

root a.

To that end recall from Taylor’s theorem (Exercise 1.39) that for every « we can find a point (, located

somewhere between x and a, such that:

fla) = F@)+ £ @)la — ) + 3 (Q)fa — )

. Show that if z,, is an initial guess for the root a there exists a point &, that is located somewhere
between z,, and a, such that 0 = f(z,) + f (zn)(a — zn) + 3 £ (&) (@ — )%

. Assume our initial guess of the root, x,, is already close to a, f/ (z,) # 0 and f’(z) is bounded by

some number M. Show that a ~ z,,41 := x,, — %

. Consider next successive (so-called Newton-Raphson) approximations of the root: x,11 := x, —
%, with xg = Z. Interpret the new guess x, 1 geometrically. Illustrate geometrically z; and
2o under the assumptions of item b.

. Consider the error between the n'* approximation z,, and the root a, €, := =, — a. Show that

€nt1 = %;,Ei:)) €2, with ¢g = 7 — a.

. Consider a twice differentiable function f on the interval [¢, d], where | f ()| > m > Oand | f"(z)| <

M
2m*

M. Assume f has a root on this interval. Let L :=
Show that with €, := Le,, €,,1 < é2. Use this inequality to conclude that ¢, ; < é&".

Assume L(d — ¢) < 1. Show that the Newton-Raphson algorithm converges to the unique root in
the interval (¢, d).

. Assume f is 3 times differentiable on the interval (¢, d) and has an extremal point in this interval.
Use the Newton-Raphson procedure to derive a numerical algorithm to find this extremal point.
Formulate sufficient conditions under which the algorithm will be guaranteed successful in finding
this extremal point.

. Formulate a recursive Newton-Raphson procedure that will provide the location x at which the

function g(x) = e® + 2? attains the value 3.

ANSWER 1.44
a. This follows directly from Taylor’s theorem with « := x,,, as f(a) = 0.
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FIGURE 1.1 — Geometric visualization Newton-Raphson algorithm.

b. If z,, is already a good approximate of the root, it follows that (a — x,,)? is very small. So, also

(a — z,)2f (€) is a small number. This implies by item a that 0 ~ f(x,) + f (#,)(a — z,,). That is,
f(afn)

f/ ("En) ’

c. Note that the tangent line to the graph of f at z,, is given by

a~ T, —

y(I) = f(xn) + fl (xn)(x - xn,)'

Thus, y(x,,+1) = 0, meaning that =, ; is the point where the tangent line to the graph of f at x,,
intersects the horizontal axis.

The recursive Newton-Raphson procedure is illustrated in Figure 1.1.

d. By assumption, the updates satisfy 2,1 := z, — % (@n) Equivalently,

o f/(rn).
That is: )
€n+1 = €p — f/ (:;;) (1)
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By item a, we have 0 = f(z,,) + f (zn)(a — 25,) + 3 £ (€2)(a — 2,,)%, which implies

Flon) = £ @nen = 5 €.

Substituting this into (i) yields the advertized result.

_ 1 f(fn) 62 Thus,

e. By item d we have ¢, 11 = 5 sy Ene

P o o

|Lepnt1| = L= 15 €2 < L*e.
I 21f (@n)l L

Equivalently,
|€ns1]| <&, foralln =0,1,2, ...

Applying this formula recursively yields: |¢,1| < é&". Hence, |e,;1| < %

Therefore, if L|ey| < 1, the sequence ¢,, converges exponentially to zero. Note that |eg| < (d — ¢).
Consequently, if L(d — ¢) < 1, the error converges exponentially to zero. In other words, the
algorithm produces approximations that converge exponentially to the root of the function on the
interval [c, d].

The uniqueness of the root follows from the assumptions, which imply that the sign of f* does not
change on the interval (¢, d).

f. Consider the recursion

T T )
n

Under the assumptions that | (z)| < M, |f"(x)| > m and M(d — ¢) < 1, this iterative procedure
converges to the unique stationary point of the function on the interval [c, d].

g. Consider the function f(z) = e + 2% — 3. We aim to find a root of this function f. Consider the
interval [§, 1]. Then f(3) < 0 and f(1) > 0, so a root lies within this interval. Moreover,

f)=e"+20>e+1l=mand f (z)=e*+2<e+2=: M.

Note that 3£

1 et2 . . . . .
5 = T < 1. Therefore, according to the previous analysis, the iterative scheme

1
2

ez"+m,21—3

X =Tn —
n+1 n etn + 2377;

with, for example z¢ = %,
converges to the point where f(x) =0, o1, g(x) = 3.

EXERCISE 1.45 (Some important limiting behaviour of standard functions)

a. Make a Taylor series expansion for f(x) = In(1 + z), with a = 0, to show that

@ approaches

1 if x approaches zero.
b. Use item a. to conclude that (1 + )= approaches e if 2 approaches zero. (Hint: use the fact that
f(z) = e* is a continuous function).
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c. Make a Taylor series expansion for f(x) = e”, with a = 0, to show that £=1 approaches 1 if =
approaches zero.

d. Make a Taylor series expansion for f(x) = e*, with a = 0, to show that :—j approaches 0 if = goes
to infinity. What about fg—: if x goes to infinity, if n is an arbitrary number?

ANSWER 1.45
a.ln(l4+z)=z- Q(HOQx , where 0 < ¢ < z. It follows that
1 2
Inl+z) *7smep® 1
x B x B 2(1+¢)?
Hence, ln(Hx) approaches 1 as x approaches zero (and consequently ¢ too).

b. Assume that x, approaches zero. By item a., M

approaches 1. Equivalently, defining s,, :=
In(1+ xn)ﬁ, we have s,, approaches 1 as z,, approaches zero.

Since the exponential function e” is continuous, it follows that e*~ approaches e! as z,, approaches
zero. Therefore

1
(1 + x, )= approaches e as x,, approaches zero.

c. e¥ =1+ + Le‘a?, where ( lies between z and 0. It follows that

em—1_1+m+%e<x2—1
x x

1
=1 Cop.
= +2€ZC

d.e® =14z + 2% 4 $eSa®, where ( lies between z and 0. It follows that

$2 x? 1

e*  1+ax+ia2+ e<x3_ s+ L+ 14 deCa

Since 0 < ¢ < z, we have ¢¢ > 1, and thus {e‘z > fx. Therefore,

1
Z+i4+35+gela

approaches zero as x goes to infinity.

By considering a Taylor expansion of order k& > n, one can similarly show that JZT approaches zero,
as x goes to infinity.

EXERCISE 1.46 (Derivative inverse function)

Assume f is a differentiable function that is, moreover, invertible. Denote this inverse function by
fre.

a. Show that "V o f(z) = o

b. Show that (fi"*) (y) = Ty Where y = f(2).

c. f(z) = e2*. Calculate (f"*) (1).

» 32 «



Static Optimization: The Scalar Case

ANSWER 1.46
a. Follows by definition of f"v.

b. From item a., we have W = 1, which implies f“w/ (f(x))f (x) = 1. Therefore,

in'u/ _ L —
f (y) - f/(x)’ Where y f(l')

c. First, note that the value of x for which 1 = 2% is = = 0. Therefore, (f*) (1) = A~ =

EXERCISE 1.47 Assume f and g are continuous functions on IR. Consider the function m(z) =
minimum{ f(x), g(x)} for all € R. Motivate why m(z) attains both a global maximum and a global
minimum on [—1, 1].

ANSWER 1.47 m(z) is a continuous function on [—1,1]. So, by Weierstrass’ Theorem, it has both a

global maximum and a global minimum on the compact set [—1, 1].

EXERCISE 1.48 (characterization extremal points if derivatives up to order n — 1 are zero)
Assume all derivatives of f up to some order n—1 are zero atz = a,i.e. f*)(a) =0, k=1,--- ,n—1,
but f(™(a) # 0 and, moreover, (™ (z) is continuous.

a. Use Taylor’s Theorem to conclude that for all = there exists a £ between x and a such that

A

n!

f(@) = fla) +

(x —a)"™.

b. Assume f(") (a) > 0. Motivate why there is an interval I, with a € I, such that for all z € I,
f@™(z) > 0.

c. Conclude from items a. and b. that if n is even and f(™ (a) > 0, f has a minimum at z = a.

d. Proceed similarly as in item c. to conclude that if n is even and f(")(a) < 0, f has a maximum at
xr = Q.

e. Proceed similarly as in item c. to conclude that if n is odd and (") (a) # 0, f has neither a maximum

nor a minimum at x = a.

ANSWER 1.48

a. Follows directly from (1.1).

b. Since (™) (z) is continuous it follows that if f(")(a) > 0, there must be an interval around this point
where (™ (z) > 0 too.

c. Assume that f(")(z) > 0 for all = € I, where I contains a. By item a., for every « € I, there exists
a £ between z and a (and therefore £ € I) such that

M)

n!

f(x) = fla) +

(x—a)™.
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Since ¢ € I, we have f(")(¢) > 0. Thus, if n is even, it follows that

FE)

n!

f(@) = fla) +

(x —a)" = f(a).

Therefore, for every « € I, f(z) > f(a), which shows that f has a local minimum at z = a.
d. Assume that (") (z) < 0 for all 2 € I, where I contains a. By item a., for every x € I, there exists
a &£ between z and a (and therefore £ € I) such that

ARIC3)

n!

f(x) = f(a) +

(x—a)".

Since ¢ € I, we have f(")(¢) < 0. Thus, if n is even, it follows that

ARIG3)

n!

f(x) = fla) +

(z —a)" < f(a).

Therefore, for every « € I, f(z) < f(a), which shows that f has a local maximum at z = a.
e. Assume that f(")(z) > 0 for all = € I, where I contains a. By item a., for every « € I, there exists
a £ between z and « (and therefore £ € I) such that

ARIC3)

n!

(x —a)".

f(@) = fla) +

Since ¢ € I, we have f(")(¢) > 0. Moreover, if © < a, then z — a < 0, and if n is odd, (z —a)” < 0
as well. Hence, for z < a,

(n)
1) = f@) + 8 @ 0y < (a),
Similarly, for z > a,
(n)
F@) = 1)+ 1o @ — o) > fla).

n!
Therefore, f has a saddle point at 2 = a.
By the same reasoning, f also has a saddle point at z = a if f(")(z) < 0 for all z € I, where T

contains a.

EXERCISE 1.49 (a sufficient condition under which a function is locally convex at minimum location)
Assume f(z) has a minimum at x = a; all derivatives of f up to some order n — 1 are zero at x = a,
ie. fF(a)=0,k=1,---,n—1; f"(a) #0; and £ (x) is continuous.

a. Use Exercise 1.48 to conclude that n must be even and (™ (a) > 0.

b. Use Taylor’s Theorem to conclude that for all = there exists a £ between z and a such that

A
T =49

(x —a)" 2.
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c. Assume f(")(a) > 0. Motivate why there is an interval I, with a € I, such that for all z € I,
f™(z) > 0.

d. Use the previous items to conclude that f”(x) > 0 on an open interval I containing = = a.

e. Use item d. to conclude that f is locally convex at = = a.

f. Compare this result with Example 1.50. Motivate which property does probably not apply in that

example.

ANSWER 1.49

a. Since f*)(a) = 0for k = 1,--- ,n — 1, but f(™(a) # 0, and moreover f(™)(z) is continuous, the
conditions for applying the results from Exercise 1.48 are satisfied. Therefore, we can conclude
from that exercise that n must be even and f(™)(a) > 0, since f has a local minimum at = = a.

b. According Taylor’s theorem (see (1.1) for an arbitrary function g(x«) that is n—2 times differentiable
on an open interval I containing z = a we have

g(n=2)

) n—2

o) = pusla) + G

where p,,_3(z) is given by next polynomial of degree n — 3

So, with g(z) := f(z) we get:

f”(x) — pn—3(x) + f(n) (5) (Z‘ _ U,)(H_Q),

where p,,_3(z) is given by next polynomial of degree n — 3

fP(a)
3!

@ (a)
2!

1¥(a)
1!

f(n_l)(a) ((E _ a)(nf?)).

(x—a)3+-~-+m

f(a) + (z—a)+ (z—a)®+

As f®)(a) =0, k=1,--- ,n—1, we conclude that p,,_3(z) = 0. Which yields the advertized result.
c. See Exercise 1.48, item b.
d. Consider the interval I introduced in item c. For all « € I, we conclude that there exists a £ € I
such that f(z) = &) (3 — q)("=2) > 0.

= ‘=2
e. As f'(x) > 0 on the interval I containing = = a, it follows that f is convex on this interval.

f. Inthe example it is noted that f is infinitely many times differentiable at x = 0. So, since according

the example f is not convex at = 0, all derivatives of any order of f at x = 0 must be zero.
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Exercises with an Economic Content

EXERCISE 1.50 The yield of corn C (in 10 kilograms) as a function of the amount of fertilizer x (in
kilograms) used is given by: R(z) = 1 + 2z — 0.02522. Assume the price of corn is 2 and the price of
fertilizer is 1. Calculate the maximal profit and optimal amount of fertilizer for the farmer.

ANSWER 1.50
The profit function is .
(z) = 2% R(x) — 5o = —0.052% + gac +2.

Differentiating, we get IT (z) = —0.1z + 7. Setting IT' = 0 gives the stationary point z* = %.

Since II'(x) < 0, this point corresponds to a maximum. Therefore, 2* yields the maximum profit
II(z*).

EXERCISE 1.51 The total cost of producing ¢ PC’s are 0.01¢? + 100¢ + 100. Determine the number of
PC’s for which the average cost are minimized.

ANSWER 1.51

2 ’ — 2_ — -
Average cost AC(q) = w‘ Therefore, AC (q) = (0.02¢+100)¢g (()1.201q 100g—100 _ 0.01qq2 100

By solving AC’(¢) = 0 we obtain the stationary point ¢ = 100 (assuming ¢ > 0). Next, consider the

sign scheme of the derivative.

0 100 q
From above sign scheme we conclude that AC' has a global minimum at ¢ = 100.

EXERCISE 1.52 (marginal output rule under perfect competition)

Below you are asked to show that under perfect competition (that is, price p for the good is given for

every firm) the amount of produced products ¢* is found as that amount where the marginal revenues

(i.e. the derivative of the revenue function) equals this price p. Furthermore, at ¢* also the average

cost and marginal cost coincide.

Assume the total cost of producing ¢ units of a product are f(q) and the market price of the product

is p.

a. Show that profits are maximized at ¢*, where p = f / (¢%).

b. Let AC(q) be the average cost of producing ¢ units of the product. Show that the number of units for
which AC(q) is minimal is also found as the number of units for which marginal cost and average

cost coincide.
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ANSWER 1.52

a. Profit of a firm is the difference between its revenues and cost. So, if the price p for the product is
fixed, profit I1(¢) = pq — f(q). Therefore, its derivative is I (z) = p — f (¢). From this we observe
that the production level ¢* where profits are maximized satisfies: p = f (¢*).

b. Average cost AC(q) = @. Therefore, AC'(q) = w. Thus, AC' (q) = 0 only if f'(¢) * ¢ —

f(@)=0,o0r f (¢*) = ! Elq:). That is, at ¢* where marginal cost=average cost.

EXERCISE 1.53 Suppose that the market price of fish depends on the quantity of fish ¢ supplied to the
fish market according to p(¢) = 100e~?. The fisherman incurs a fixed cost c¢. Determine the value of

¢ at which the fisherman will stop fishing.

ANSWER 1.53

Profit II(q) = p(q)*q—c = 100e~9¢—c. The derivative of this function is i (q) = —100e~%g+100e™9 =
100e=9(—q + 1). Solving IT (q) = 0, shows there is one stationary point: ¢* = 1. The second-order
derivative is IT'(q) = —100e~9(—q + 1) — 100e~9 = 100e~%(g — 2). Thus, I (1) < 0. Therefore, profit
is maximized at ¢* = 1. Maximum profit equals I1(1) = 100e~* — c. Thus, the fisherman stops fishing
if II(1) < 0. That is no fishing occurs if ¢ > 129,

EXERCISE 1.54 The number of shirts produced by a textile company is 50+/L, where L is the amount
of labour used. The price the company gets per shirt is 10 euro, the price per unit of labor is 5 euro.
a. Determine the number of employed labour for which profits are maximal.

b. For which price of labour will the company produce no shirts anymore?

ANSWER 1.54

a. The profit function of the company is II(L) = 50v/L % 10 — 5L. Therefore, II (L) = 250\% — 5.
Thus the profit function has a stationary point at L* = 2500. Note that IT' (L) = 7125%\5. Thus,
I1'(2500) < 0. Consequently profit is maximized at L* = 2500. Maximum profit is I1(2500) =
5 % 2500.

b. Assume the price of labour is w. Then, the profit function is IT1(L) = 50v/L % 10 — w * L. Therefore,
II'(L) = 250% — w. This gives the stationary point: L* = 23—22. Note that TI'(L) = —125%.

=02
250 >0

w

Consequently, IT'(L*) < 0. Thus profit is maximized at L*. Maximum profit is TI(L*) =
for all w. Hence, the company will continue production under all circumstances.

EXERCISE 1.55 Government wants to set a tax rate, x, which maximizes total utility from taxes given

by: U(T) = T + +. The tax, T, a person pays on gross income, W, equals T = z x (W — 20.000).
Determine the optimal tax rate.
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ANSWER 1.55
The utility function is U(T'(z)) = T(z) + ﬁ  Therefore,
dU(T(x)) _ dU(T)dT(z) _ 1
o = dr de 4 g=) (W —20000).

Thus, U, = 0 at T = 1. Since U"(T*) < 0 it follows that utility is maximized at 7' = 1, resulting in

1
W —20.000"

¥ =
EXERCISE 1.56 The cost involved for raising a dyke are f(z) = ¢ + cox + cze”**. Here ¢; + cox are
the cost for raising the height by = metres and cze~®? is an estimate of the cost when flooding occurs.
Assume a%) < 1. Determine the height that minimizes the cost.

ANSWER 1.56
Since the cost function is f(x)) = ¢1 + cox + cze” 7, it follows that f/(a:) = ¢y — acze”**. The
stationary point of the cost function is obtained by solving f, = 0. This yields = = z* := —11n =

Since f"(x) > 0 it follows that at z* the cost is minimal.

EXERCISE 1.57 Assume the cost of producing y units of a product are y* — 18y? + 27y and the price
per sold unit is p. Determine the supply curve of this producer as a function of p.

ANSWER 1.57
The profit function is II(y) = p*y — (y* — 18y + 27y). Therefore, II (y) = p — (3y2 — 36y + 27), from
which we obtain the stationary points of the profit function by solving 3y? — 36y + 27 — p = 0. They

are: y1 2 = 6 + /27 + 4%. Next, consider the sign scheme of the derivative
- + - II'&)

|-—=-- 0———--—- 0-—---

0 yi y2 X
From this we observe that profit is maximized at y = y» provided II(y;) > II(0) = 0. Therefore, the
supply curve is

y:6+1/27+§ifp*y—(y3—18y2+27y) >0, and y = 0 otherwise.

EXERCISE 1.58 Consider the Cobb-Douglas production function Y (t) = K“(t)L'~%(t). Here Y (t) is
the quantity of the product produced using a capital input of K (¢) and labour input of L(t), all at time
t. Assume capital decreases over time and labour increases over time according the next formulae:

’

K'(t) = —0K(t) and L' (t) = nL(t). Let y(t) := 1og(%). Show that y'(t) = — L5 a(n +9).
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ANSWER 1.58
Direct Method: The derivative of y(¢) is

where

Y'(t) = aK* YK )L7) + (1 —a)K* ()L ()L (t)

= —6aK“ N K (L) + (1 — ) K*(6) L™ (1) L(1)
= —6aK*(t)L' () +n(l — ) K (1) L' (1)

= (1l —a) = 0a)Y ().

Substituting this into y () gives

1 L) (g1 - @) — 5a)Y()L(t) — n¥ (1)L (1)

y(®) In10 Y () L2(t)
= (1= a) = 60) — 1) = s+ D
Indirect Method:
yt) = 1og<‘£(j)>> —log Y (1) — log L(t) = log(K*(t)L'~(#)) — log L({)
= alogK(t)+ (1 — «a)log L(t) — log L(t)
= alog K(t) — alog L(t)
Therefore,

/ 1 1 / 1 1

EXERCISE 1.59 A producer has next cost function C'(z) = min{z?,z} on [0, 2], for the production of
z units of a product.

a. Motivate why C is continuous.

b. Draw the graph of C.

c. Is C differentiable?

d. Calculate the maximum profit if the price per sold unit is p.

e. For which price will the producer stop the production of this product?

» 39 «



Questions and Answers Introduction to Optimization for Economists

0 1 2

FIGURE 1.2 — Exercise 59, item b.: C(z) = min{z?, z}.

ANSWER 1.59

a. Cy(x) = 22, if 2% < =, is continuous; Cy(z) = =, if x < 22, is continuous. If 22 = z, C; (z) = Ca(x).
Therefore, C'(z) is continuous.

b. See Figure 1.2

c. At z = 1, C(z) is not differentiable. (1) = 2 whereas Cy(1) = 1.

d. Profit Il(z) = pr — C(z) = pr —x = (p — )z, if x € [1,2] and (z) = pzr — 22, if 0 < = < 1.
Note that on [1, 2] TI(z) is a linear function of z. So, the question where II(x) is maximized on [1, 2]
depends on the sign of p — 1. If p < 1, it is optimal not to produce. If p > 1 it is optimal to produce
x = 2, yielding a profit of 2(p — 1).
On [0, 1] profit is maximized at either z = 0 or x = 1. Note II(0) = 0 and II(1) = p— 1. So, if p < 1
it is optimal not to produce. If p > 1 it is optimal to produce x = 1.
Combining both cases we find: if p < 1 don’t produce, if p > 1 produce x = 2 (since 2(p — 1) >
(p—1)).

e. Forp = 1.

EXERCISE 1.60 (properties per capita instantaneous rate of growth)
The per capita instantaneous rate of growth of a differentiable function N (x) is defined as (N (z)) :=

N (z)
a. Show that r(z) = %.

b. Show that »(N(z)M(x)) = r(N(x)) + r(M(x)).

ANSWER 1.60
1 ’
a. RN = PN (@) = r(2)
b. T(N(x)M(x) — dln(N({;EI)M(at)) — dln(N(m)l)i-;ln(M(z)) — dln(é\;(ib)) + dln(;\i(m)) — T(N(x)) +7‘(M(Jj)).
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EXERCISE 1.61 Assume the value of a tree (in terms of wood production) is approximately given by
R(t) = eV (¢ in years).

a. Assuming a discount rate of r, calculate its present value.

b. Calculate the year from now when it is optimal to cut the tree.

ANSWER 1.61
a. Its present value is: II(¢) := e "' R(t) = e "+V1,
b. Note that IT () = (—r + %ﬁ)e""“\/fj. Therefore, T1(¢) has a stationary point at t* = . Next,

consider the sign scheme of the derivative.

0 r~2/4 t

From this it is clear that IT has a global maximum at ¢*.
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CHAPTER 2
Static Optimization:
The Multi-Variable Case

2.1 Functions of more than one variable

EXERCISE 2.1 Determine in the exercises below a set D as large as possible such that the rule f defines
a function from D — IR. Calculate the range of the corresponding function.

a. flz,y) =z +y. ¢ flz,y.2) ="V + L.
b. f(z,y) = 2% + 4> d. f(z,y) ={(z,y) | 2* +y* =1and y > 0}.
ANSWER 2.1

a. D =R? f(D)=R.

b.D=TR?* f(D)={y |y >0}

c. D=R*\{(z,y,2) | 2 =0}; f(D) ={y |y >0}
d. D= {z|ze[-1,1]}; f(D) = [0,1].

EXERCISE 2.2 Classify which of the next functions is linear, affine, quadratic or a quadratic form.

a. f(z,y) =2x+y—+ 1L c. fle,y,2)=14+z+y+z+uzz.
b. f(z,y) = 2% +1°. d. f(z,y,2) =x + 2y — 3z.
ANSWER 2.2

a. affine.

b. quadratic form.
¢. quadratic.

d. linear.
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EXERCISE 2.3 For the functions f(x,y), below, calculate the section curve at the point (3,4) in the
z-direction and y-direction, respectively. Also, calculate the level curve corresponding with a level of

4. Plot all these curves in the (z,y)-plane.

a. f(z,y) =3z —4y+1. c. f(z,y) =2". e. f(z,y) :x%y%, x>0,y >0.
b. f(z,y) = 2* + 3> d. f(z,y) = —In(z +y), z +y > 0.
ANSWER 2.3

3
Z-

b. h(x) = 22 +16; g(y) = y* + 9. Level curve: 22 + y? = 4, circle with radius 2, center (0,0).

c. h(z) = 2% = 16%; g(y) = 2%¥ = 8Y; Exponential functions. Level curve: 2%¥ = 22 — 2y = 2 —

a. h(z) = 3z — 15; g(y) = —4y + 10. Level curve: y = 3z —

y =2, x # 0, hyperbola.

d. h(z) = —In(z +4), z > —4; g(y) = —In(y +3), y > —3. Level curve: —In(z+y) =4, z+y >0
—In(z+y)=-4, 2+y>0—>y=e*—2a.

e. h(z) =2y, x > 0; g(y) = V37, y > 0. Level curve: /z,/y =4, >0, y >0 — 2y =16, = >

0, y>0—=y= 1;8—6, x > 0, positive part hyperbola.

2.2 Distance, Bounded Sets and Compact Sets

EXERCISE 2.4 Determine the boundary and accumulation points of next sets. Motivate which of these
sets is bounded, open, closed or compact, respectively.

a. {(x,y) e R? | z > 2}. d. {(1,2)}.

b. {(z,y) e R? |y >zandy < x + 1}. e. {(z,y) eR? o<1, 2>-1,y< -z, y >z}

e {(z,y) eR*| |2 <2, |yl <2}

ANSWER 2.4

a. Boundary points: {(r,y) € R? | z = 2}. Accumulation points: {(z,y) € R? | z = 2}. Not bounded,
not open, closed, not compact.

b. Boundary points: {(z,y) € R? |y = z ory = x + 1}. Accumulation points: {(z,y) € R? | y =
x or y = x + 1}. Not bounded, not open, closed, not compact.

¢. Boundary points: {(z,y) € R? | (2,y) where y € (—2,2) or (—2,y) where y € (—2,2)}. Accumu-
lation points: {(z,y) € R? | |z| = 2 where y € [-2,2] or |y| = 2 where x € [-2,2]} Bounded, not
open, not closed, not compact.

d. Boundary point: (1,2). Accumulation point: none. Bounded, not open, closed, compact.

e. Boundary points:
{(z,y) € R? | (-1,y) where y € [-1,1] or (z,7) where z € [-1,0] or (x, —x) where z € [-1,0]}.
Accumulation points: coincides with set of boundary points. Bounded, not open, closed, compact.
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2.3 Continuous Functions

. . 0, ifz>0
EXERCISE 2.5 Consider the function f(z,y) = ] .
1, ifz<0
a. Show that the sequence s,, = (’71, 0), n=1,2,--- converges to (0,0).
b. Show that f is not continuous in (0, 0).
ANSWER 2.5
a. x, = ’7—} converges to zero as n goes to infinity. Hence, s,, converges to (0, 0) as n goes to infinity.

b. f(sn) = 1 for every integer n. So f(s,) converges to 1 as n goes to infinity. However, f(0,0) =
0. Hence, f(s,) does not converge to f(0,0), though s, converges to (0,0). Therefore, f is not
continuous at (0, 0).

1 if 0
EXERCISE 2.6 Show that the function f(z,y) defined by f(x,y) = { “"Sy’ %fx ty# 0 is not
, Uz +y=

continuous in (0, 0).

ANSWER 2.6
Consider the sequence s,, = (+,0). s, converges to (0,0) as n goes to infinity. f(s,) = n; f(0,0) = 0.
So, f(s,) does not converge to f(0,0) as n goes to infinity. Therefore, f is not continuous at (0, 0).

EXERCISE 2.7 Motivate which of the next functions is continuous.
log(z2 +y?>+1), x<0; -1 (x,

a flo,y) = OB TV D, s ¢ flay) = m L

log(zy? +y?+1), z>0.

b. f(x,y,2) = zem @ 1),

ANSWER 2.7

a. g1(z,y) = 2% + v + 1 is continuous on R2. Furthermore g, (,y) > 1. f(z) = log(z) is continuous
on {z | z > 0}. Consequently, F(z,y) := fogi(z,y) is continuous on R?. And thus in particular
on 51 = {(z,y) | z <0}.
g2(z,y) = xy® + y? + 1 is continuous on R2. Furthermore g, (x,y) > 1if 2 > 0. f(z) = log(2) is
continuous on {z | z > 0}. Consequently, F(x,y) := fogs(x,y) is continuous on Sy = {(z,y) | = >
0}.
Furthermore, F;(0,y) = F5(0,y). — f is continuous.

b. g(z,y,2) = = + In(y? + 1) is continuous on R®. f(s) = e® is continuous on R — fog(z,y, z) is
continuous on R? — f(x,y,2) = z * fog(x,y, ) is continuous on R3.

c. Consider s,, = (,0). Then s,, approaches (0, 0) if n goes to infinity. f(s,) = n* does not approach
£(0,0) = 0. So, f is not continuous at (0, 0).
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EXERCISE 2.8 Motivate whether the next function has an optimum on S.
a. f(l'vy) = .’E2 +y23 S = {(xvy) | T > _13 Yy > _1}
zyz—e®
b. f(x,y,z):m(hw, S={(z,y)| —10<2<12,1<y<2, 2<2<3}
ANSWER 2.8
a. f(xz,y) > 0; f(0,0) =0 — f has a global minimum at (0, 0).
b. 1. g(z,y,2) = 22 + 2y + z is continuous on R3. Furthermore, g(z,y,2) > 4 on S. f(s) = In(s) is
continuous on {s | s > 0} — fog(x,y, z) is continuous on S. Note fog(z,y,z) > 0on S — —1L

fog(z,y,2)

J2(2:2) e continuous on S.

is continuous on S. fy(r,y,2) := ryz? — €% is continuous on R3 — s

2. S is bounded and closed — S is compact.
By Weierstrass’ theorem it follows from 1. and 2. that f has both a global maximum and a global

minimum on S.
EXERCISE 2.9 Motivate why the next set S is compact. S = {(z,y) | 1 < 2?4+ y? <4 and zy > 1}.

ANSWER 2.9

f(z,y) = 2% + y? is continuous on R?. So the set S; := {(z,y) | 1 < 2% + y?} is closed and S, :=
{(z,y) | 2% + y* < 4} is closed.

f(z,y) = zy is continuous on R2. So the set S3 := {(x,y) | zy > 1} is closed.

So, S = 51 NSy NS5 is closed.

Note S, is bounded — S is bounded.

So S is bounded and closed, i.e., S is compact.

2.4 Differentiable Functions

EXERCISE 2.10 Calculate next partial derivatives.

a. 5£(1,0) and L(1,0) if f(x,y) = xy. b. §(1,2) and §L(1,2) if f(x,y) = £.
ANSWER 2.10
a. gl —yand 3L =2 — Df(1,0) = [0 1]

b o= ¥, 0 1 pf1,2)=[-21].

ox 27 dy T

EXERCISE 2.11 Use Theorem 2.26 to show that next functions are differentiable. Determine their

derivative.
a. f(z,y) =1 b. f(z,y) = =. c. flz,y) =y.
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ANSWER 2.11

a. Df(x,y) = [0 0]. Both partial derivatives are continuous on R? — f is differentiable on R? and
fr=100].

b. Df(z,y) = [1 0]. Both partial derivatives are continuous on R? — f is differentiable on R? and
fr=110].

¢. Df(z,y) = [0 1]. Both partial derivatives are continuous on R? — f is differentiable on R? and

fr=101.

EXERCISE 2.12 Motivate why the following functions f are differentiable. Furthermore, determine
their derivatives and the tangent plane to the graph of f at the indicated point.

a. f(x y) = xa‘yl ® at (z,y) = (1,1), where « is some scalar in the interval (0, 1).

y) = L2, at (z,y) = (0,0).

y) = L, at (z,y) = (1,1).

y) = (ax? + By)* at (z,y) = (0, 1), where «, 3 are some positive numbers.

flz,
[z,
[z,
f(x,y,2) = Jxy + Z at (z,y,2) = (1,1,0).

ANSWER 2.12

a. f1(z,y) = 2 and fo(z,y) = y* ~“ are both differentiable at (z,y) = (1,1) — f(z,y) is differentiable
at (z,y) = (L,1). f(z,y) = Jaz® 1yt~ (1 — a)2®y~°] around (z,y) = (1,1) — f(1,1) =
[@ (1 —«)]. Tangent plane: z(z,y) =14+ alz — 1)+ (1 —a)(y — 1).

b. fi(z,y) = 2% and fo(z,y) = e¥” are both differentiable at (z,y) = (0,0) — f(=x,y) is differentiable
at (z,y) = (0,0). f (z,y) = [ze¥" ya2e¥’] around (z,y) = (0,0) — f (0,0) = [0 0]. Tangent plane:
z(z,y) = 0.

c. fi(z,y) = ¢ —y and fa(z,y) = x + y are both differentiable at (z,y) = (1,1), f2(1,1) # 0 —
f(x,y) is differentiable at (z,y) = (1,1). f (z,y) = [(w2+7yy) @72;)2] around (z,y) = (1,1) —
1= [% 1]. Tangent plane: z(z,y) = 3(z — 1) — i(y — 1).

d. filx,y) = az?, fa(x,y) = By and f3(z) = 2* are differentiable at R? and IR, respectively. —
fzyy) = f3 o (f1 + f2)(z,y) is differentiable at (z,y) = (0,1). — around (0, 1)

f(a,y) = [Bazx(az? + By)® 48(az? + By)°]

— f(0,1) = [0 48%). Tangent plane: z(z,y) = 8* + 4584y — 1).

e. fi(z,y,z) = zyand fa(s) = /s are both differentiable at (z, y, z) = (1,1,0) and s = 1, respectively.
f3(x,y,2) = z and fy4(w,y,z) = x are both differentiable on R?, f4(1,1,0) # 0 — f(z,y,2) =
fao fi(z,y,2) + f3 2 (z,y, z) is differentiable at (z,y, z) = (1,1,0). — around (1,1,0)

-

@,y 2) = [%y(ary)’% - % %x(xy)*ﬁ %]

Hence, f'(1,1,0) = [1 1 1], and the tangent plane at (1,1,0) is h(z,y, 2) = 1+4(a2—1)+1(y—1)+2
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2.5 First-Order Condition for an Optimum of a Multi-variable Function

EXERCISE 2.13 Determine the stationary points of the functions defined by the following formulas:

a. 22—y c. 2% —y> + 9zy. e. (x—y)?+(z—y)?+y*—22+1.
b. In(1 + 22 + »?). d. mlzj;f. f. y%e”’.
ANSWER 2.13

a. Df(x,y) = [2x — 2y] — Stationary points: Df(z,y) = [0 0] — 2 = 0, y = 0 — Stationary point:
(0,0).

b. Df(z,y) = [ 1+f2y+y2] — Stationary points: Df(z,y) = [00] — z = 0, y = 0 — Stationary
point: (0,0).

c. Df(x,y) = [3z>+9y —3y?+9x] — Stationary points: Df(z,y) = [00] — 2 = 3y* and 32>+ 9y = 0
— 3yt +9y=0—y(3y>+9) =0 — y = 0 or y = —3 — Stationary points: (0,0) and (3,-3).

d. Df(z,y) = [35£3 _2(7{5?755351)] — Stationary points: D f(x,y) = [0 0] — 2z +2 = 0 and —2y(x? +
2z) =0— 2 =—1and (y =0 or x =0 or z = —2)— Stationary point: (—1,0).

e. Df(z,y,2) = [2(x—y) —2(z—y)—2(2—y)+4y>—4y 2(z—y)] — Stationary points: D f(x,y) = [000]
—wrx=y=zand 4y’ —4y=0—vz=y=zand4y(y? - 1)=0—vz=y=zand (y=0ory =1
or y = —1) — Stationary points: (0,0,0), (1,1,1) and (-1, -1, —1).

f. Df(xz,y) = [2zy2ex2 2ye“"2] — Stationary points: Df(x,y) = [0 0] — 2zy?> = 0 and 2y = 0 —

(z=0o0ry=0)and y = 0 — (0,0) or (x,0) with x arbitrary — Stationary points: (x,0), with
z € R.

2.6 Convexity and Second-Order Condition for an Optimum of Multi-Variable
Functions

EXERCISE 2.14

a. Consider f(z,y) = —x2 — y%. Determine the tangent plane to the graph of f(z,y) at (a,b).
b. Show that f(z,y) < f(a,b) + Df(a,b)[x —ay — b7 for all (z,y) € R?.

c. Verify that f(x,y) is concave on R?.

ANSWER 2.14

a. Df(x,y) = [-2x — 2y] — Tangent plane: z(z,y) = —a® — b> — 2a(x — a) — 2b(y — b).

b. f(z,y) — 2(z,y) = =22 —y?> + a® + b%> + 2a(x — a) +2b(y — b) = —22 — y? + 2azx + 2by — a® — b* =
—(z—a)?—(y—1)?<0.
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c Az yT+ (@ =Nab? =M+ (1-XNa \y+ (1 —M)bT — Using the definition of concavity, we
have

FO gl + 1 =Nab]") = Af([zy]") = (1 =N f([ad]") =

Dz +(1=Na)? = My+ 1A=+ Az2+ D)+ (1 =N (a® 4+ =

“X222 = 2X(1 — Naz — (1 — X)%a® — X252 — 2X(1 — Nby — (1 — A0 + Ma? + %) +
(1—=N)(a*+b*) =

A1 =N (2% = 2ax + a® +y* — 2by + %) = A\(1 = N)((z — a)* + (y — b)?) > 0.

EXERCISE 2.15 Calculate all second-order partial derivatives of next functions f.
a. f(z,y) = xy. b. flz,y) =e™ +a® o flz,y) =5, y#0. d f(z,y,2) =ay+ye.

ANSWER 2.15

a. Df(x,y) = [y* 2zy] = D f(z,y) =0, Diaf(x,y) = 2y, D21 f(z,y) = 2y, Do f (2, y) = 2.

b. Df(x,y) = [ye® + 32% xe*¥] — D11 f(x,y) = y*e* + 6z, Diof(x,y) = (1 +2y)e*, Doy f(z,y) =
(1+zy)e™, Daof(z,y) = z%™.

¢ Df(z,y)=1[; — & = Duf(z,y) =0, Diaf(z,y) = =z, Do f(z,y) = =35, Daaf(2,y) = %.

d.Df(z,y)=1[y +2 y| = Duf(z,y,2) =0, Diaf(v,y,2) =1, Di3f(x,y,2) =0, Doy f(w,y) = 1,
Dosf(x,y) =0, Dasf(x,y,2) =1, D31 f(x,y,2) =0, Dsaf(z,y,2) =1, Dssf(x,y,z) = 0.

EXERCISE 2.16 Calculate H f for the next functions f.
a. f(x,y) =ay' = b. f(z,y,2) = (a%y — y*z)z.

ANSWER 2.16

ol 1w S ala— 1Dz 2yt~ a(l — )z ty=@
a. Df(l‘,y):[ax 1y1 ) (1—04).%‘ Y ]%Hf(xay): a—1. —a a. —1—a |’
a(l —a)z®ty™* —a(l — a)z%y

b. Df(x,y,2) =[xy —y*)z (2 —22y)z 2%y — y?a] >

2yz (2x —2y)z 2xy — y?
Hf(x,y,2)=| (2z — 2y)z —2xz % — 2xy
2xy — y? % — 2zy 0

EXERCISE 2.17 Rewrite the quadratic forms, below, as s As, with A a symmetric matrix.
a. f(x,y) = 22% + 22y + 3y°. b. f(z,y,2) = 2y — 2yz + dxz. ¢ f(x,y,2) = 22% + 2yz.

ANSWER 2.17

a. f(z.y) = o 4] [ ) ] @y
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0 5 2

b. f(x,y,2)=lryzl| 3 0 -1 |[zy2]".
2 -1 0
(2 0 0

c. flw,y,2)=[zyz]| 0 0 1 |[zy2’.
01 0

EXERCISE 2.18 Calculate all principal matrices and principal minors of A =

~N b~ =
co ot N
O O W

ANSWER 2.18
The principal matrices of A are the matrices

[1];[5];[91;l1 ?]“ g][; S]andA.

Therefore, the principal minors are: 1, 5, 9, —3, —12, —3 and 0.

EXERCISE 2.19 Verify whether the next functions f are either convex, concave or neither of them on
R? and R?, respectively.
a. fz,y) = 2%+ 9> b. f(z,y) =2° -y c flz,y,2) = —a? —y* — 2.

ANSWER 2.19
2
a. Df(x,y) =[2x 2y] — Hf(x,y) = l 0 2 1 — The principal matrices of H f are
[2]; [2]; and Hf.

Therefore, the principal minors are: 2, 2 and 4. — H f is positive definite — f is convex.

b. Df(x,y) =2z —2y| = Hf(x,y) = [ (2)

] — The principal matrices of H f are

[2]; [-2]; and H f.

Therefore, the principal minors are: 2, —2 and —4. — H f is not positive semi-definite. Similarly
it follows that B := —H f is neither positive semi-definite (principal minors are: —2, 2 and —4).

— f is neither convex nor concave.
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-2 0 0
c. Df(z,y)=[-2¢ —2y 1] - Hf(z,y)=| 0 —2 0 | — The principal matrices of B := —H f
0 0 0

2] [2): (0] B S]li 8]{3 g]anda

Therefore, the principal minors of B are: 2, 2, 0, 4, 0, 0 and 0. — B is positive semi-definite. —

H f is negative semi-definite. — f is concave.

EXERCISE 2.20 Verify whether the next functions f are either convex, concave or neither of them on
S=A{(z,y) [z>0,y >0}

a. f(z,y) = e ¢ fla,y)=e =V,
b. f(z,y) =In(z +y + 1). d. f(z,y)=1+2x+y)* ac(0,1).
ANSWER 2.20

yZery (1+ zy)e™

a. Df(x,y) = lye®™¥ ze™| — Hf(x,y) =
flzy) =1y J f(z,y) At a)e a2

— The principal matrices of

Hf are
[y%e™); [¢%e"]; and Hf.

Therefore, the principal minors are: y?e®, x2e® and (22y? — (1 + xy)?)e?®¥ = (=1 — 2xy)e®?Y.
Note: (—1 — 2xy)e?*¥ < 0on S — H f is not positive semi-definite on S — f is not convex on S.
The principal minors of B := —H f are: —y%e®, —x2e® and (22y? — (1 4 29)?)e®™¥ = (—1 —
2zy)e?*Y. Note: —y?e?*¥ < 0 on S — B is not positive semi-definite on S — f is not concave on S.

b. Df(z,y) = [iery 10emy) — Hf(z,y) = ﬁ [ 1 1 ] — The principal matrices of B :=
—Hf are

1 . -1
(1+z+y)2]’ [(1+x+y)2

[

]; and B.

Therefore, the principal minors are: a +$1+y)2, a le)z and 0. Note: m >0onS — Bis
positive semi-definite on S — f is concave on S.
(4a? — 2)6*"”2*?’2 dzye=" v

c. Df(x,y) = —2ze~ "V _2ye=" V| 5 H xT,y) =
fla,y) =1 y ] fz,y) foye = (44— 2)e=

— The principal matrices of H f are

[(42? — 2)e==""; [(4% — 2)e=*""); and HY.
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Therefore, the principal minors are: (422 — 2)e= %", (4y% — 2)e=* ~¥" and det(H f). Note:
(422 — 2)e=""~¥" < 0if (x,y) = (1, 1) — H is not positive semi-definite on S — f is not convex
on S.

The principal minors of B := —Hf are: (2 — 422)e=* =¥, (2 — 4y%)e~*"~¥" and det(B). Note:
(2 — 422)e=" %" < 0if (z,y) = (1,1) — B is not positive semi-definite on S — f is not concave

ons.
1 1
d. Df(z,y) =a(l+x+y)* 1 1] = Hf(z,y) = ala—1)(1+z+1y)*2 [ - ] — The principal

matrices of B := —H f are
[a(1—a)(1+z+y)*?; [l —a)(l+x+y)*?]; and B.

Therefore, the principal minors are: a(1 — a)(1+z+y)* 2, a(l —a)(1+z+y)* 2 and 0. Note:
a(l—a)(1+2z+y)* 2 >00nS — B is positive semi-definite on S — f is concave on S.

EXERCISE 2.21 Determine all optima (location, value, kind (local/global)) of the functions
a. f(z,y) = xy® + 2%y — xy. c f(z,y)=e™.
b. f(z,y,2) = (z—y)* + (2 —y)* +y* — 2> + 1.

ANSWER 2.21

a. Df(z,y) = [y? + 322y —y 22y + 2* — 2] — Stationary points:
2 +32%y—y=0and 2zy+ 23— =0—
yly+322 —1)=0andx(2y +22 - 1) =0 —
(y=0ory+322—1=0)and (x=0o0r2y+22—-1=0) —
(z,y) =(0,0)or (y=0and 2y + 2> —1=0)or (y+ 322 —1=0andz =0) or (y + 32> —1 =0
and 2y + 22 - 1=0) —
(x,y) = (0,0)or (y =0and 22 = 1) or (z,y) = (0,1) or (y = 1 —32% and 2(1 —3z?) +22 -1 = 0)—
(z,y) = (0,0) or (x,y) = (1,0) or (z,y) = (—1,0) or (x,y) = (0,1) or (y = 1 — 322 and 52% = 1)
N
(z,y) = (0,0) or (z,y) = (1,0) or (z,y) = (-1,0) or (z,y) = (0,1) or (z,y) = (\/%%) or

(2,9) = (—/1, 2).
. L 6 2y + 322 —1

Next, consider the second-order derivative: H f(x,y) = o g —

2y + 322 — 1 2z

0 -1

Hf(0,0) = [ 10 — H f(0,0) is indefinite — At (x,y) = (0,0) there is a saddle-point.

2
Hf(1,0) = [ 0 ] — H f(1,0) is indefinite — At (x,y) = (1,0) there is a saddle-point.

0 -
Hf(-1,0) = [ ) — H f(—1,0) is indefinite — At (z,y) = (-1, 0) there is a saddle-point.

» 52 «



Static Optimization: The Multi-Variable Case

1
Hf0,1) = [ (1) 0 — H f(0,1) is indefinite — At (x,y) = (0, 1) there is a saddle-point.

Hi(/5.2) = i
5

— Hf(\/g, 2) is positive definite — At (z,y) = (\/g, 2) there

(=2}
[\
alo
=

is a minimum. Local min as f(—100,1) < f(—\/g, 2).

24 /1 6

) = pVe > %Hf(\/g,%)is negative definite — At (z,y) = (—/+, 2)
6 _2\/1
5 5

there is a maximum. Local max as f(100,1) > f(\/g, 2).

T
=
ﬁ
[

S

)

.Df(z,y,2) =[2(x —y) —2(z—1y)—2(2 —y) +4y> — 4y 2(z — y)] — Stationary points:
r=yand —2(z—y)—2(z—y)+4y> —4y=0and z =y —
r=yand 4y’ —4y=0and z =y —

r=yand 4y(y* —1)=0and z =y —

(z,y,2) =(0,0,0) or (z,y,2) = (1,1,1) or (z,y,2) = (-1,—-1,—1).

2 -2 0
Next, consider the second-order derivative: H f(z,y,z) = | =2 1242 -2 | —
0 -2 2
2 2 0 |
Hf(0,0,00=| =2 0 -2 | = Hf(0,0,0) is indefinite —
0 —2 2
At (z,y) = (0,0,0) there is a saddle-point.
2 2 0 |
Hf1l,1,1)=| -2 12 -2 | —» Hf(1,1,1) is positive definite —
0o -2 2

At (z,y) = (1,1,1) there is a minimum.
Note: f(1,1,1) = 0, whereas f(z,y,2) = (z —y)>+ (2 —y) >’ + (¥* = 1)2 > 0 —
Global minimum at (z,y) = (1,1, 1).

2 -2 0
Hf(-1,-1,-1)=| -2 12 -2 | —» Hf(-1,-1,-1) is positive definite —
0o -2 2

At (z,y) = (—1,—1, —1) there is a minimum.

Note: f(—1,—1,—1) = 0, whereas f(z,y,2) = (z —y)?  + (z —y)> + (4* = 1)2 >0 —
Global minimum at (z,y) = (-1, -1, —1).

. Df(z,y,z) = [ye*¥ ze™¥] — Stationary point: (z,y) = (0,0).

yZe™y (1+ xy)e™

The second-order derivative is: H f(z,y) = ‘
(14 zy)e™ z2e®

1
Hf(0,0) = [ (1] 0 ] — H f(0,0) is indefinite — At (x,y) = (0,0) there is a saddle-point.
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EXERCISE 2.22 Consider the set D = {(z,y) |z > 0, y > 0,z < 2,y < 2}. Determine all global
optima (location, value, kind) of the next functions on D
a. f(z,y)=ax—y—+ 1. b. f(x,y) = 2% +2y? — 22 — 4y + 1.

ANSWER 2.22
a. Df(xz,y) = [1 —1] — Stationary points: none. Note, f is continuous and D is compact — f attains
global max and min at its set of boundary points — f attains global max and min at either
i 2=0,0<y<2— f(z,y)=—-y+1—min=—1at (z,y) = (0,2), max =1 at (z,y) = (0,0)
il.e=20<y<2- f(z,y) =—-y+3—>min=1at (z,y) = (2,2), max = 3 at (z,y) = (2,0)
iii.y=0,0<2z<2— f(z,y) =c+1— min=1at (z,y) = (0,0), max = 3 at (z,y) = (2,0)
ivy=20<z<2— f(z,y) = —1—-min=—1at (z,y) = (0,2), max = 1 at (z,y) = (2,2)
— f attains global max at (z,y) = (2,0).
— f attains global min at (x,y) = (0, 2).
b. Df(z,y) = [2z — 2 4y — 4] — Stationary point: (1,1) with f(1,1) = —2. Note, f is continuous
and D is compact — f attains global max and min at either (1, 1) or its set of boundary points —
f attains global max and min at either
i 2=0,0<y<2— f(z,y) = 2y%> — 4y + 1 — Stationary point: 4y —4 = 0 — y = 1 — Extremal
points: f(0,0) =1, f(0,1) = —1, f(0,2) = 1.
il.z=20<y<2— f(z,y) = 2y* — 4y + 1 — Stationary point: 4y —4 = 0 — y = 1 — Extremal
points: f(2,0) =1, f(2,1) = -1, f(2,2) = 1.
iii. y=0,0 <2 <2— f(x,y) = 22 — 2x + 1 — Stationary point: 2z — 2 = 0 — x = 1 — Extremal
points: f(0,0) =1, f(1,0) =0, f(2,0) = 1.
iv.y=20<x<2— f(z,y) = 2% — 2o + 1 — Stationary point: 2z —2 = 0 — x = 1 — Extremal
points: f(0,2) =1, f(1,2) =0, f(2,2) = 1.
— f attains global max at (z,y) = (2,0), (z,y) = (0,2), (z,y) = (2,2) and (z,y) = (0,0).
— f attains global min at (z,y) = (1,1).

EXERCISE 2.23 Consider a monopolist who produces two products which are imperfect substitutes.

The inverse demand ¢; for product i, i = 1,2, is given by p; = 60 — q1 — 3¢z and p» = 60 — g2 — 21,

respectively. Here, p; is the price for good i.

a. Assume that the monopolist can produce both goods at zero marginal cost. Determine the optimal
quantities the profit maximizing monopolist will produce. How high are his profits?

b. Assume authorities in market 1 impose a tax of ¢ per unit sold in market 1. Discuss the conse-

quences.

ANSWER 2.23
a. Profit function is: II(q1,q2) = p1q1 + p2g2 — C = (60 — ¢1 — 3q2)q1 + (60 — g2 — 3q1)g2 — C —
IT' = [60 — 2¢1 — g2 60 — 2¢3 — q1] — Stationary point: II' = [0 0] —
q1 =30 — g0 and 60 — 2¢> — (30 — 3¢2) =0 —
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=30 — 7q2 and ¢2 = 20 — (q7,43) = (20, 20).
» -2 -
The second-order derivative is: II = ) )
profits are maximal at (¢7, ¢5) = (20, 20).

Static Optimization: The Multi-Variable Case

— II'(q7, ¢3) is negative definite —

T1(20, 20) = 1200 — C' — Production if fixed cost C' are smaller than 1200.

b. Profit function is: I1(q1, g2) = p1g1 +p2g2 — C —tq1 = (60—
—1II' = [60 —2¢1 — g2 — t 60 — 2¢o — 1] — Stationary point: II' =
q1 =30 — 2QQ—*taHd60—QQQ—(3O—*(]2—*)—O—>

q1 —30—7q2—7tandq2_20+ t—>(q1,q2) (24 —

1 —392)q1+ (60— g2 — 3q1)q2 — C —tq
[0 0] —

2,20+ $t) —

Production if fixed cost C' and tax ¢ are such that II(¢}, ¢3) > 0.

Mixed Exercises

EXERCISE 2.24 Determine for the functions f below all stationary points. Indicate whether f attains

at these points a local or global minimum/ maximum

af(xy):fli2+2:v+y2*4y- £ flz,y)=32" —a® +y° =2y + 3.
fla,y,z) = (@ -1y —1)+2° g fla,y) = 2° + 3zy + 3y
flo,y,2) = —2% —4y? — 23 + 62 + 22y + 122.  h. f(z,y) = :vy—i—:z:y—l—x
fla,y) = ga* =2 + 2oy — . i floy) = <x+y>e
fla,y) = 2% = 2zy + 3y i flzy) = 1x2+1y3+2y-

ANSWER 2.24

a. Df(z,y) = [2¢ + 2 2y — 4] — Stationary point: (z,y) = (—1,2).

Hf(x,y) = [ f) (2) ] — Hf(-1,2) = [ (2) (2) ] — H f(—1,2) is positive definite —
At (z,y) = (—1,2) there is a minimum.
Note: f(—1,2) = —5, whereas f(z,y) = (z +1)? + (y —2)? =5 > -5 —
Global minimum at (z,y) = (-1, 2).
b. Df(x,y,2) = [y —1  — 1 32%] — Stationary point: (z,y,z) = (1,1,0).
01 0 01 0
Hf(x,y,z)=11 0 0 | —=Hf(1,1,00=] 1 0 0 |.From this we have:
0 0 6z 0 0 O

[110/Hf(1,1,0)[110]7

Hf(1,1,0) is indefinite —

At (z,y, %) = (1,1,0) there is a saddle point.
. Df(x,y,2) =

—2r+6+2y=0and v =4y and 22 =4 —

—8y+6+2y=0andxz=4yand (z=20rz=-2) —
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-2

[-27+6+2y —8y+2x — 322+ 12] — Stationary points:
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(r,y,2) = (4,1,2) and (z,y,2) = (4,1, -2).

-2 2 0
The second-order derivative is: H f(z,y,2)=| 2 -8 0 —
0 0 -6z
-2 2 0
1.Hf(4,1,2)=| 2 -8 0 — Hf(4,1,2) is negative definite —
0 0 -12
At (z,y,z) = (4,1,2) there is a maximum.
£(0,0,—100) > f(4,1,2) — local maximum.
2 2 0|
2.Hf(4,1,-2)=1| 2 -8 0 | — Hf(4,1,-2)is indefinite —
0 0 12

At (z,y,z) = (4,1, —2) there is a saddle point.
d. Df(z,y) = [22% — 42 + 2y 2z — 2y] — Stationary points:
203 —4r+2y=0andy=2 —223 - 2r=0andy =z —
2z(2> —1)=0and y = = — (z,y) = (0,0), (z,y) = (1,1) and (z,y) = (-1, -1).

AP 62 —4 2
The second-order derivative is: H f(z,y) = ) ) —
[ -4 2 . N
1. Hf(0,0) = ) ) — H f(0,0) is negative definite —
At (z,y) = (0,0) there is a maximum.
Note: f(0,0) = 0, whereas f(100,0) > 0 — local maximum at (z,y) = (0,0).
2
2. Hf(1,1) = 0 o — H f(1,1) is indefinite —
At (z,y) = (1,1) there is a saddle point.
2 2
3.Hf(-1,-1)= 0 g — Hf(—1,-1) is indefinite —

At (z,y) = (=1, —1) there is a saddle point.
e. Df(x,y) = [2v — 2y — 2 + 2y3] — Stationary points:
y=xzand 22 +2y°=0—y=zand 2y(y> —1) =0 —
(x,y) = (0,0) and (z,y) = (1,1) and (x,y) = (-1, —1).

The second-order derivative is: H f(x,y) = f2 6_,7,/22 ] —
1. Hf(0,0) = 22 _02 — H f(0,0) is indefinite —

At (z,y) = ((:), 0) there 1s a saddle point.
2. Hf(1,1) = fQ _62 — Hf(1,1) is positive definite —

At (z,y) = (1,1) there is a minimum.
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Note: f(1,1) = —3, whereas f(z,y) = (z —y)* —¢* + 33" = (z —9)* + 3(¥* — 2y°) =
(x—y)*+ i(y*—1)> - 3 > -1 — global minimum at (z,y) = (1,1).
2 =2
3.Hf(-1,-1)= 0 ] — Hf(—1, 1) is positive definite —
At (z,y) = (=1, —1) there is a minimum.

Note: f(—1,—1) = —3, whereas f(z,y) = (z —y)> —y* + 3y* = ( —y)? + 2(y* — 2% =
(x—y)*+ i(y* - 1)> = 3 > —1 — global minimum at (z,y) = (-1, —1).

. Df(z,y) = [223 — 22 2y — 2] — Stationary points:

22(z2 —1)=0andy =1 — (z,y) = (0,1) and (x,y) = (1,1) and (x,y) = (—1,1).

6z2 -2 0
The second-order derivative is: H f(z,y) = * 1 —

0 2
2 0 T
1. Hf(0,1) = 0 9 — Hf(0,1) is indefinite —
At (z,y) = (0,1) there is a saddle point.
4 0
2. Hf(1,1) = 0 9 — Hf(1,1) is positive definite —

At (z,y) = (1,1) there is a minimum.
Note: f(1,1) = 0, whereas f(z,y) = £(z* — 22%) + (y — 1)* + § =
global minimum at (z,y) = (1, 1).

4
3. Hf(-1,1) = [ 0 2 ] — Hf(—1,1) is positive definite —

(@2 =12+ (y—1)2>0—

o=

At (z,y) = (—1,1) there is a minimum.

Note: f(—1,1) = 0, whereas f(z,y) = 2(z* —22%) + (y—1)? + 3 =222 - 1)+ (y—1)2 >0
— global minimum at (z,y) = (-1, 1).

. Df(z,y) = [32% + 3y 3x + 3y] — Stationary points:

322 +3y=0andy = —x —

322 - 3r=0andy= -2 — 3z(r—1)=0andy = —x — (x,y) = (0,0) and (z,y) = (1,-1).

6z 3
The second-order derivative is: H f(z,y) = [ ; 3 ] —

0 3
1. Hf(0,0) = [ - — H f(0,0) is indefinite —

At (z,y) = (0,0) there is a saddle point.
6 3
2.Hf(1,-1) = 3 3 — Hf(1,-1) is positive definite —
At (z,y) = (1, —1) there is a minimum.
Note: f(1,—1) = —2.5, whereas f(—100,0) < —2.5 — local minimum.
.Df(z,y) = 22y +y+ 1 2% + x] — Stationary points:
2zy+y+1=0andz(zr+1)=0—-22zy+y+1=0and (x =0o0rzx = —1) = (z,y) = (0,—1)
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and (z,y) = (—1,1).

6 2 1
The second-order derivative is: H f(z,y) = i v
20 +1 0
6 1 e
1. Hf(0,—-1) = Lo — H f(0,—1) is indefinite —
At (z,y) = (0, —1) there is a saddle point.
6 -1
2. Hf(-1,1) = Lo — Hf(—1,1) is indefinite —

At (z,y) = (—i, 1) there is a saddle point.

i. Df(z,y) =[(1—2(z+y?))e 2% 2ye 27 | — Stationary points:
(1-z(z+y?)=0andy=0—1-22=0andy=0— (z,y) = (1,0) and (z,y) = (-1,0).
-2z +y?+ (1 —x(z+ yQ)))e’%””2 —2zye~ 2%

1(L‘

2 1.2

The second-order derivative is: H f(x,y) = [

—2xye” 2e 2"
% -
~27% 0 o
1. Hf(1,0) = 0 - — H f(1,0) is indefinite —
e 2
At (z,y) = (1,0) there is a saddle point.
277 0
2. Hf(-1,0) = 60 ’ - — H f(—1,0) is positive definite —
e 2
At (z,y) = (—1,0) there is a minimum.
Note: f(—1,0) = —e~2 and flz,y) = (x —I—;gQ)e_%’”2 = ze 3% 4 2737 > ge 3T 4 0.
Elementary analysis shows that g(z) = ze~2%" has a global minimum at z = —1 of —e~% — At

(z,y) = (—1,0), f has a global minimum.
j. Df(x,y) = [2* — 2 y? + y] — Stationary points:
?—z=0andy’*+y=0—z(x—1)=0andy(y+1)=0—
(x=0orz=1and (y=0o0ry = —1) = (z,y) = (0,0), (z,y) = (0,—1), (z,y) = (1,0) and
(z,y) = (1, —1).

20 — 1 0
The second-order derivative is: H f(z,y) = ‘
0 2y+1
-1 0 . . .
1. Hf(0,0) = 0 1 — H f(1,0) is indefinite —

At (z,y) = (1,0) there is a saddle point.
-1
2. Hf(0,—1) =
o= 2
At (z,y) = (0, —1) there is a maximum.
Note: f(0,—1) = ¢, whereas f(0,100) > f(0,—1) — local maximum.

] — H f(0,—1) is negative definite —

1
3. Hf(1,0) = [ 0 (1) ] — H f(1,0) is positive definite —

At (z,y) = (1,0) there is a minimum.
Note: f(1,0) = —¢, whereas f(—100,0) < f(1,0) — local minimum.
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1
4. Hf(1,-1) = 0 0 — H f(1,—1) is indefinite —

At (z,y) = (1, 1) there is a saddle point.

EXERCISE 2.25 Determine for next functions f whether they are convex, respectively, concave.

a. f(z,y) = (x—y)?* >0, y>0. d. f(z,y) ==zy, >0, y > 0.
b. f(z,y) =23, 2 €R, y € R. e. f(z,y,2) =22 +y*—22, 2>0,y>0, 2<0.
c. flzyy)=e ™, z€R, y€R. f f(z,y)=ay, zeR, y=1.
ANSWER 2.25
2 =2
a. Df =[2(z—y) —2($—y)]—>Hf=l_2 ) ]

The principal matrices of H f are the matrices
2]; [2; and H Y.

Therefore, the principal minors are: 2, 2, and 0 — f is convex.

b. Df = [322 0]—>Hf=[6§ 81

The principal matrices of H f are the matrices
[6x]; [0]; and H f.

Therefore, the principal minors are: 6z, 0, and 0. Note 6x < 0 if x < 0 — f is not convex.
The principal matrices of —H f are the matrices

[—6x]; [0]; and H f.

Therefore, the principal minors are: —6z, 0, and 0. Note —6z < 0 if z > 0 — f is not concave.
e (ay — e
(zy — 1)e~*¥ ey

The principal matrices of H f are the matrices

c. Df =[-ye ™Y —xze ™| > Hf =

[y?e™¥]; [2%e™""]; and HF.
Therefore, the principal minors are: y?e~*Y, x2e~%, and ((22y? — (xy — 1)?)e~2*Y. Note (2zy —

1)e~2*Y can attain negative values on R?> — f is not convex. It is easily verified that f is neither

concave.
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0 1
1o
The principal matrices of H f are the matrices

d.Df=y z] > Hf =

[0]; [0]; and Hf.

Therefore, the principal minors are: 0, 0, and —1 — f is not convex.

The principal matrices of —H f are the matrices
[0]; [0]; and — H f.

Therefore, the principal minors are: 0, 0, and —1 — f is not concave.

2 0 0
eeDf=2x 2y —22]>Hf=|0 2 0
0 0 -2

The principal matrices of H f are the matrices

20 [2): [2); [3 g] H _02]; [f) _OQ]andHf-

Therefore, the principal minors are: 2, 2, —2, 4, —4, —4, and —8 — f is not convex.

The principal matrices of —H f are the matrices

2 -2 2 [‘02 02]; [‘02 2] [‘02 2] and — HF.

Therefore, the principal minors are: —2, —2, 2, 4, —4, —4, and —8 — f is not concave.

f. f(x) =, withz € R — f is both convex and concave.

EXERCISE 2.26 Determine for next functions f the tangent plane to the graph of f at the indicated

point.

a. f(x,y) =2 at (z,y) = (1,0). c. f(z,y,2) = 2% +yzat(z,y,2) = (1,1,1).

b. f(z,y) = i—fg at (z,y) = (1,0). flz,y,2) =x+2y+3zat (v,y,2) = (1,1,1).

ANSWER 2.26

a. Df = [In(2)2*"¥ In(2)2°"Y]; note: both partial derivatives are continuous — Df(1,0) =
[2In(2) 21n(2)] and tangent plane to the graph at (1,0) is z(x,y) = 2+ 2In(2)(z — 1) 4+ 21n(2)y.

b.Df = [ﬁ (95372)2]? note: both partial derivatives are continuous in a neighborhood of (1,0) —

Df(1,0) = [0 2] and tangent plane to the graph at (1,0) is z(z,y) = 1 + 2y.
c. Df =2z z y|; note: all partial derivatives are continuous — Df(1,1,1) = [2 1 1] and tangent
plane to the graph at (1,1,1) is t(z,y,2) =2+ 2(z —1)+y—1+2z— 1.
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d. Df =[1 2 3]; note: all partial derivatives are continuous — Df(1,1,1) = [1 2 3] and tangent
plane to the graph at (1,1,1) is t(x,y,2) =6+ (¢ — 1) +2(y — 1) + 3(2 — 1) = z + 2y + 3=.

EXERCISE 2.27 Let R% := {(z,y) € R? |2 >0, y > 0} and R} = {(z,y,2) e R® |2 >0, y >0, z >

0}. Motivate which functions f, below, are differentiable on the indicated set D.

a. f(xay) = 11'1(]. - efzy)7 D= R%— d. f(xay) = $2$+J;g_7_217 D= Ra_

b. f(z,y) = et D= {(z,9) |z > -1, y>-1}. e f(z,y)=|z+y+1|, D=R2.
Y g 1 e TYz

o f(z,y) = Fotl, D=R2. £ f(z,y,2) = B, D=R2.

ANSWER 2.27

a. g(z,y) = 1 —e ¥ is differentiable on D. The range of g(z,y) is (0,1). h(z) = In(z) is differentiable
forall 2 > 0 — hog(x,y) is differentiable on D.

b. In(y) is not defined for y < 0 — f is not defined for all (z,y) € D, so not differentiable for all
(z,y) € D.

c. g(z,y) = 27*Y + zy is differentiable on D. g(z,y) > 0 on D. h(z,y) = 2*¥ — zy is differentiable

h(z.y)
g(z,y)

d. \/m is not defined for z + y < 2 on D — f is not defined for all (z,y) € D, so not
differentiable for all (z,y) € D.

e. f(z,y)=x+y+1lon D — f is differentiable on D.

f. g(z,y,z) = 14 e *¥* is differentiable on D. The range of g(z,y,2) is (1,2). h(s) = In(s) is

differentiable for all s > 0 — % is differentiable on D.

onD — is differentiable on D.

EXERCISE 2.28 Motivate which of next functions f has a global maximum on its domain D.
a. f(z,y) =—2*—y* D={(z,y) |2 >0, y >0}
b. fla,y) = S22 D= {(a,y) | |2 < 1, |yl < 2}.
_ In(+a?+y®) 1<a2442<4
C. f(xay)_ I _{(I7y)| Y +y — }
d. f(

el+z?+y?

v,y) =22+ y2 -4, D={(n,y)| —4<z<-2and —4<y< -2 0r2<r<4and2<

y <4}
T THYAO;

e. f(%y):{ o vty =0;

f' f(x’y)zﬁqlﬁp Dz{(a:,y,z)\xzo, yZO}

D ={(z,y) x| <1, [yl <1}

ANSWER 2.28

a. Note f(z,y) <0, with £(0,0) = 0 on R?. Note that with (0, ) € D, f(0, 1) = — 75 converges to 0
if k goes to infinity — we can approach the value of 0 arbitrarily close in D, but never attain it —
f has not a global maximum on D.

b. g(z,y) = v +y+4 > 0 for (x,y) € D — f is continuous on D; D is compact — (Weierstrass’
theorem) f attains a global maximum on D.
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c. g(z,y) =14+ 22 +y> > 0and e9®¥ > 0 — f is continuous on D; D is compact — (Weierstrass’
theorem) f attains a global maximum on D.

d.y?>—4>0on D — f is continuous on D; D is compact — (Weierstrass’ theorem) f attains a global
maximum on D.

e. With (%, 0) € D, f(3,0) = k — f attains arbitrarily large values if k goes to infinity — f has not a
global maximum on D.

e. f(0,0) =1, f(x,y) <1for (x,y) € D — f has a global maximum on D.

EXERCISE 2.29 Determine the boundary and accumulation points of next sets S. Also motivate
whether they are open/closed/bounded/compact, respectively.

a{(r,y)|l<zx<2, yeR;ord<z<5 0<y<1} c {(z,y)]|2z>0andy > 0}.

b. {(z,y) |ly<z<y+land0<y+az <1} d. {(z,y) |z <0andy > 0}.

ANSWER 2.29

a. Boundary points: {(2,y), v € R}, {(4,y), 0 <y <1}, {(5,y), 0 <y <1}, {(z,0), 4 <z <5} and
{(z,1), 4 <z <5}
Accumulation points: all boundary points plus {(1,y), y € R}.
Not open: Every neighborhood of (2,0) contains points outside S.
Not closed: (1,0) belongs to the complement set of S, whereas every neighborhood of (1,0) con-
tains points of S.
Not bounded: (2,k) € S for every k € R. ||(2, k)|| = v/4 + k2 goes to infinity if k& goes to infinity.
Not compact: set is not closed/set is not bounded.

b. Boundary points: {(z,z), 0 < z < 1}, {(z,1 —2), £ <z < 1}, {(z,—z), 0 < z < 1} and
{(z,2-1), $ <z <1}
Accumulation points: all boundary points.
Not open: Every neighborhood of (0, 0) contains points outside S.
Closed: Sy := {(z,y) |y < z}isclosed; S := {(z,y) | x < y+1}isclosed; S5 := {(z,y) |0 < y+z}
is closed; Sy := {(x,y) | y + * < 1} is closed — S = 57 N Sy N S3 NSy is closed.
Bounded: for every (z,y) € S,0<z<land -1<y <1 |(z,¥)] < V2.
Compact: set is closed and bounded.

c. Boundary points: none
Accumulation points: {(0,y), y > 0} and {(«,0), = > 0}.
Open: For every point (Z,§) € S there exists a circle with center (Z,y) and radius r, where r is
chosen smaller than the minimum of Z and g, such that this circle completely belongs to S.
Not closed: (0,0) belongs to the complement set of S, whereas every neighborhood of (0,0) con-
tains points of S.
Not bounded: (2, %) € S for every k > 0. ||(2, k)|| = v/4 + k2 goes to infinity if k& goes to infinity.
Not compact: set is not closed/set is not bounded.
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d. Boundary points: {(0,y), y > 0}.
Accumulation points: {(0,y), y > 0} and {(z,0), « < 0}.
Not open: Every neighborhood of (0, 1) contains points outside S.
Not closed: (—1,0) belongs to the complement set of S, whereas every neighborhood of (—1,0)
contains points of S.
Not bounded: (-2, k) € S forevery k > 0. ||(—2, k)| = V4 + k2 goes to infinity if k goes to infinity.
Not compact: set is not closed/set is not bounded.

EXERCISE 2.30 Motivate which functions f, below, are continuous on the indicated set S.

_In(z+y+1) _ . x, if x 2 07
a. f(x,y) = —2, § ={(x, x>0, y>0} d f(x,y) =
flay) = =5 {(z,9) | y >0} f(z,y) {y £ <0l
2yl i gy £ 0;
b. f(z,y) = [z] + |y|, S =R e f(m,y)={ o
0, if zy = 0.
z+y—1,ifx>0;
c. f(z,y) = f. f(z,y)=+22+32+1, S =R%
fla,y) {:c2+xy+y1, o <0, fle,y) = va?+y

ANSWER 2.30

a. g(z,y)=z+y+1>00nS — % is continuous on S.

b. fi(z,y) = |z| is continuous on S; fa(x,y) = |y| is continuous on S — f = f1 + fo is continuous on
S.

c. filz,y) = v +y — 1 is continuous on R?; fo(w,y) = —2? + xy +y — 1 is continuous on RR?;
f1(0,y) =y — 1 = f»(0,y) — f is continuous on S.

d. f(—.1)=1forall k > 0, and f(0,1) = 0 — with k going to infinity, (—4,1) converges to (0, 1),
whereas f(—+,1) converges to 1, which differs from f(0,1) = 0 — f is not continuous.

e. f(1,%)=k*+1forallk > 0, and f(0,0) = 0 — with k going to infinity, (+, +) converges to (0,0),
whereas f(+, +) goes to infinity, which differs from f(0,0) = 0 — f is not continuous.

f g(z,y) =22 +y>+1>0o0n S, h(s) = /5 is continuous for s > 0 — ho g(z,y) = /g9(z,y) is
continuous on S.

EXERCISE 2.31 Consider f(z,y) = 22 + 3 + 1.

. Draw the intersection curve at (x,y) = (0,0) in the y-direction in a two-dimensional plot.

. Draw the intersection curve at (x,y) = (0,0) in the z-direction in a two-dimensional plot.

. Draw the level curve with a level of 10 in a two-dimensional plot.

. Show that f(z,y) > 1.

. Draw the intersection curve at (z,y) = (0,0) with the plane y = z in a two-dimensional plot.

[z W ¢ B = VO o B w i o V]

Draw the intersection curve at (x,y) = (0,0) with the plane y = ax in a two-dimensional plot for
a=2and o = —1.

g. Based on the above results, make a plot of the graph of f in three-dimensional space.
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ANSWER 2.31

a. g(y) =y>+ 1.

b. g(z) = 2% + 1.

c. 22 +y%2+1=10— 22 +y% = 9 — circle with center (0,0) and radius 3.
d 2?2+ +1>04+0+1=1.

e. g(x) = f(w,2) =222 + 1.

f. Intersection curve with y = 2z: g(z) = f(x,22) = 2% + 422 + 1 =522 + 1.

Intersection curve with y = —z: g(z) = f(z,—z) = 2? + 2> + 1 =222 + 1.

g. Parabola with minimum value at (0, 0) of 1, that is rotated around the z-axis.

EXERCISE 2.32 Determine which of the quadratic forms f, below, are either positive definite/positive
semi-definite/negative definite/ negative semi-definite.

a. f(x,y,2) = 2 + 4oy + y°. c. flz,y,2) = —2%—yz.

b. f(z,y,2) = 2% +y? + 2% — 22y — 2wz + 2y2.  d. f(x,y,2) = —2% + 22y — 2y + dyz — 322

ANSWER 2.32
1 2 1
a. f(z,y) = [z vy [ 5 1 [ v ] — Consider A := . A is indefinite — f is indefinite.
Y
Quicker: f(z,y) = (x + 2y)? — 3y*> — f(1,0) > 0; f(—=2,1) < 0 — f is indefinite.
1 -1 -1 T 1 -1 -1
b. flx,y)=lzyz] | -1 1 1 y | = Consider 4:= | -1 1 1
-1 1 1 z -1 1 1

The principal matrices of A are the matrices

[1]; [1];[1];[_11 111;[_11 11];[1 1]andA.

Therefore, the principal minors are: 1, 1, 1, 0, 0, 0, and 0 — A is positive semi-definite — f is
positive semi-definite.

Quicker: f(z,y,2) = 22 +y?+ 22— 22y — 212+ 2yz = (r—y—2)? > 0 — f is positive semi-definite.
Note, not positive definite, because if x —y — 2 = 0, f(x,y,2) = 0.

-1 0 0 x -1 0 ©
¢ flx,y) =[ry 2] 0 0 —% y | — Consider A := 0 0 _%
0 -1 0 z 0 -+ o0
The principal matrices of A are the matrices
1
[~1); [0]; [0]; l_l O]; [_1 0]; [ 0 _2] and A.
0 O 0 0 -1 0
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Therefore, the principal minors are: —1, 0, 0, 0, 0, —i, and % — A is not positive semi-definite.

The principal matrices of — A are the matrices

[1]; [0]; [0 “ g] “ g][

Therefore, the principal minors are: 1, 0, 0, 0, 0, —i, and —i — A is not negative semi-definite.

] and — A.

= O
O =

— Since A is neither positive or negative semi-definite f is indefinite.
Quicker: f(1,0,0) < 0; f(0,—1,1) > 0 — f is indefinite.

-1 1 0 T 1 -1 0
Slyy)=[rzyz]| 1 -2 2 y | — Consider —A:=| -1 2 -2
0 2 -3 z 0o -2 3

The principal matrices of — A are the matrices

1 -1 1 —
];[ 0];[ 2 2]and—A.
-1 2 0 3 -2 3

Therefore, the principal minors are: 1, 2, 3, 1, 3, 2, and —1 — A is not negative semi-definite.

(1]; [2]; [3];

It is easily verified that neither all principal minors of A are nonnegative — A is not positive semi-
definite.

— Since A is neither positive or negative semi-definite f is indefinite.

Quicker: f(z,y,2) = —(2% — 22y + 2y% — dyz + 32%) = —((z —y)? + y? —dyz + 32%) = —((= —
y)?+3(z — 2y)? — 2y?) — f(1,0,0) < 0; £(3,3,2) > 0 — f is indefinite.

Advanced, Deepening and Broadening Exercises

EXERCISE 2.33 Which of the next statements are true. Motivate your answer.

50 D A0 oo

—.

. Every function f(z,y) attains a global maximum on S = {(x,y) | 2% + y* < 1}.

. Every convex function f has the property that f” exists and is positive semi-definite on its domain.
. Matrix A is negative definite if and only if all leading principal minors are smaller than zero.

. Matrix A is positive definite if all principal minors are larger than zero.

. Matrix A is negative semi-definite if and only if matrix — A + I is positive definite for every ¢ > 0.

If both partial derivatives of f(z,y) exist, f(x,y) is differentiable.

. If f(x,y) is differentiable, both partial derivatives exist.

. If f(z,y) is differentiable, f is continuous.

. If f(z,y) is continuous, both partial derivatives exist.

. If f(x,y) is continuous, f is differentiable.

. Assume set S is not compact. Then every boundary point of S is an element of S.
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1. Assume S is a subset of {(z,y) | * +y? < 100} and every sequence s,, that converges to some limit
s, where s;, i = 1,2, - all belong to S, has the property that s € S. Then f(z,y) = x + y attains
a global minimum on S.

m.Assume f(z,y) is twice continuous differentiable; has a stationary point at (0,0); and H f(0,0) > 0.
Then f has a local minimum at (0, 0).

n. If both partial derivatives of f(x,y) exist, f(z,y) is continuous.

ANSWER 2.33
a. False. Consider f(z,y) = . if zy # 0 and f(z,y) = 0 if 2y = 0.
b. False. Consider f(z) =0, x < 0and f(z) =z, * > 0 — f is convex but not differentiable at x = 0.

-2
. False. A =

[g]

] — det(A) = 2 > 0, whereas all principal minors of —A are positive (so A

is negative definite).

o

. True. See Proposition 2.49.
. True. A is negative semi-definite iff. —A is positive semi-definite. By Remark 2.50, — A is positive

¢}

semi-definite iff. —A + I is positive definite for every ¢ > 0.
f. False. See Example 2.20.
g. True. See Definition 2.23 of differentiability.
h. True. See Theorem 2.25.
False. f(x,y) = |z| is continuous but its partial derivative w.r.t. = does not exist at, e.g., (0,0).

—

j. False. See, e.g., item i.

k. True. By definition a point can only be a boundary point if it belongs to the set.

l. True. Set S is closed (see Definition 2.4). Moreover S is bounded. So S is compact. f is continuous.
— Weierstrass’ theorem implies that f attains a global minimum on S.

m.False. f(z,y) = —z* — y* has a global maximum at (0, 0); f (0,0) = [0 0] whereas H f(0,0) equals
the zero matrix, and therefore is positive semi-definite.

n. False. Consider f(z,y) =0ifz =0ory =0 and f(z,y) = 1, elsewhere.

EXERCISE 2.34 (Example of quadratic convex function that has not a minimum)
Consider f(z,y) = 3(z +y)* + azx + By, with o # S.

a. Show that f is convex.

b. Show that f has no stationary points.

c. Show that f has not a minimum.

ANSWER 2.34
11 . . . . C g . 9
a. Hf = ) . One easily verifies that H f is positive semi-definite. So, f is convex on R*.

b. f =[x +y+a, z+y+ 6] Clearly, f = [0 0] has no solutions it o # 3.
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c. Assume w.lo.g. that e.g. o < 3. Notice f(z,y) = L(z +y)> + a(z + y) + (8 — @)y. Now, choose
y an arbitrarily large negative value and x = —y. Then the value of f becomes arbitrarily large

negative too.

EXERCISE 2.35 (Cauchy-Schwarz and triangle inequality)

Let z, y € R™. Show (you may restrict the proof to the case n = 2) that

a. 2Tyl < ||z|||ly|| (Caucy-Schwartz inequality) Hint: Consider for a fixed = and y the quadratic
polynomial p(t) = ||z — ty|>.

b. ||z + y|| < ||| + ||y|| (triangle inequality) Hint: Expand |z + y||? and use item a.

c. Use item b. to show the so-called inverse triangle inequality: |||z| — ||y||| < ||z — »||. Hint: z =

r—y+y.

ANSWER 2.35
a. Let x =: [1; 25]7 and y =: [y; y»2]7, and define

p(t) = (z1 — ty1)® + (w2 — ty2)? > 0.

Note that
p(t) = (i + y3)t* — 2(x1ys + zoy2)t + (27 + 23),

which is a quadratic function in ¢ with at most one zero. Therefore, the discriminant of p(t) = 0

must be non-positive, that is
A1y + ay2)® — 4 (aF + 23) * (y7 +43) < 0.

This implies

|z1y1 + aya| < \/a? + 23 * \/yf +v3

or equivalently, [27y| < |||yl

b.Using the notation from item a., we have:

(1 4+y1)? + (w2 + y2)? = 27 + 23 + 2(z191 + 22y2) + 45 + v3
21”4+ 22Ty + [lyl1> < =11 + 2ll=lllyll + lyl® = (=] + ly])>.

lz +y]?

Hence, ||z +y|| < [lz]| + [|y].-
c.Since x = x — y + y, we have

el = llz =y +yll < llz =yl + llyll, or equivalently [lz]| — [jy| < [lz - y]|.
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Similarly,
Iyl =lly =+ 2| <lly — 2| + l|=]| = [lx = yl| + [|=[|, or equivalently [[y[| — [l=]| < [z — y]|.

Combining these two inequalities, we conclude ||z|| — ||ly||| < ||z — y||.

EXERCISE 2.36 Assume f and g are continuous functions defined on open sets D; and Ds, respectively.
Assume f(z) = g(x) for all z € D3 := Dy N Ds.

f(x)if x € Dy;

g(z) if x € Ds.

Motivate why h(z) is continuous on D := D; U Ds.

Consider the function h(x) = {

ANSWER 2.36

If the intersection set D3 is empty, it is obvious that / is continuous on D.

Next, let zy € D;. Then, since h(z) = f(z) and f is continuous at z, it follows that & is continuous
at xg.

Similarly, if zy € Ds, then h(x) = g(x). Because g is continuous at z, h is also continuous at zg.
Now, let 2y € D be arbitrary. Then z( belongs to either D; or D5 (or possibly both). Hence h is

continuous at xg.

EXERCISE 2.37 (Limits in R", coordinate criterion)

The intuition that a sequence {s,, }° ;, with s,, € IR?, approaches the vector s € R? (or: the limit of
the sequence {s,}52 , is s) is formal defined as: for every ¢ > 0 (however small that may be) we can
find a number N, such that, for all n > N, the distance between s,, and s, that is ||s,, — s||, is smaller
than this e.

Let s, := (2, y) € R? and s := (x,y). Use the above definition to show that

s, approaches s iff. z;,, approaches = and y,, approaches y.

That is, a sequence in R™ has a limit iff. all its corresponding n coordinate sequences in IR have a
limit.

ANSWER 2.37
” = ” Let ¢ > 0 be arbitrary. By definition of convergence, there exists an N (¢) such that

llsn, — s|| <e, foralln > N(e),

that is,

V(@n —2)2 + (yn — y)? <, forall n > Ne).
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Since

\/(xn—x)2+(yn—y)22\/(xn—w)2+0:|xn—x,

it follows that |x,, — z| < € for all n > N (¢), so x,, approaches .
By a similar argument, we also conclude that y,, converges to .
” < ” Let e > 0 be arbitrary. Since z,, converges to z, by definition there exists N; (¢) such that

|z, — x| <€, forall n > Ny(e).
Similarly, since y,, converges to y, there exists N»(¢) such that
lyn — y| < ¢, forall n > Ny(e).

Hence, for all n > max{N(e), Na(e)}, we have

l[sn — sl = \/(zn — )2+ (yn —y)* < \/62 +e =2

In other words, the distance between s,, and s can be made arbitrarily small as n goes to infinity.

Therefore, s,, converges to s.

EXERCISE 2.38 (Calculation rules with Limits)

Let s, and t,, € R? be sequences that approach s and t € R?, respectively.

Define the sequence u,, by u,, := s, +t,, n =1,2,---; and forascalar \, v, by v,, := Asp,, n=1,2,--.

Show that

a. u,, approaches s + ¢ and v,, approaches As.

b. Given an example of a sequence u,, = s, + t,,, where w,, approaches zero, but both s,, and ¢,, don’t
have a limit.

c. Assume s, t,, s, t € R. Show that w,, := s,t,, approaches st.

d. Assume s,,, t,, s, t € R, where ¢ # 0. Show that z,, := i approaches % Use this result and item

c. to show that y,, := $= approaches 3.

ANSWER 2.38

a. Let ¢ > 0. Since s,, approaches s, there exists an N; such that, for all n > Ny, ||s, — s|| < e.
Similarly, Since ¢,, approaches ¢, there exists an N» such that, for all n > Ny, ||t,, — t|| < €. So, for
all n > max{N;, N»} we have (using the triangle inequality (see Exercise 2.35)):

lun = (s + )] = llsn — s +tn =t <lsn = 5]l + [ltn —t]] < €+ €= 2e.

That is, the distance between w,, and s + ¢ becomes arbitrarily small if n goes to infinity — w,,

approaches s + t if n goes to infinity.
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Similarly we have that for all n > N:
[[on = Asll = [[Asn — As|| = [[A(sn = 8)Il = [Alllsn — 5]l < |Ale.

That is, the distance between v,, and As becomes arbitrarily small if n goes to infinity — v,, ap-
proaches \s if n goes to infinity.

b. Consider, e.g., s, := [n n]and ¢, :=[-n — n].

c. Using the notation from item a. we have for all n > max{/Ny, N2}:

|wy, — st| [Sntn — St| = |Sntn — Sty + Sty — St| < |Sptn — Stn| + |sty — st

= [tnllsn = s[ + [s][tn — ] < |tnle + [s]e = (|tn] 4 [s])e.

Notice that forn > Ny, ||t,|—|t]] < [tn—t] < €= |t,| < e+|t] forn > Ny — |w, —st| < (|t|+e+]s|)e
for all n > max{Ny, No}. That is, the distance between w,, and st becomes arbitrarily small if n
goes to infinity — w,, approaches st if n goes to infinity.

d. Using the notation from item a. we have for all n > N5:

1 1 t—t 1
|=|f—g|=\ ttn|<ﬁ
n n

Along the lines of item c. it follows that |t,| > |[t| — e — |xn — ¢ < e Note thatif t # 0, ; i

a finite number too, and therefore, for small values of ¢ - too. — the distance between x,, and

’ \t\
1 becomes arbitrarily small if n goes to infinity — z, approaches + if n goes to infinity.

Since t # 0, v, := i approaches 1. Consequently, by item c., y,, = s,, * v,, approaches s * 1.

EXERCISE 2.39 (combinations of continuous functions are continuous again)
Let f(z) and g(z) be defined on an openset S, zy € S, and A and x be any real numbers. Furthermore,
let k(x) be defined on f(S) and continuous at f(zy). Show, using the definition, that if the functions

f(z) and g(x) are continuous at x, also next functions are continuous at z.

a. Af(z) + pg(x). b. f(x)g(x). c. f8 if g(zo) #0.  d. ko f(x).

ANSWER 2.39

a. Let {5, }52, be a sequence that approaches z(. Since both f and ¢ are continuous at x, it follows
that the sequences f, := f(s,) and g, := g(s,) approach f(xg) and g(xg), respectively, as s,
approaches xg.
By Exercise 2.38, this implies that

h(sn) == Af(sn) + ng(sn) = Afn + ngn approaches Af(zo) + pg(o),

as s, approaches zy. In other words, h(s,) converges to h(zg). Therefore, h(z) is continuous at

Zo-
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b. Using the notation from item a., we have by Exercise 2.38 again that

h2(sn) = f(sn)g(sn) = fa9n approaCheS f($0)g($0),

as s, approaches xy. That is: ha(s,) converges to ha(xzg). Therefore, ho(x) is continuous at zg.
c. Using the notation from item a., we have by Exercise 2.38 again that

flsn) _ [ [ (o)

= == approaches

halon) = 06 = on g(z0)’

as s, approaches xy. In other words, hs(s,,) converges to hs(xo). Therefore, hs(z) is continuous
at xg.

d. Using the notation from item a., let h3(s,) := k(f(sn)). If n goes to infinity, f,, approaches f(xo).
As k is continuous at f(zo), k(f,) approaches k(f(z¢)). That is, k o f(z) is continuous at x.

EXERCISE 2.40 (Proof Continuity property, Proposition 2.15)

Let the continuous function f be defined on a connected set S. Let [ := f(S)and s; € S, i = 1,2.
Assume w.l.o.g. f(s1) < f(s2) and A € [f(s1), f(s2)]- Use the Intermediate Value Theorem 1.18 to
show that there exists a s € S such that f(s) = \.

ANSWER 2.40 Since S is connected, there exists a path connecting s; and s,. That is, there exists a
continuous function g : [0,1] — S, with ¢g(0) = s; and g(1) = sa.

Because f is a continuous function, the composite function fog(t) : [0,1] — S is also continuous.
Therefore, by the Intermediate Value Function Theorem, there exists ¢; € [0, 1] such that fog(t1) = A.
That is, with s := g(t1), f(s) = \.

EXERCISE 2.41 Show, using the definition, that next functions are differentiable on R2.
a. f(z,y) = 1. b. f(z,y) = z. c. f(z,y) = xy. (Hint: use 2AxAy < (Ax)? + (Ay)2)

ANSWER 2.41
a. Dy f(zo,y0) = D2f(x0,y0) = 0 — The candidate tangent plane is:

z(z,y) = f(z0,y0) + D1f(20,y0)(x — 20) + D2f(w0,90)(y — yo) = 1.

— For every (z,y) # (zo, Yo):

f(xay) — Z(I,y) _
1z, y) = (z0,50) |

Consequently, if (z,y) approaches (zo, yo), this fraction is zero too. So, by definition, f is differen-

tiable at (zo, yo)-
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b. D1 f(xo,y0) = 1; Da2f(x0,y0) = 0 — The candidate tangent plane is:
z(@,y) = f(zo,y0) + D1f(z0,y0)(x — z0) + D2f (0, y0)(y — yo) = zo + (x — z0) = 2.

— For every (x,y) # (zo, yo):

f(x,y) B z(a:,y) —
(2, y) — (2o, yo)

Consequently, if (z,y) approaches (zo, yo), this fraction is zero too. So, by definition, f is differen-
tiable at (zo, yo)-
c. Dy f(zo,y0) = y; D2f(x0,y0) = x — The candidate tangent plane is:

2(x,y) = f(xo,y0) + D1f(xo,y0)(x — x0) + D2 f(20,y0) (¥ — Yo)
ToYo + Yo(x — x0) + 2o(y — Yo) = —ToYo + Yo + Toy

— For every (z,y) # (70, 30):

flz,y) —2(2,y) 2y +20Yo — Yo — Toy (z —0)(y — vo)

Iz y) = (o, wo)ll — I(z,) = (zo, 50 V@ —20)? + (y — yo)?

Or, with Az := 2 — 29 and Ay := y — 1o, we have:

If (2, y) — z(2,y)] |AzAy| 1 (A2 +(Ay? 1 .
H(x,y) - (-ranO)H B \/(Az)2+ (Ay) <3 \/(AI) (Ay)z D) (A )2+(Ay)2

Consequently, m goes to zero if both Az and Ay go to zero. That is, f is differentiable
at (CL‘(), yo).

EXERCISE 2.42 (Differentiability implies continuity)
Using the definition of differentiability, show that if f is differentiable at (x¢,yo), this implies that
f(zo + Az, yo + Ay) approaches f(zg,yo) if Az and Ay approach zero. Oy, stated differently, f is

continuous at xg.

ANSWER 2.42
By definition, f is differentiable if with z(z,y) = f(zo, yo) + D1.f (20, v0)(x — o) + D2 f (o, y0)(y — Yo)

the quotient

f(x’y) — Z('r’y)
”(xay) - (xovyO)H

y /2 «



Static Optimization: The Multi-Variable Case

approaches zero if (z,y) approaches (zo,yo). Or, stated differently, with = := zy + Az and y :=
Yo + Ay’

f(wo + Az, yo + Ay) — 2(x0 + Az, yo + Ay)
|(zo + Az, y0 + Ay) — (z0,%0)||

approaches zero if (Ax, Ay) approaches (0, 0). That is, if

J(xo + Az, yo + Ay) — f(w0,%0) — D1.f(w0,y0)Ax — Do f(x0,y0) Ay
(Az)? + Ay)?

approaches zero if (Ax, Ay) approaches (0, 0).
Some elementary rewriting shows:

f(wo + A, yo + Ay) — f(w0,%0) =

f(xo + Az, yo + Ay) — f(x0,%0) — D1f(x0,y0)Ax — D2 f (20, y0) Ay - 5
AT Ay V(Az)? + Ay)?

+D1 f(xo,y0)Ax + Do f(x0,y0)Ay

By the definition of differentiability

fzo + Az, yo + Ay) — f(wo,y0) — D1f(w0, yo) Az — Do f(z0,y0) Ay
(Az)? + Ay)?

approaches zero as (Ax, Ay) approaches (0, 0).
Therefore, multiplying this expression by /(Az)? + Ay)? shows that

fxo + Az, yo + Ay) — f(x0,y0) — D1f(x0,y0) Az — Do f(20,90)AY 53
(Az)? + Ay)? (Az)* + Ay)?

also approaches zero as (Az, Ay) approaches (0, 0).

Furthermore, obviously also D f(xq, yo)Ax+ D2 f(x0, yo) Ay approaches zero as (Axz, Ay) approaches
(0,0).

Consequently, f(xzo + Az, yo + Ay) — f(z0, yo) approaches zero as (Axz, Ay) approaches (0,0) — f is
continuous at (zo, ¥o)-

EXERCISE 2.43 (Mean Value Theorem)

The line segment [a, b] is defined as the set of points on the line through « and b, located between a
and b: {z |z =(1—=Na+ X, 0 <A< 1}

The Mean Value Theorem states the next property. Assume f(x) is differentiable on an open convex
set S C R™. Then, for every a,b € S, there exists a point ¢ on the line segment [a, b], such that

f() = f(a) = Df(c)(b—a).
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In item b., below, you are asked to prove this theorem.

a. Consider the intersection function of f(x) on the line segment [a,b]: F(t) = f(a+t(b—a)), 0 <
t < 1. Show that there exists a 7 € (0, 1) such that: F(1) — F(0) = F'(7)(1 —0).

b. Use the chain rule of differentiation to conclude that there exists a point ¢ € [a, b] such that f(b) —
f(a) = Df(e)(b— a).

c. Consider f(z,y) = e*~¥. Show that for every two points (z1,y;) and (z2, y2) there exists a number
A € (0,1), such that e*17¥1 — e¥27¥2 = A@1=y)+A=N@2=v2) (1) — 4y 4 4y — 1),

ANSWER 2.43

a. Note that the scalar function F'(¢) is continuous on [0, 1] and differentiable on (0,1). So, by the
Mean Value Theorem (Exercise 1.36), there exists a 7 € (0, 1) such that F(1)— F(0) = F'(7)(1—0).

b. By the chain rule of differentiation: F'(r) = Df(a 4+ 7(b — a))(b — a). Note, F(1) = f(b) and
F(0) = f(a). The result follows next from item a.

c. Notice f(x,y) is differentiable on R?> — the conditions for applying the Mean Value Theorem are
met — For the points (z1,y1) and (z2,y2) there exists a point on the line segment between both
these points, i.e. (¢1,¢2) = (Az1 4+ (1 — A)za, Ay1 + (1 — N)y2) (where ) is some number in the open
interval (0, 1)), such that e®17¥1 — e¥27Y2 = [e®17¢2  — 17 %2][x) —y; T9 — yo]T. Substitution of

¢; and expanding the right-hand side of this equation yields then the advertised result.

EXERCISE 2.44 (combination of convex functions that are convex too)

Assume f, g are convex functions defined on some open convex set S C R". Let A € R™*™ be an
arbitrary matrix and b € R".

a. Show that Af + ug is convex, if A > 0 and p > 0.

b. Show that h(z) := f(Ax + b) is convex.

c. Show that h(z) = max{f(z),g(z)} is convex.

ANSWER 2.44

a. (A\f+pg)(az+(l1—a)y) = Af(az+(1-a)y) +uglaz+(1-a)y) < Aaf(z)+(1-a)f(y)+pag(z)+
(I —a)g(y) = a(Af(z) + pg(z)) + (1 — ) (Af(y) + ng(y)) = a(Af + pg)(z) + (1 — ) (Af + 1g) (y)-

b. h(az + (1 — a)y) = f(A(az + (1 — a)y) +b) = f(a(Az +b) + (1 — a)(Ay + b)) < af(Az +b) +
(1 - a)f(Ay +b) = ah(z) + (1 — a)h(y).

c. h(az + (1 — @)y) = max{f(az + (1 — a)y), g(ax + (1 — @)y)}. Assume the maximum is attained
by f(ax + (1 — a)y). Then, since f is convex, h(az + (1 — a)y) < af(z) + (1 —a)f(y) < ah(z) +
(1 — a)h(y). Where the last inequality follows from the fact that h(z) = max{f(z),g(z)} > f(2).

EXERCISE 2.45 (Taylor’s theorem for a twice differentiable function)
If a multi-variable function f : R™ — IR is twice differentiable, Taylor’s theorem states, we can find
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for every x and a a point ¢ that is located on the line segment between z and a such that,
/ 1
f(@) = f(a)+ f (@)@ —a) + 5 (= = a) THF(O)(w — a). 2.D

In this exercise you are asked to provide a proof of this result.

a. For a fixed a and z consider the line y(t) = tx + (1 — t)a, t € R. Show that F(¢) := f(y(t)) is a
twice differentiable scalar function on R.

b. Show that F(1) = F(0) + F'(0) + 1 F'(t,), where ¢, € (0,1).

c. Prove (2.1).

ANSWER 2.45

a. Notice y(t) is a linear function. So, in particular, it is twice differentiable on R. By assumption
f(z) is twice differentiable on R"™. Therefore, by the chain rule of differentiation, F(¢) is twice
differentiable on R.

b. Since F'(¢) is a twice differentiable function on R this result follows immediately from the scalar
version of Taylor’s theorem (see Exercise 1.39).

c. Notice F(1) = f(z), F(0) = f(a), F'(t) = f (t)(z—a) and F"(t) = (z—a)T f"(t)(z—a). Substitution
of this into the result of item b yields immediately the advertized result.

EXERCISE 2.46 Make a Taylor series expansion (2.1) for the functions f below, with « = (0,0) and
a = (1,2), respectively.
a. f(x) =", b. f(z) = . c. f(z)=2*+zy+2y> +1.

ANSWER 2.46

a. Df(z,y) = "™V ™™V = Hf(z,y) = [

ety Tty
e.r+y ex+y

— Df(0,0) = [1 1] — Taylor expansion:

1 eS1 ¢z GitC T
f(x7y) = ld+z+y+ 5[1‘ y] eS1tC2 pCi+Ge y

1
= 1+x+y+§eC1+<2(Jc2+2xy+y2),
0
where G = v
G2 y 0

— (1 = Az and (; = Ay for some \ € (0, 1).

+(1-X for some \ € (0,1)
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At (1,2) — Df(1,2) = [ €3] — Taylor expansion:

eS1+C2 pCi+Ce

1 eC1 ¢z GitC
flay) = f+ete-D+y-2)+glo—1y-2]

r—1
y—2

= Sl -1)+ely-2)+ %ew@((x —1)*+2(x -1y —2)+ (y—2)%),

1
where G s (1-X) for some \ € (0, 1)
G Yy 2
=G =Xx+1—Xand (s = Ay +2 — 2\ for some A € (0, 1).
2y _ 1
b. Df(e,y) = [~ s 1] = Hf(wy) = | 707 0%
e Y
— Df(0,0) = [0 1] — Taylor expansion:
1 2 — 1 T ¢ 1
- Z (1+¢1)3 (14+¢1)? — 2 2
x,Yy)=y+ =|x =y -+ ST — zy,
f@y) =y+3leyl [ — e 0 1 [ y YTaxap A+

Where[Q]:/\lm +(1—>\)l01
G2 Yy 0
€ (

for some A € (0,1)
— (1 = Az and {; = Ay for some A € (0, 1).

At (1,2) = Df(1,2) = [-1 1] — Taylor expansion:

1 1 1 2y e || -1
fley) = 1-s@-D+@y—-2)+5z—1y—2] [ (e (e 1 [ 1
’ ? 2 ez y=2
I 1 G 2 _ _
where =A +(1-X) for some A € (0, 1)
G2 Yy 2

=G =Xx+1—Xand (s = \y + 2 — 2\ for some A € (0,1).
2 1
¢ Df(z,y) =Rz +y z+4y] — Hf(z,y) = [ ) 41
— Df(0,0) = [0 0] — Taylor expansion:

2 1
f(x,y):1+%[xy] l ) 41 [z]=1+m2+xy+2y2.

At (1,2) — Df(1,2) = [4 9] — Taylor expansion:

f(x,y)=12+4(x—1)+9(y_2)+%[x_1y_2] [i i]

rz—1
y—2

=1244(z-1)4+9y -2+ @ -12+@-1(y—2)+2(y—2)2 =142+ zy + 2°.
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EXERCISE 2.47 (Taylor’s theorem for a vector-valued twice differentiable function)

Let f; : R* - R, j = 1,--- ,m, be twice continuously differentiable on a neighborhood S of a.
Assume, moreover, the second-order derivatives of f; are bounded on S, i.e. there exists a scalar d
such that —dI < Hf;(z) <dl,forallz € Sandj=1,--- ,m.

Let f := [f1-+- fm]T : R® — R™. Consider the notation f(z) = O(z) as * — 0, which is defined as
that there exist scalars ¢ and e such that || f(z)|| < ¢||z|| when 0 < ||z|| <.

Dfl (a)
Then Taylor’s theorem states that, with f'(a) := :
D fy(a)
f@) = f(a) + f (@)@ = a) + Oz — a|]*). (2.2)

In this exercise you are asked to provide a proof of this result.
a. Show that for every f; we can find a point ¢; that is located on the line segment between = and a
such that,

() = fi(a) + fj(@)(x — ) + 5 (& — ) HF(G)(@ — a).

b. Show that for every f;, |f;(z) — (f;(a) + f;(a)(z — a))|

c. Show that forall z € S, || f(x) — (f(a) + f (a)(z — a))]|

sdl|z — al?, forallz € S.
1/md||z — a||?. Conclude (2.2).

IA A

ANSWER 2.47

a. This follows immediately from Taylor’s theorem, Exercise 2.45.

b. Notice, since f; is twice continuously differentiable H f; is symmetric. Consequently, by item a,
1f5(x) = (f3(a) + fi(a) (@ — )| = |3(z — @) "H f;((;)(x — a)] < jd(z — a)T(z — a) = 3d||z — al?,
forall jand z € S.

c. Using item b we have: || f(z) — (f(a) + f (a)(x — a))||* = X1, (f; () — (f;(a) + f;(a)(x — a)))* <
Yy i@ |le = all*. So, [|f () — (f(a) + f(a)(z — a))|| < §v/md||z — a]|*.

EXERCISE 2.48 (Newton-Raphson’s algorithm to find a stationary point of a multi-variable function)
Assume the partial derivatives of a function f : R — IR are twice continuously differentiable on a
neighborhood S of a and f has a stationary point at x = a. Assume, moreover, that H(D; f), j =
1,---,n, are bounded on S (i.e., there exists a d such that —dI < H(D; f(z)) < dI on S for all j). In
this exercise we consider the multi-variable extension of Newton-Raphson’s algorithm

IN41 = TN — Hf_l(.I‘N>DfT($N), Xo =T € S, (2.3)

to produce successively better approximations of this stationary point a.
a. Show that if xy € S is an initial guess for the stationary point ¢ and 1 € S an update of this
guess, Df"(zn11) = DfT (an) + Hf(zn)(@n41 — 2n) + O(znt1 — zn ]
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b. Assume we are looking for an update of z v that has the property that Df7 (zx,1) = 0 and H f(x)
is invertible on S. Show that the update (2.3) makes sense.

c. Consider the Newton-Raphson approximations (2.3) of the stationary point a.
Let ¢ be the absolute smallest eigenvalue of H f(x) on S (which implies that H f~!(z)H f ()
c*I for all z € S). Assume H f(z) satisfies a so-called Lipschitz condition ||H f(x) — H f(y)||
L|lz — y| on S (with L > 0)L.
Show that with ey := ||z — al|, this update error satisfies: exi1 < (L + 1\/nd)ed, with €

VARVAY

1z —al.

d. Let éy := 1(L + \/nd)ey. Show that éy1 < & with & = (L + 3/nd)||z — a.

e. Use item d to conclude that €1 < €3N.
Assume 1 (L+1./nd)ey < 1. Show that the Newton-Raphson algorithm converges to the stationary
point a.

f. Formulate a recursive Newton-Raphson procedure that will provide the location (z, y) at which the

function f(z,y) = 2* — 42 + y* — 32y attains its minimum.

ANSWER 2.48

a. Consider g(z) := [Dyf(z)--- D, f(x)]T. Then all conditions mentioned in Exercise 2.47 are met
and we deduce from Taylor’s Theorem (2.2) that: g(zny1) = g(zn) + ¢ (zn)(TNs1 — zN) +
O(|lxn+1 — xn||?). From which the advertized result follows immediately.

b. From item a we have: DfT(zny1) = DfT(zn) + Hf(xn)(@n11 — 2n) + O(|lzns1 — 2 ]?). So,
if x v is already close to the stationary point a of f, and we are looking for an update of x y which
is close to a, it makes sense to choose x 1 such that 0 = Df7(zy) + H f(zn)(zn+1 — 2n). This,
since one may expect that the distance between x 1 and z will be small.

c. Withoyy =2y — Hf Yan)DfT(zy) we have that xy 1 —a=any —a— Hf Y(xn)DfT (zn).

Or, with Ay :=zn — a,

Ant1 = Ay —Hf N (an)Df" (xn)
= An—Hf 'an)Df"(a+ An)
= Hf 'an)(Hf(xn)An — Df"(a+ Ay))
= Hf 'an)Hf(zn)Ay — Hf(a)Ayx + Hf(a)Axy — Df"(a+ Ay)) (i)

By Taylor’s Theorem (2.2) we have DfT(a + Ay) = DfT(a) + Hf(a)Anx + O(|AN]]?) =
Hf(a)Ax + O(||An]|?). Or, more precisely (see item ¢ Exercise 2.47):

1
IDfT(a+ An) — Hf(a)An|| < 5\/ﬁd||AN||2, forall zy € S. (i)

1 Here we use the 2-norm as matrix norm. That is ||A|| is the largest singular value of matrix A, i.e., ||A|| is the
square root of the largest eigenvalue of matrix AT A. Using this matrix norm one also easily verifies the inequality
[Az|| < [|Al[ll=|| applies.
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With z := Hf(zn)Ax — Hf(a)Ay + Hf(a)Ax — DfT(a + Ay) we have from (i): |[Ayi1]? =
THE Wan)Hf N on)z < F272 = S|z

< L([(Hf(zn) — Hf(a)AN| + |Hf(a)Ay — DfT(a + An)|)%. Where we used the triangle
inequality to arrive at the last inequality.

Now, [|(H f(zx) — Hf(@)An| < II(H f(ex) — HfF@)IAN] < Llzy - alll x| = LIAy]2.
Furthermore, by (i), [|Df7 (a + An) — Hf(a)An|| £ 3v/nd||Ax|*.

So we conclude that |An41]|? < L (L[| Ax|?+3v/nd||An|?)2Or: [[Axi || € 2(L+1v/nd)|An |2
Which yields the advertized inequality.

. By definition: én41 = 1(L + Lv/nd)en i1 < 5 (L + Lv/nd)?en = &%

. Using the inequality from item d recursively we get: |ex41| < 2. Or: |ens1| < %

So, if (L + 1\/nd)ey < 1, e converges exponentially to zero. Or, stated differently, the algorithm
yields estimates that converge exponentially to a.

. With f(z,y) = 2* — 42 + y* — 32y, we have f'(z,y) = [42® — 4 4y — 32]. From this one easily
concludes that f has a unique stationary point that is located within the set [3, 2] x [1, 3].

1222 0
Furthermore, H f(z,y) = . Consequently,
0 1242
12(2? — 23) 0
|Hf(z1,91) — Hf(z2,92)]| = | o | - So, the square root of the largest
0 12(y7 — 3)

2

eigenvalue of (H (21, y1) — H(z2,y2))T (H(x1,y1) — H(z2,y2)) is 12 max{|z? — 22|, |y? —y32|}. There-
fore, if S  [3,2) x [1,3], | H(z1,m) — H(wa32)l| < Lll(er,31) — (w2, 9)l| if e.g. L= 1249 = 108,
Moreover, H f(z,y) > +I on this set.

Next, let g, (z,y) := D1 f(z,y) = 42° —4 and go(z,y) := Do f(x,y) = 4y> —32. Notice g, = [1222 0],

24z 0 , 0 O
Hgi(z,y) = ! » 92 = [0 12y°] and Hgs(z,y) = . So, if S C [5,2] x [1,3],
0 0 0 24y

Hg;(x,y) <72l on S.

Consequently, L + %\/ﬁd = 108 + 36+/2. Notice the stationary point of f is (1,2). Therefore, if we

start the Newton-Raphson algorithm

-1
1223 0 43, — 4
T T N N 2 12 8 \T
TN41, YN =(zN,yNn)" — = (3ZN + 322, 3YN t 3,2)"
( +1 +1) ( ) 0 12y12\/ ] [ 4y?\/_32 ‘| (3 32%° 3 3?!N)
with (z0,yo) within a ball around (1,2) that has a radius smaller than ———L—— the iterates

4%(108+36v/2)
converge exponentially to this stationary point (1, 2).

That f has a minimum at the stationary point follows from the fact that H f(z, y) is positive definite
on S.

EXERCISE 2.49 (Stationary point of a convex function is a global minimum)

In this exercise we use Taylor’s theorem (2.1) to show that if a function f is convex, twice continuous

differentiable and has a stationary point at = a, f(a) is a global minimum.

a. Show that if f has a stationary point at z = « there exists a point ¢, that is located somewhere

between x and a, such that f(z) = f(a) + 3(z — a)"Hf({)(z — a).

y 79 «



Questions and Answers Introduction to Optimization for Economists

b. Use item a to show that if f is convex, f(z) > f(a).
c. Show that f(z,y) = (z — 1)* + y? — 2y — 4 has a global minimum at (1, 1).
d. Show that f(z,y) = (z — y)? has a global minimum at all points (z, z), z € R.

ANSWER 2.49
a. Substitution of f'(a) = 0 into (2.1) gives the result.
b. f is convex — HF is positive semi-definite on its domain — HF'(() is positive semi-definite —

(= )T HF(Q)(w —a) 2 0= f(x) = f(a) + 3 (z = )T HF(() (& — a) = f(a).
¢ Df(a,y) = U@ ~1)* 2y -2 > Df(1,1) = [0 0. Hf(,y) = l RO ] ~

0 2
The principal matrices of H f are the matrices
[12(x — 1)%]; [2]; and Hf.

Therefore, the principal minors are: 12(z — 1)2, 2, and 24(z — 1)?> — f is convex — by item b., f
has a global minimum at (1, 1).

d. Easy way: f(x,y) >0, f(z,2) = 0 — conclusion follows.
Using item b.:

Df(z,y)=[2(x—y) —2(x—y)]— Df(z,2)=[00], forall z € R. Hf(:v,y):[ 2 —2]—>

The principal matrices of H f are the matrices
2]; [2; and H Y.

Therefore, the principal minors are: 2, 2, and 0 — f is convex — by item b., for all z € R, f has a

global minimum at (z, z).

EXERCISE 2.50 Assume f and g are continuous functions on R%. Consider the function m(z,y) =
minimum{ f(z,y), g(z,y)} for all (z,y) € R2. Motivate why m(x,y) attains both a global maximum
and a global minimum on S = {(z,y) | || <1 and |y| < 1}.

ANSWER 2.50
f(x,y) if (z,y) € S1:= {(z,y) | flz,y) < g(z,y)};
m(z,y) = g(z,y) if (z,y) € S2:={(z,y) | f(z,y) > g(z,y)};
g(z,y) if (z,y) € S3 == {(2,y) | f(z,y) = g(z,y)}.

Now let (x9,%0) be an arbitrary element of R?. If (zg,y0) € S1, then by the continuity of f, there
exists a neighborhood of (zg,y0) where f(z,y) < g(xo,y0). So, on this neighborhood of (x, yo),
m(x,y) = f(x,y), which implies that m is continuous at (xg, yo). A similar argument shows that m is
continuous at (zo, yo) if (zo, yo) € So.

Next consider the case (zg, y9) € S3. Let {s,}>2 ; be an arbitrary sequence that converges to (xg, o).
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Since f is continuous on R?, f(s,) converges to f(xo,yo). Similarly, since g is continuous on R?,

g(sn) converges to g(zo,y0) = f(xo,y0). Therefore,

m(sn) = mln{f(sn)7g(sn)} converges to f(mo’yo) = min{f($07y0)7g($0,yo)} = m(l”o,yo)~

Thus, m is continuous at every point (zg, yo) € Ss.
Hence, m(z,y) is continuous on S. Since, moreover, S is compact, the Weierstrass Theorem implies

that m(z,y) attains both a global maximum and a global minimum on S.

EXERCISE 2.51 (Proof Theorem 2.28)
Prove Theorem 2.28, item i) and ii), using the definition of differentiability. Hint: for item ii), add

and subtract into the definition the term f(xo + Az, yo + Ay)g(zo, yo) and next recollect terms.

ANSWER 2.51

D) Let zp(z,y) = f(zo0,90) + D1f(z0,y0)(z — o) + Da2f(0,y0)(y — yo) and z4(z,y) = g(xo,0) +
Dig(xo,y0)(x — 20) + Dag(zo,y0)(y — yo)- Since both f and g are differentiable at (z¢, yo), with
z =z + Az and y := yo + Ay, next quotients

f(xo + Az, yo + Ay) — zf(z0 + Az, yo + Ay)
[(wo + Az, yo + Ay) — (w0, yo) ||

g(zo + Az, yo + Ay) — z4(z0 + Az, yo + Ay)
[[(xo + Az, yo + Ay) — (w0, yo) ||

and

approach zero if (Az, Ay) approaches (0, 0).
Now consider zf4(x,y) ==

f(@o,90) + 9(x0,y0) + (D1f(w0,y0) + D19(x0, y0))(x — x0) + (D2f (20, y0) + D2g(w0,%0)) (¥ — yo)
Notice: z514(x,y) = z¢(z,y) + z4(x, y). Therefore,

(f + 9)(@o + Az, yo + Ay) — zf44(x0 + Az, yo + Ay)
[(zo + Az, yo + Ay) — (20, yo)
f(wo + Ax,yo + Ay) — 25 (x0 + Ax,yo + Ay) + g(wo + Az, yo + Ay) — 24(x0 + Az, y0 + Ay)
[ (zo + Az, yo + Ay) — (z0,yo) |l
f(xo + Az, yo + Ay) — z¢(zo + Az, y0 + Ay)  g(xo + Az, yo + Ay) — zg(x0 + Az, yo + Ay)
[[(zo + Az, yo + Ay) — (o, yo) || [(zo + Az, yo + Ay) — (o, y0) ||

As noted above, both last terms approach zero if (Az, Ay) approaches (0,0) — (f + g) is dif-
ferentiable at (zg,yo) with derivative [Dy f(zo,y0) + D1g(x0,%0) Daf(xo,y0) + Dag(xo,y0)] =
Df(xo,y0) + Dg(zo, yo)-

ii) Using the notation from item i., consider
zig(z,y) = f(®0,40)9(x0,v0) + (D1.f(20,Y0)9(%0, yo) + D19(x0, yo) f (w0, Y0))(x — o) +

(D2 f(x0,90)9(x0,y0) + D2g(x0,y0) f(x0,%0)) (Y — Yo)-

» 81 «



Questions and Answers Introduction to Optimization for Economists

Then,

(f9)(zo + Az, yo + Ay) — z79(x0 + Az, yo + Ay)
|(zo + Az, yo + Ay) — (zo,y0)||
1

[[(Az, Ay)|| {(f9)(@o + Az, yo + Ay)
—f(wo + Az, yo + Ay)g(wo, yo0) + f(z0 + Az, yo + Ay)g(zo,Yo0)
—f(@0,¥0)9(x0, y0) — (D1.f(20,Y0)9(%0, Yo) + D19(z0, Yo) f (20, yo)) Az—

(D2 f(z0,Y0)9(x0, yo) + D2g(z0,y0) f(z0,%0)) Ay} =
g(xo + Az, yo + Ay) — (g(x0, yo) + D1g(z0, yo) Az + Dag(xo, yo)Ay)

f(xo+ Az, yo + Ay)

|(Az, Ay)]|
B f(zo + Az, yo + Ay) — (f(xoh(yoA)z-i-AD;)f(mO’ Yo)Az + Daf (20, y0)Ay)
(f(xo + Az, yo + Ay) — f(x0,y0))(D19(x0, yo) Az + Dag(xo, yo)Ay.

- Az, Ag))]

Next note that D;g(xg,y0)Az + Dag(zo,yo)Ay = [D1g(x0,y0) D2g(wo,yo)][Az Ay]T. Therefore,
using the Cauchy-Schwartz inequality, D1 g(zo, yo) Az +D2g (0, yo) Ay < [[Dg(zo, yo)[l[|(Az, Ay)|.
As, moreover, f is continuous at (xg, yo) it follows that

(f(zo + Az, yo + Ay) — f(20,y0))(D19(x0,Y0) Az + Dag(wo, yo)Ay)
[(Az, Ay))|l

goes to zero if (Ax, Ay) approaches (0, 0).
Furthermore, since f and ¢ are differentiable at (¢, yo) it follows also that the first two terms in
the above formula approach zero if (Axz, Ay) approaches (0,0) — (fg) is differentiable at (z, yo)

with derivative

[D1f(x0,%0)9(x0,y0) + D1g(xo0, yo) f(x0,y0) Daf(xo0,y0)g(x0,y0) + D29(xo,y0)f(x0,y0)] =

Df(xo,v0)g(w0,y0) + Dg(xo,y0) f (w0, yo)-

EXERCISE 2.52 (Example of function which partial derivatives exist, but is not differentiable)

Consider f(z,y) =

x, if y = 0;
0, ify#0.

a. Consider the section function f(z,0). Show that %(O, 0) =
b. Consider the section function f(0,y). Show that %(O, 0) =0.
c. Motivate why f(x,y) is not differentiable at (0, 0).

d. Let € # 0. Motivate why %(6’ 0) does not exist.

e. Motive why Theorem 2.26 does not apply here.
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ANSWER 2.52

a.
b.

C.

d.

e.

f(2,0) =2 — 9L(0,0) = 1.
F(0,y) =0ify #0, £(0,0) =0 — f(0,y) =0forally € R — 2L(0,0) = 0.
Candidate tangent plane: z(z,y) =  — To see whether f is differentiable at (0,0) consider the

quotient:

f0+Az,0+Ay) — 2(0+ Az, 04+ Ay)  f(Az,Ay) — Az

(Az)2 + Ay)? V(A2 + Ay
Now, consider the case that we approach (0, 0) along the line y = x. That is, Az = Ay. Then, since
Ay # 0, f(Az, Ay) = 0. Therefore the above quotient reduces to

—Ax —Azx 1 sign(Az)
= = —— x).
N T R
Clearly, the above number does not converge to zero if Az (# 0) approaches zero. So, f is not
differentiable at (0, 0).

Geometrically, this is also clear. Note that the intersection curve with f along the line y = x is

f(z,z) = 0 — the tangent line to this intersection curve is also a horizontal line. Clearly this
horizontal line in the y = z direction at (0, 0) is not part of the plane z(z,y) = x.

Let € # 0. Then f(e,y) =0, if y # 0 and f(¢,0) = ¢ — The intersection curve in the y direction at
(e,0) is not continuous — The partial derivative w.r.t. y at (¢,0) does not exist.

For every neighborhood of (0, 0) there exist points where the partial derivative of f w.r.t. y does
not exist. Therefore there does not exist a neighborhood of (0, 0) such that, at every point (zo, yo)
in this neighborhood, the partial derivative of f w.r.t. y is continuous.

EXERCISE 2.53 (Example of function which intersection function on any line segment through its sta-

tionary point has a minimum, but has not a minimum)
Consider f(z,y) = (y — 2?)(y — 32?).

a.
b.
c.

Show that f has a stationary point at (0, 0).
Show that f7(0,0) is positive semi-definite.
Consider the section function f(z, kz), where k is an arbitrary real number. Show that for every &,

this section function has a minimum at z = 0.

. Consider the section function f(0,y). Show that this section function has a minimum at y = 0.

e. Show that f(z,y) has a saddle point at (0, 0).

ANSWER 2.53

a.

b.

Df(x,y) = [-8zy + 1223 2y — 42?] — Df(0,0) = [0 0].

Hi(ay) = [ —8y + 3622

-8 0 0
S N Hf(0,0) = — H f(0,0) is positive semi-definite.
—8x 2 0 2
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c. flz,ka) = k2x? — 4ka® + 32* — f (x, kx) = 2k%x — 12ka® +122° — f (2, kz) =0 at z = 0.
Furthermore, f"(x,kx) = 2k? — 24kx + 3622 — f'(v,kz) > 0atx = 0, if k # 0 — f(z, kx) has
a minimum at = 0, if k # 0. Moreover, if k = 0, f(z,kx) = 32* — f(x,kz) has a minimum at
z = 0 in that case too.

d. f(0,y) = y* — £(0,y) has a minimum at y = 0.

e. Consider the intersection curve f(z,2x2) — f(z,22?) = —2* — f(z,222) < 0 and has a maximum
at x = 0 on this intersection curve.
— In every neighborhood of (0,0) there exists a point (z,2z?), where f < 0, and a point (z, x)
where f > 0 — f has a saddle point at (0, 0).

EXERCISE 2.54 (Example of function which is continuous but which partial derivatives don’t exist)
|IL‘|, if y = 0;

Consider f(z,y) = ¢ |y|, if z = 0;
0, elsewhere.

a. Consider the section function f(z,0). Show that %(0, 0) does not exist.

b. Consider the section function f(0,y). Show that g—i(o, 0) does not exist.

c. Motivate why f(x,y) is continuous at (0, 0).

ANSWER 2.54

a. f(z,0) = |z| is not differentiable at z = 0 — %(0, 0) does not exist.

b. f(0,y) = |y| is not differentiable at y = 0 — g—;(o, 0) does not exist.

c. Let {s,}52, with s, = («,,y,) be an arbitrary sequence that converges to (0,0). Then, either
f(sn) = |zn| or f(sn) = |yn|- However, in both cases f(s,) converges to 0 = f(0,0) if s,, converges

to (0,0) — f is continuous at (0, 0).

EXERCISE 2.55 (Example of function that is differentiable, but which partial derivatives are not contin-
uous)

Consider f(z,y) = (z%y?)5..

a. Show that both partial derivatives of f(z,y) exist at (0, 0).

b. Calculate D, f(xq,yo) at all (xq, yo) for which oy # 0.

c. Show that D, f(z,y) is not continuous at (0, 0).

d. Show that f(z,y) is differentiable at (0, 0).

ANSWER 2.55
a. f(x,0) = 0 is differentiable at x = 0 — %(O, 0) =0.
f(0,y) = 0 is differentiable at y = 0 — g—?fj(o, 0) =0.

b. f(x,y0) = yi x5 is differentiable at z = ¢ # 0 — %(xo, yo) exists and equals 2y xo%
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c. With D;(0,0) = 0 and D;(z,y) = %ygx%l it follows that if we approach (0, 0) along the curve
s = (x,x5), Di(s) = 2. S0 Dy(s) does not approach 0 if s approaches zero. So, Dy(z,y) is not
continuous at (0, 0).

d. The tangent plane to the graph of f at (0,0) is z(z,y) = 0. So, lim(, ,)_(0,0) Wm =

lim ;. )~ (0,0) % = 0. Where the last equality can be obtained from the fact that |zy| < 1 (22 +

y?).

EXERCISE 2.56 (Extension of notion of differentiability )
Let f(x) be defined on a subset C of R™ and x¢ € C. Then f is said to be differentiable at x, if there

exists a vector a € R" (where a may depend on ) such that for all vectors h # 0 such that zo+h € C

lim f(zo+h) — f(zo) —a’h

=0.
h—0 Al

If this limit exists, a is called the derivative of f at x.
Notice there are no restrictions here on the set C' and z.
a. Consider f(z,y) = |y| on the constraint set C = {(z,y) | y = 2?}. Show that f is differentiable at

(0,0) on C.

b. Consider f(z,y) = |y| on the constraint set C' = {(z,y) | * = y*}. Show that f is not differentiable
at (0,0) on C.

c. Consider f(z,y) = |y| on the constraint set C' = {(z,y) | y = |z|}. Show that f is not differentiable
at (0,0) on C.

d. Consider f(z,y) = y on the constraint set C' = {(z,y) | > = y?}. Show that f is not differentiable
at (0,0) on C.

ANSWER 2.56

a. Notice f(z,y) coincides on C with the function f(z) = 22, = € R. Obviously, f(z) is differentiable
at x = 0. So, f is differentiable at (0, 0).

b. Notice that on one branch of C, f(z,+/z) = \/x, whereas on the other branch of C, f(z,—v/z) =
Vz. Clearly f(z) = \/z is not differentiable at z = 0. So, f is not differentiable at (0, 0). Obviously,
f(x) is differentiable at z = 0. So, f is differentiable at (0,0).

c. Notice that on the branch (x, —z), « < 0, f(x,y) coincides with the function f () = -z, © <0,
whereas on the other branch of C, (z,z), « > 0, f(z,y) coincides with f(z) = z, = > 0. Clearly f
is not differentiable at x = 0. So, f is not differentiable at (0, 0).

d. Notice, e.g., that on the branch (z, —z), = < 0, f(z,y) coincides with the function f(z) = —z, = <
0, whereas on the branch of C, (z,z), = > 0, f(z,y) coincides with f(z) =z, z > 0. Clearly f is
not differentiable at = 0. So, f is not differentiable at (0, 0).

EXERCISE 2.57 (Brouwer’s Fixed Point Theorem)

Let S C R? be a compact, convex set (nonempty). Assume f; : S — R, i = 1,2, are continuous

y 85 «



Questions and Answers Introduction to Optimization for Economists

functions. Consider the range of f defined as: {(f1(z,v), f2(z,y)) € R?| (z,y) € S}.

Then Brouwer’s Fixed Point Theorem states that if the range of f is a subset of S, there exists (z,y) € S

such that f1(Z,7) = Z and f2(Z,§) = §. (Z,7) is called a fixed point of f in that case. (This result

generalizes for n functions which domain S is a compact, convex set in R™).

Unfortunately, currently, a proof using elementary arguments we developed so far of this result is

lacking in literature. Below, you are asked to show one of the many applications Brouwer’s theorem

has. Here we consider the issue to find a stationary point.

a. Let S be a compact, convex set in R2. Show that a continuous differentiable function f : S — R
has a stationary point (Z, §) if and only if the function g(z,y) := (D1 f(z,y) + 2, Do f (x,y) +y) has
a fixed point on S.

b. Consider the function f(x,y) = /1 + %w2y2+e—%(w2+y2) —1(224y?). Show that f has a stationary
point within the set S = {(x,y) | |z| <1, |y| <1}.

ANSWER 2.57

a. Notice that, since by assumption f is continuous differentiable, D, f are continuous, and therefore
both g1 (z,y) := D1 f(z,y) + « and g2(z,y) := Daf(z,y) + y are continuous.
” = ” assume | has a stationary point (z,y) € S, i.e., D;f(Z,5) = 0 — D1 f(Z,7) + T =  and
Dyf(z,y)+9y =19, for (z,y) € S — g(z,y) has a fixed point on S.
7 «= " If the function g(z,y) := (D1 f(z,y) + =, D2f (x,y) + y) has a fixed point on S, by definition
there is (Z,7) € S such that D, f(Z,5) + & = Z and D2f(Z,§) + ¥ = § — D1f(Z,5) = 0 and
Dy f(z,y) =0 — f has a stationary point (Z,y) € S.

b.Df = [\/% —lzemi@H) o \/% — lye=3@™") _ 4. Note that the range of [D; f +

x Dof 4+ y](S) C S. So, by Brouwer’s theorem f has a stationary point on this set S.

EXERCISE 2.58 (Fixed Point Contraction Mapping Theorem)

Let S C IR™ be a (nonempty) closed convex set and f; : S —+ R, ¢ = 1,--- ,n. Consider the func-
tion f := (f1,---, fn)on S. Assume f(z) € S for all x € S and, moreover, there exists a constant
0 <c< lsuchthatforallz,ycS,|f(z)— fly)| <clz—yl.

Then the Contraction Mapping Theorem states that under these conditions f has a unique fixed point
zes.

Furthermore, Z can be found as follows: start with an arbitrary element z, € S and define a sequence
{sn}2%, by s, = f(sn—1), then s, converges to Z.

In items a. and b., below, you are asked to provide a proof of this result under the additional assump-
tion that S is bounded and f is continuous.

a. Assume f is continuous and S compact. Show that f has a fixed point on S.

b. Show that f has a unique fixed point on S. Hint: assume there is another one.

c. Let z € S. Consider the sequence {s,,}° ; defined by: s; = z and s, 11 = f(s,), n = 2,3, ... Show

that || f(sn) — snl| < ¢™|ls2 — s1||. (Using this, one can show that this implies that f must have a
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fixed point, i.e., that the Contraction Mapping Theorem applies also without assuming continuity

of f and compactness of S).

. Consider the function f(z,y) = (3y+3 ). Show, using the Contraction Mapping Theorem, that

f has a unique fixed point on R?. Consider s; := (0,0). Calculate s, 1 = f(s,), for n = 2,3,4,5.
Calculate the fixed point.

. Show, using the Contraction Mapping Theorem, that f(z,y) = 2 In(2 + 2% + y?) — 3 (22 + y?) has a

unique stationary point. Hint: consider the approach used in Exercise 2.57, item a. Use the Mean
Value Theorem to estimate the involved partial derivatives.

ANSWER 2.58

a.

. First, note that D f = |

Note: i. f(z) is continuous S; ii. forall z € S, f(z) € S — Brouwer’s theorem: f has a fixed point
on S.

. Assume f has two fixed points Z; and #». Then

[Z1 — Z2|| = [|f(Z1) — f(Z2)]| < c||Z1 — 22 < [|Z1 — Z2]|.

This is a contradiction. Therefore, the assumption is false, and there must be a unique fixed point.

. Note that s,1 = f(s,). Then

1£(8n) = sull = [Isnt+1 = snll = | f(sn) = f(sn—1)|| < cllsn — sn-1|
Applying this estimate recursively yields

H5n+1 - an < CHsn - Snle < 02”37171 - snf2H <. < Cn||52 - 31”-

. With f(z,y) = (3y + 3 12)) we have

||f(55171/1) —f(a:27y2)||

Gl —v2) 5 =22l = 5V — w22+ (1 — 22)?
= Sl =2 -l = 3l ) — (2wl

Thus, with ¢ = 1, the Contraction Mapping Theorem applies, and there is a unique fixed point.

With s, 41 := f(s,) and s; = (0 0), the first five elements of the sequence are:

s2=(30); 83:(3§)§ 34:(4 ) 85:(Z §)'

Solving the system 3y + 3 = z and 32 = y gives the fixed point (4, 2).

x Yy

2+x§+y2 - 2% z2ty® y]

Following the approach of Exercise 2.57, item a., we observe that f has a stationary point (z, ) if
and only if the function

g(xay) = (le($7y) + szQf($7y) + y)
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has a fixed point (z, 7). That is,

9@ = G o e

must have a fixed point.
Note that ¢ € C!. By the Mean Value Theorem, there exists a point (£;,&;) on the line segment
between (z1,y1) and (z2, y2) such that

19! T2

9 - 9 = - = D 9 D ) - - T'
g1(z1,91) —91(x2, 42) TRt 2R+ [D1g1(&1,&2) Dagr(&1,&)][r1—22 y1—y2l

By the Cauchy-Schwartz inequality,

[D1g1(£1,&) Dagi(€1,&)][w1 — 22 y1 — ya]” < I[D1g1(&1,&2) Dagi (€1, &)]|[x1 — 22 y1 — y2|l-

Now, D1g1(&1,&2) = %, 0 |Dyg1(&1,8)| < % <1
Similarly, |D2g1(&1,&2)| = |(2;§f€fg§)2‘ <1
Hence,
1 1. V5

I1D191(61,€2) Dagr(&n, &I <1/ (5)* +()* = =~

Therefore,
V5
l91(@1,91) = g1(w2,32)| < - ller =2 9 — 2]l

By a similar argument,

NG
l92(21, 1) — g2(x2,y2)| < TH[M —x2 y1 — yall-
It follows that
lg(z1, 1) — g2, )| = V(g1(z1,91) — 91(22,%2))2 + (92(21,51) — g2 (22, ¥2))?

< \/(\fll[xl —x2 y1 —yelll)® + (?ll[?ﬁ — a2 Y1 — y2]|])?

V10
= TH[xl —x2 y1 — Y|

Thus, g satisfies the conditions of the Contraction Mapping Theorem. Therefore, g has a unique
fixed point, and consequently f has a unique stationary point.
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Exercises with an Economic Content

EXERCISE 2.59 (generalized Cobb-Douglas production function)
Show that the production function F'(z1,z2,23) = x]"z5*x5*, with 0 < «o; < 1 is concave on its

domain D = {(l'l,xg,xg) | 1 >0, 20 >0, 3 > O}

ANSWER 2.59
Straightforward calculations show that
F(z1, 22, 23) F(z1, 22, 23)

3 and DijF(l‘l, 31‘2,.1’3) = .

DiiF(x1, %2, 23) = (e — 1) o
iTj

Using these expressions, further (though somewhat lengthy) computations show that all principal
minors of —H F(x1, x9, 23) are nonnegative. Hence, by Theorem 2.45, F' is concave on its domain.

EXERCISE 2.60 A country ¢ considers entering an economic union with N members (including the

country itself). Welfare of country ¢ equals U; = y; — ¢; + a;h(g: + 5 Z gj), where y; — g; is the

amount of private consumption and g; is the local public good level injci)zuntry i. Here, h(x) is an

increasing function. The first-best union is the union where the sum of welfare of the individual

countries is maximized.

a. Determine the first-order conditions for the public good for the first-best union if N = 3.

b. Let h(z) = In(z). Solve the first-order conditions you found in item a. Hint: introduce z; =
—%i_— and rewrite the system of equations in terms of z;.

a;
gi+8 Zgj
JF#i

c. Solve the first-order conditions in item b for an arbitrary number of countries.

ANSWER 2.60
a. The problem is to maximize
3
U(glﬂ g2, 93) = Z Ui(g17927 93)7

i=1

which can be rewritten as
maxy; +y2 +y3— (91 + 92 +93) Farh(gr +B(g2 +93)) + aah(g2 +B(g1 +93)) +ash(gs + B(g1 +92))-
The stationary points are characterized by U = 0, that is

~1+a1h' (g1 + B(g2 + g3)) + a2Bh (g2 + B(g1 + g3)) + az3Bh (g3 + B(g1 + g2)) 0
U = |-1+aiBh'(g1+ B(g2+g3)) + ash (g2 + B(g1 + g3)) + 3B (g5 + B(g1 + g2)) | = | O]
—1+ a1Bh' (g1 + B(g2 + g3)) + 2Bl (92 + B(g1 + g3)) + ash' (g3 + Bg1 + g2)) 0
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b. Elementary calculations yield

’ Qs asf3 a3
Uu = [-1+ + 4 ’
[ g1 +B(g2+93)  g2+Bg1+93) g3+ B(g1+g2)
a8 n 1% n asf
g1+ B(g2+93)  g2+B(g1+93) g3+ B(g1+g2)
a1 + azf3 + asg ]
g1+ B(g2+93)  g2+B(g1+93) g3+ B(g1+9g2)
Let x; := —<%——. Then
gﬁﬁZgj
J#i
U/ = [—1 +x1 + ﬁ(xg + 333), —14+z+ /8(.1’1 + .133), —14+x3+ 6(3’51 =+ 372)]

Thus, the stationary points are obtained by solving U’ = [0 0 0], i.e.:

1 ﬂ B T 1

ﬁ 1 ,6 To = 1

g B 1 z3 1
This yields z; = 554, for all i.

Using the definition of x;, we obtain the system for the original variables:

1 B B 9 ai
g1 B g | =28+1)| a
g B 1 93 ag
91 (a2 — o1 +ag) * B — a1)
Solving this system gives | g, | = 527 | (o1 — 2 + az) * 8 — o)
93 (a1 4+ a2 —az)* B —as)
c. Following item b, we obtain g; = g5 (8°,; i — (14 f)ay).

EXERCISE 2.61 (optimal carbondioxide emissions)

Consider N countries who want to optimize CO, emissions. Welfare of country i equals: W; =
R;(e;) — Di(Z;V:l e;j), where R; are welfare revenues associated with the production of emissions
e; and D; is the associated pollution damage. All functions are assumed to be twice continuous
differentiable, R;(z) concave, and D;(x) convex. Assume countries agree to maximize total welfare
in the countries.

a. Consider N = 3. Show that, at the optimum (e}, e, e5), necessarily R;(e}) = R/j(e;), i,7=1,2,3.
b. Show that the total welfare function is a concave function.

c. Assume the welfare function has a stationary point (ej, 3, e5). Show that there exist a unique set

of emissions, given by (e7, €3, e}), where total welfare is maximized.
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d. Consider N = 3, with R;(z) = 2a;+/x and D;(x) = B;z, where «; > 0 and 3; > 0. Determine the
optimal emissions. Show that this optimum indeed yields a maximum.

ANSWER 2.61

a. The problem is to minimize

3

3

W= ZW = ZRz’(@i> - D,(Z €j)-

The derivative is

3 3
DW (er,ez,e3) = [R, =Y _D; Ry— > D; Ry—Y D]
=1 =1 L

Hence, the stationary points satisfy

which implies

3

3

j=1

R, =Y D;=0, =123,

i=1

Ry(e1) = Ry(e3) = Rs(e5) = Y Di(ef + €5 + €).

b. The Hessian of W is

HW =

Ry -, D;
~Yi D
~Yia D

R 0 0|

0 R, O
0 0 R
R 0 0]
0 R, O
0 0 R

i=1

By assumption, D;(z) is convex, which implies D;(x) > 0 for all z, and therefore 23:1 Di(x) >0

for all .

T
Furthermore, for any » € R?, 27 { 11 1 } { 1 11 } z=yTy > 0. Hence,

3

i=1
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T
which implies that Zle Dj(e; + es + e3) { 1 11 } [ 111 } is positive semi-definite.
On the other hand, R; is concave, so R;(ei) < 0 for all e;. Therefore, for any z € R? and any

(e1,e2,€3),
R, 0 0
2l 0 Ry, 0 | z=zRi(er) + 23 Ry(e2) + 23 Ry(es) <0,
0 0 R,
R, 0 0
which implies that | 0 R, 0 | isnegative semi-definite.
0 0 R,

Combining these results, HWV is negative semi-definite, which implies W is concave.

c. Since the welfare function is concave, by Exercise 2.49, the function attains its global maximum at
the stationary point.

d. With the advertized functions,

3

3
Wiey,es,e3) = 2{2%\/67— /BL(Z e;)}-

Jj=1

The first-order condition is

3 2

’ (67 . . . (&%
W, = — » B =0, which implies ¢; = —5———.
Ve ; (X 5=1585)?
e 0
2e?
The Hessian is HW = 0 *;:‘7% 0 . Clearly, HW (e}, €3, e%) is negative definite.
0 0 -y
2e?

Hence W attains a maximum at (e}, e5, e3).

EXERCISE 2.62 A producer’s production function of shavers is given by Y (K, L) = 2K = L. The cost
of one unit of capital, K, is 8 and of one unit of labour, L, is 2. The market price of shavers is 32.

a. Show that the profit function of the producer is (K, L) = 64K3 Li — 8K — 2L.

b. Show that 7 (K, L) is a concave function on the domain K > 0 and L > 0.

c. Show that w(K, L) has a stationary point at (K, L) = (512, 1024).

d. Determine the maximum profits the producer can make.

ANSWER 2.62
a. m(K,L)=32%Y — 8K — 2L = 64K3Li — 8K — 2L
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b. Straightforward calculations show

Dr(K,L)=[32K"*Li —8 16K:L % —2], and n (K, L) =

—~16K~:L% 8K :L7%
8K—:L~% —12K:L7i |

16K—>Li —8K—:L~i

Hence, —7 (K, L) = ,
—8K L1 12K=>L"%

Note that
16K~3L% >0, 12K>L7% >0, and det—7 = 128K 'L™% > 0.

Therefore, —7 (K, L) is positive definite, which implies that 7" (K, L) is negative definite, and hence
m(K, L) is concave.

c. Dm(512,1024) = [0 0].

d. Since 7 is a concave function, its maximum is attained at the stationary point. Evaluating at
(K, L) = (512,1024) gives 7(512,1024) = 2048.

EXERCISE 2.63 A baker can produce both bread, b, and cookies, c¢. His cost function is C'(b,c) =
2b? + $bc + c?. The market price of bread is 3 and of cookies is 1.

a. Determine the profit function of the producer.

b. Determine the amount of bread and cookies that maximize his profit.

c. Determine the maximum profits the producer can make.

ANSWER 2.63

a. m(b,c) =3xb+c—C(b,c) =3xb+c— 20> — Tbc — 2.

b. The derivative of 7 is
4 1 1 1

Dr =B--b—zcl—zb—=
() =13 3b 3¢ 3b 30]’
which equals [0 0] at (b,¢) = (2,1).

The Hessian is

4 1
w[ s i’],hence,w(b,c)l
3 3

Wl Wk
W= ol

] |

Note that; > 0, 1 > 0 and det—7 = 0. Therefore, —7 (b, c) is positive definite, which

1
3 3~
implies 7 (b, ¢) is negative definite. Hence (b, c) is concave, and the maximum profit is attained
at (b,c) = (2,1).

__ 95
c. 7(2,1) = 33,

EXERCISE 2.64 A travel agency has a fixed budget of 14 (in millions of euro ) to advertize a cruise. It
has three gremia for this purpose: newspaper, television and internet. Let x; denote the amount of
money spent on advertizing in the newspaper, z» the amount of money spent on advertizing on the

television and z3 the amount of money spent on advertizing on the internet.
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The number of customers N;, j = n,t,i, when (z1, z2, x3) is spent on advertizing is:

1 1
Ny(21, 22, 23) = 201 + 22 + 35 Ny(21,22,23) = 21 + 3w2 + 235 Ni(v1,22,23) = 571 + 502 + x3.

Assume the price of the cruise is p.
a. Show that the number of customers is determined by maximizing
f(@1,22) = 223 + 323 + 23 + 22120 + 3(21 + 22)33, where 3 = 14 — 21 — 5.

b. Determine how much of the price p consists of advertising cost.

ANSWER 2.64
a. f(xl, T2, .1‘3) = Jian + JZQNt + .Z‘gN,L'.
b. Profit is given by

(21, 22) = pf(x1, 22, x3) — 100, with 23 =14 — 21 — z5.
Its derivative is
3 3
Dn(xy,x) = [dz1 — 223 + 229 + 5(:1:3 — 1 — g) 6x9 — 23 + 221 + 5(103 — g — x1)].

Setting D(x1,22) = [0 0] gives the system of equations x1 + 52 — 7 =0 and 3z + 22 — 7 =0,
which has the solution (z1,z2) = (2,1). This implies optimal advertising cost is 23 = 11.

EXERCISE 2.65 A farmer has 100 (acres) of land. He has to decide how much land he wants to use
to grow corn, potatoes and wheat, respectively. On x (acres) of land he can produce 3z, 6z and 2z
kilos (in hundreds) of corn, potatoes and wheat, respectively. The cost involved of growing z (acres)
of corn, potatoes and wheat are In(1 + 3z), 2In(1 + 6x) and 2In(1 + 2x), respectively. The price of
selling 100 kilos of corn, potatoes and wheat is 2, 1 and 2 euro s (in hundreds), respectively.
a. Show that the profit function of the farmer is given by II(z1, z2,23) = 621 + 629 + 423 — In(1 +

3r1) —21In(146x2) —21In(1+ 2x3) where z;, ¢ = 1,2, 3, is the land used for growing corn, potatoes

and wheat, respectively, and x3 = 100 — 27 — 2.
b. Determine how much acres the farmer has to use for growing corn, potatoes and wheat, respec-

tively, in order to maximize his profits.

ANSWER 2.65
a. Il(zy, 22, 23) = 2% 3wy —In(1 + 3z1) + 1 % 62 — 2In(1 + 622) + 2 % 223 — 2In(1 + 2z3).
b. With z3 = 100 — z_x4 the derivative of the profit function is

3 4 12 4
- + 2 - +
1+3l’1 1—|—2I3 1—|—6ZC2 1—|—2£E3

DH(:L‘l,(EQ) = [2 ]
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The stationary points satisfy DII(x1,z2) = [0 0], which leads to

3 _ 12 and 2 3 + 1 =0
143z 14 6z’ 143z 142z3

From the first equation we get zo = % + 2x1. Substituting x3 = 100 — 1 — 29 = 99 — %xl into the

second equation gives

3 4

2_
1+ 32 +200—6$1

=0, or, 2(1 4+ 3x1)(200 — 6x1) — 3(200 — 6x1) + 4(1 + 3z1) = 0.
Solving this yields two solutions:
21 = 0.16 (with 25 = 0.82, 25 = 99) or 21 = 33.67 (with x5 = 67.84, 25 = —1.51).

The second solution is not feasible because x3 < 0.

One can easily verify that the Hessian HTI is positive definite, which implies that profits are mini-

mized at the feasible stationary point.

Since the domain is compact and II is continuous, Weierstrass’ theorem guarantees that a maxi-

mum exists, which must therefore be attained somewhere on the boundary of the domain.

So, let’s consider II(z1, x2) on the boundaries of its domain.

Case 1: x5 = 0, z; € [0,100]: TI(zy) = 6x1 + 4as — In(1 + 3z;) — 2In(1 + 2z3) — II (1) =
2- %?m - 1+Z§x3 =1 (1) = (1+§r1)2 + (1+§r3)2
minimum — maximum attained at either z; = 0 or z; = 100.

— So, if IT has a stationary point it will be a

Case 2: 1 = 0, 25 € [0,100]: In a similar way it follows that also II(x2) attains its maximum at
either x5 = 0 or x5 = 100.

Evaluation of TI(100, 0, 0), I1(0, 100, 0) and II(0, 0, 100) shows that the maximum value is attained

at (z1,x9,x3) = (100,0,0).

EXERCISE 2.66 An investor wants to decide how much of his capital he wants to put on the bank,

earning a risk-free interest rate, » = 0.03; investing it in stock 1, getting an expected return of p; =

.04, at a risk o7 = .0316; or investing it in stock 2, getting an expected return of u, = .08, at a risk

oo = .05. Let the fractions he invests in stock 1 and 2 and he puts on the bank be w;, i = 1,2, 3,

respectively. Assume the expected return of such a portfolio is y = .04w; + .08ws + .03w3 and the

risk 1/0.001w? + 0.0025w3 — 0.002w;w>. Assume the investor likes to maximize his utility function
U := i — 10002,
a. Show that U(wy,wq,w3) = —0.1wf — 0.25w3 + 0.2wiws + 0.04w; + 0.08wy + 0.03ws. where w3 =

l—wl—WQ.

b. Determine the fractions he should invest in the stocks in order to maximize his utility U (w;,ws).

What is the fraction he should invest on the bank?
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ANSWER 2.66

a. Calculate U := p — 10002, with p = .04w; + .08ws + .03ws3 and
o = 1/0.001w? + 0.0025w2 — 0.002w1 ws.

b. The deriative of U is

DU(wl, (.L)Q) = [70.2&)1 + 0.2(.4)2 + 0.01 0.2(.4}1 - 0.5(4)2 + 005}

The stationary points are found by setting DU (w1, ws2) = [0 0], which gives (w1,w2) = (0.25,0.2)
and consequently, w3 = 0.55.
Since the Hessian HU is negative definite, it follows that (w1, ws,ws) = (0.25,0.2,0.55) corresponds

to a maximum of U.

EXERCISE 2.67 (optimal pollution)

Let U(y, p) measure the total welfare of society, where y is the number of produced goods and p the
associated level of pollution. Assume that welfare increases if y increases, and decreases if p increases.
a. Show there exists not an optimal level of welfare under the above model assumptions.

b. Substantiate why the above model might not be a correct model of reality.

c. Consider the variable z = g. Motivate why for large values of z utility, U(z), might be negative.
d. Consider U(z) = —32?% + 2. Determine the optimal ratio between pollution and goods production

that maximizes welfare.

ANSWER 2.67

a. By increasing y and decreasing p welfare increases forever.

b. Likely, y decreases if p increases. This relationship lacks.

c. z large implies that p is much larger than y. Very likely this is disliked by society.

d. The derivative of U is U'(2) = —z 4 1. Setting U (2) = 0 gives z = 1. Since U’ < 0, z = 1

corresponds to a global maximum. Therefore, U is maximized when p = y.

EXERCISE 2.68 (homogeneous functions)

The production function Y (K, L) is called homogeneous of degree k if a multiplication of both inputs

K and L by a factor t leads to a multiplication of the output Y of t*. Thatis, if Y (tK,tL) = t*Y (K, L).

a. Consider the Cobb-Douglas production function Y (K, L) = cK“L?, where ¢, « and f3 are positive
constants. Show that Y (K, L) is homogeneous of degree 1 if and only if « + 5 = 1.

b. Explain in item a. what the effect on production is of doubling the amount of K and L if the degree
of homogeneity is 1, smaller than 1 and larger than 1, respectively.

c. Consider f(t) = Y(tK,tL). Show that f(t) = DY (tK,tL)K + D;Y (tK,tL)L.

d. Consider f(t) = t*Y (K, L). Show that f'(t) = kt* 'Y (K, L).

K

e. Assume Y (K, L) is homogeneous of degree k. Show that DY (K, L) = kY (K, L). Hint: use

item c. and d. with ¢t = 1.
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f. Use item e. to show that if a homogeneous function has degree k:
DY (K, L)% + DyY (K, L)yey = k. (In economic terminology: the sum of the partial
elasticities equals the degree of homogeneity).
1

g. Consider the Cobb-Douglas production function from item a., with o = ; and § = %. Verify the

correctness of item f.

ANSWER 2.68
a. Note that
Y (tK,tL) = c(tK)*(tL)? = t*tPeK*LP = t**PY (K, L).

Hence, Y is homogeneous of degree 1 if and only if « + 8 = 1.
b. k = 1: output exactly doubles; k < 1: output less than doubles; k > 1: output more than doubles.
c. f(t)=Y(g(t)), where g(t) = [tK tL]T. By the chain rule of differentiation, we have:

f(t) = DY (tK,tL)Dg = [D1Y DoY][K L)T = DY (tK,tL)K + D,Y (tK,tL)L.

d+e.If Y is homogeneous of degree k, Y (tK,tL) = t*Y (K, L). Therefore, f(t) = t*Y (K, L), and
consequently f (t) = kt* 'Y (K, L). Using the result from item c. it follows that

F () =kt* 'Y(K,L) = DY (tK,tL)K + D,Y (tK,tL)L.
This holds for any ¢. In particular, for ¢ = 1 we obtain:
kY (K,L) = DY (K,L)K + DY (K, L)L.
f. Byiteme, kY (K,L) = D1Y(K,L)K + D,Y (K, L)L. Dividing both sides by Y gives the stated
result.
g. The partial derivatives are
1 s s 3 11
DY = CZK L+, and DoY = czKﬁiL 1,

It follows that

1 3 3 3 1 1
DIY(K, DK + DY(K, D)L = egK LK 4 co KiLT5L
1 1 s 3 1.3
— CKILY LS KALE
04 + c4
1
= YL+ %Y(K,L) —Y(K,L).

Dividing both sides by Y (K., L) gives D1Y (K, L) gy + D2Y (K, L) gy = 1.
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EXERCISE 2.69 Consider a producer of a product who can sell this product on two separate markets.

The price he gets on both markets depends on the amount he supplies to that market. For market

1 this relationship is given by p(z) = 20 — 1z, whereas for market 2 it is given by p(z) = 25 — 2.

Assume the cost of producing x units of the product is C(x) = 5z + 60.

a. Determine the profit function II(xy, x2) for this producer, where z; denotes the amount of products
sold on market ¢, i = 1, 2.

b. Calculate his maximal profit and the amounts of the product he will sell on both markets.

c. Assume the producer is not allowed to ask different prices on both markets. Calculate his profit
under this additional constraint. What are his losses compared to the case that price discrimination

is allowed.

ANSWER 2.69

a. Let p; and z; denote the price and quantity sold in market i. Then the profit function is
1
(21, 22) = p1o1 + poxa — C(z1 + 22) = (20 — 5351)% + (25 — 2@2)z2 — 5(21 + 22) — 60.
b. The derivative of II is DII(z1, 22) = [15 — 21 20 — 4x5], which gives the stationary point (z1, 25) =
(15,5).
Note that the Hessian HII(z1,x2) is negative definite, so (z1,22) = (15,5) corresponds to a global

maximum with II(15, 5) = 102.5.
c. Prices in both markets must be equal, so p; = p2, which gives

1 Lo 1
20 — 51:1 = 25 — 2x9, which gives x5 = Zml + 2.5.
Substituting this into the profit function, we get

H(l’l,l'g) = H((El)

1
(20 = Sa1)21 + (25 — 202)22 — 51 + w2) — 60

1 1 1 1
= (20— 5:1:1)951 + (20 — 5951)(1:1:1 +2.5) — 5(x1 + el + 2.5) — 60.
Differentiating with respect to z; gives IT (z1) = —2x; + 2. Setting II'(z1) = 0 yields z; = 14.
One can easily verify that this gives a global maximum, with TI(14) = 100, which corresponds to a

profit loss of 2.5 compared to the unconstrained optimum.

EXERCISE 2.70 Consider the Cob-Douglas production function Y (K, L) = K3L3, where K and L

denote the amount of capital and labour used, respectively. Assume the price of capital is § and
of labour is § too. Assume the price the producer gets for his product depends as follows on his
production p = 3Y ~z.

a. Determine the profit function, II( K, L) for this producer.
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Calculate his maximal profit and the corresponding production.

ANSWER 2.70

a.
b.

1

I(K,L)=pY — K - 1L =3y 3Y - 1Kk - 1L =3y} - 1K - 1L =3KiL} - 1K — 1L

The derivative of 11 is . .
DI(K,L)=[K 5L — 3 K3L75 — 3

Setting DII(K,L) = [0 0] requires K = L and K~ 5L5 = +. Thatis, K = L and Ki = 3.

This gives K = L = 27. So maximum profit and corresponding production is I1(27,27) = 25 and

Y =81.

EXERCISE 2.71 (profit maximization by a firm)
Assume the production function of a firm is Y (K, L), where K and L denote the amount of capital

and labour used, respectively. Assume the price of capital is  and of labour is w. Assume the price

the firm gets for his product is p.

a.

Assume p is fixed. Show that maximum profits are obtained only where next two equalities hold

Y,=CandY, =¥,

. Assume p depends on the production Y, i.e. p = P(Y"). Show that maximum profits are obtained

only where next two equalities hold Y, (P'Y 4 P) = r and Y, (P'Y 4 P) = w. Show that if profits

are maximized then: {7~ = {%. Verify these conditions are satisfied in Exercise 2.70.
K L

. Assume p depends directly on the inputs K and L used for production, i.e. p = P(K, L). Show that

maximum profits are obtained only where next two equalities hold P—g + YTK = py and % + % =

sy Verify these conditions are satisfied in Exercise 2.70, using P(K, L) = 3K —5 L5,

ANSWER 2.71

a.

Profits are given by II(K, L) = pY — rK — wL, so the derivative is
DI(K,L) = [pYg —r pY; —wl.

Setting DII(K, L) = [0 0] requires Y, = 5 and Y, = 2.

b. Profits are given by II(K, L) = P(Y)Y — rK — wL, so the derivative is

DI(K,L) = [(P (Y)Y + P(Y))Y; —r (P (Y)Y + P(Y))Y; — w).

Setting DII(K, L) = [0 0] requires Y (P'Y + P) = r and Y, (P'Y + P) = w. Therefore, at the

optimum,

’ T
PY+P=— =—
" Ye Y
For Exercise 2.70: with r = w = 3, Y. = 2K5L% = 219 = 2 and, similarly, Y; = 2, we have
Ty
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c. Profits are given by II(K, L) = P(K,L)Y — rK — wL, so the derivative
DI(K,L) = [PgY + PYy —r P,Y + PY, —w).

Setting DII(K, L) = [0 0] requires P, Y + PY, = r and P,Y + PY, = w, or equivalently,

’ ’ ’ ’

Pe Y _ v P Y w
P Y PY’ P Y PY
For Exercise 2.70: withr =w =31, K =L =27,Y, =Y, =2, P=3xixi=1andY =381
Furthermore PK:—K_EL s =—grxsand P, = —g7 x 5.
By = gpand o =g

EXERCISE 2.72 (Price Discrimination)

Consider a producer of a product who can sell this product on two separate markets. The price he

gets on both markets depends on the amount, z;, ¢ = 1,2, he supplies to that market. Assume the

cost of producing x units of the product is C(x).

a. Show that the profit function II(x1, z5) for this producer is I1(z1,x2) = Pi(z1)z1 + Po(x2)xe —
C(z1 + x2), where P;(z;) is the inverse demand function for the product in market ¢, i =1, 2.

b. Show that maximum profits are obtained only where next two equalities hold P, (z;)z; + P;(z;) =
C'(x1 + x2), i = 1,2. Interpret this equality in terms of profits obtained in both markets.

c. Verify the conditions obtained in item b for Exercise 2.69.

ANSWER 2.72
a. Clear from the context that II(x1,z2) = Pi(z1)x1 + Pa(x2)xs — C(x1 + x2).
b. The derivative of II is

DH($17$2) = [Pi(ﬁh).%‘l + P1($1) — Cl (;Cl + IEQ) Pé(xz)xQ + P2(=T2) _ Cl (xl + 332)]
Setting DII(z1,z2) = [0 0] requires
P;(z)z; + Pi(z;) = C'(z1 + x2), i = 1,2.

Thus, the marginal revenue in each market must equal the marginal cost of total output.
c. For Exercise 2.69: (z1,22) = (15,5), p1 = 12.5, po = 15, Pl/ = —%, PQ/ = —2and C" = 5. It follows
that P, (z;)x; + Pi(2;) = C'(x1 4+ x2), i = 1,2.
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CHAPTER 3

Constrained Optimization:
Equality Constraints

3.1 The Substitution Method

EXERCISE 3.1 Determine all optima (location, value, kind (local/global)) of the next constrained

optimization problems.

a.
b.
c.

e. Optimize f
f. Optimize f

Optimize f(x,y) = ry?, subject to the constraint g(z,y) ==z +y = 1.

Optimize f(z,y) = e®y?, subject to the constraint g(x,y) := x + y? = 1.

Optimize f(x,y,z) = x? + y? + 22, subject to the constraints g;(z,y,2) :=  +y + z = 0 and
g2(z,y,2) = —y+2=2.

. Optimize f(z,y,z) = 32y + z subject to the constraints g;(z,y,2) := 32 + 1 —y = 0 and

go(2,9.2) i= o — day — 2 = 0.

(2,9,2) = x? + y* + 22, subject to the constraint g(x,y,2) ==z — y + 2z = 6.
(2,9,2) = e® + e>7¥ + €7, subject to the constraint g(z,y) :=x —y + 2z = 0.

ANSWER 3.1

a.

b. g(z,y) w2z =1—-1y> - F(y) =y’

gz, y) v y=1—1— F(z) = 2(1 — x)?

F(z)=(1-2)?-22(1—-2)= (1 —2)(1 -z — 2z) — stationary points: z = 1 and z = 3

+ - + F'(x)

— F has a local maximum at = § and a local minimum at # = 1. Note: F(100) > f(3) and

F(—100) < f(3) — F has no global extremal points.

— Problem has local maximum at (3, %

2, 1—y®

) and a local minimum at (1, 0).
F'(y) = (2y — 2y3)e!~¥" — stationary points: y = —1,y =0 and y = 1.
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+ - + - F'(y)
_______ O_______ _______0______
-1 1 y
— F has a local maximum at y = —1 and y = 1, and a local minimum at y = 0. Note: F(y) > 0

and goes to zero if either y goes to infinity or minus infinity. As F(0) = 0, it follows that F' has a
global minimum at y = 0. As F/(1) = F(—1) it follows from the sign scheme of the derivative that
F has a global maximum at both y = —1 and y = 1.
— Problem has global maximum at (0,—1) and (0, 1); and a global minimum at (1, 0).
c. From g; and g we have: y = —land 2 =1—2 — F(z) =22 + 1 + (1 — z)?
1

F'(z) = 2z — 2(1 — z) — stationary point: z = 1.

- + F'(x)
_______ O_____
1/2 X
— F has a global minimum at z = 3.
— Problem has global minimum at (%, -1, 1).
d.FrOIng1:y:1+%x2;fromgg'z—% f% (14 12?)
— F(z) = 32%(1 + 12%) 4 32 — 30(1 + 32%) = Ja* — 22° + Ja?

F'(z) = 2% — 22% 4 2 = 2(2® — 22 + 1) — stationary points: = = 0 and = = 1.

- + + F'(x)

— F has a global minimum at « = 0.
— Problem has global minimum at (0, 1,0).
e.Fromg:y=a2+22—6. = F(z,2) = 2% + (v + 22 — 6)? + 22
F, =22+ 2(x + 22— 6) and F, = 2z + 4(x + 2z — 6) — stationary point: (z,z) = (1,2).

HF = 4 10 — F' is convex has a global minimum at (z, z) = (1, 2).

— Problem has global minimum at (1, —1,2).

f. Fromg:y=x+2z — F(x,2) = e® +e37%7% 4 ¢*.
F, =¢*—e3 " %and F, = % —*~* — stationary point: From F,, = 0 and F, = 0 it follows, by
subtracting both equations, that z = z — stationary points are obtained from F, () = e* —e
0—2=3—-2r—2=1— z=1— Stationary point: (x,z) = (1,1).

T 3—x—z 3—x—=z 2
HF = ¢ te € — HF(1,1) = € ¢ — F has a local minimum at
eS—r—z ez +€3—z—z e 28
(z,2) = (1,1).

Note: HF(z, z) is convex — F has a global minimum at (z, z) = (1, 1).
— Problem has global minimum at (1,2, 1).
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EXERCISE 3.2 Determine all optima (location, value, kind (local/global)) of the next constrained

optimization problems.

a.

b
c.
d

Optimize f(z,y) = zy?, subject to the constraint g(z,y) := 22 + 2y = 3.
. Optimize f(x,y) = 2+ ¥, subject to the constraint g(z,y) := vy = 1.
Optimize f(z,y) = 5y%e® — y?, subject to the constraint g(z,y) := e” —y = —1.
. Optimize f(x,y,2) = vz — 7x — 10y + 62y subject to the constraints g, (x,y,2) = 22 +y>+22 =9

and ¢g2(z,y,2) =z —y =0.

. Optimize f(z,y,2) = 2 + y* + 22, subject to the constraints g;(z,y,z) = 2? + y*> = 4 and

g2(z,y,2) =22 + 22 = 9.
Optimize f(z,y,2) = (z — 3)? — xy, subject to the constraint g (z,y,2) = (z — 1) + (y — 2)% +
(2 —3)2=9and g2(z,y,2) == +y =0.

ANSWER 3.2
a g(z,y) > y*=32—3122 5 Fz) =2(3 — 12%), with 2 — 122 >0
— F(z) =2(3 — 12%), with z € [-V/3,V3].
F'(z) = 2 — 322 — stationary points: = —1 and z = 1.
- + - F'(x)
[ === 0——=——————— O0——==—————— |
-37(0.5) -1 1 37(0.5) «x
— F has a local maximum at z = —v/3 and = = 1; and a local minimum at z = —1 and z = /3.
Note: F(—v/3) = F(v/3) =0; F(~1) = —1; and F(1) = 1 — F has local maximum at x = —/3 a
global maximum at 2 = 1; a global minimum at = —1 and a local minimum at = = /3.

— Problem has a local maximum at (—/3,0); a global maximum at (1,1) and (1,—1); a global
minimum at (—1,1) and (-1, —1); and a local minimum at (v/3,0).

.g(z,y)%y:%, x#O%F(x):zQer%,witth#O
F'(z) = 2z — 22~ — stationary points: 2 = —1 and z = 1.
- + - + F'(x)
_______ O_______*_______O_______
-1 0 1 X
— F has a local minimum at z = —1 and 2 = 1. Note: F' has a vertical asymptote at x = 0, where

F goes to infinity; and F(1) = F(—1) = 2 — F has a global minimum at z = —1 and = = 1.
— Problem has a global minimum at (—1,—1) and (1, 1).

cg(ay) e =y—1— F(y) =302 (y— 1) —y? withy > 1

F'(y) = y* — 8y — stationary points: y =0 and y = §.

+ - - + F'(x)
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— F has a global minimum at y = $.
— Problem has a global minimum at (In(3), $).
d. g2(w,y) = y =z and g (z,y) — 22 =9 — 222
— F(z) = 2(9 — 22?) — 17z + 622 = —22% — 8z + 622, with z € [—a, a], where a = 3V/2.

’

F (z) = —62% + 122 — 8 < 0 — no stationary points.

- F'(x)
________ | ———————————— e | ———————
—-a a X
— F has a global minimum at = = ¢ and a global maximum at x = —a.

— Problem has a global minimum at («a, a,0) and a global maximum at (—a, —a, 0).
e. qi(z,y) >y =4—2?and go(x,y) = 22 =9 — 22 — F(x) = 13 — 2%, with x € [-2,2].
F' (z) = —2x — stationary point: z = 0.

+ - F'(x)

— F has a global maximum at z = 0. Note: F(2) = F(—2) = 9 — F has a global minimum at
z=2and x = -2
— Problem has a global maximum at (0, 2, 3), (0,2, —3), (0,—2,3) and (0, —2,—3); and a global
minimum at (2,0, /5), (2,0, —/5), (=2,0,v/5) and (-2, 0, —/5).

£ ogi(z.y) = (=32 =9— (2 —1)2 — (y — 2)° and ga(,) = y = —=
S F@)=9—(x—1)2—(z+2)?+2%,withg— (z —1)? — (2 +2)2 >0
— F(z) = —2% — 2z + 4, with z € [-2,1].

F (z) = —2x — 2 — stationary point: = = —1.

+ - F'(x)

— F has a global maximum at x = —1. Note: F(—2) =4 and F(1) = 1 — F has a global minimum
at z = 1 and a local minimum at x = —2
— Problem has a global maximum at (—1,1,5) and (—1,1,1); a global minimum at (1, —1,0) and

a local minimum at (—2,2,0).

3.2 Two variables and one constraint: a Geometric Approach

EXERCISE 3.3 Solve the next constrained optimization problems.

a. Maximize f(K,L) = KL subject to K + L = 36 (you may assume a maximum exists).
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b. Optimize f(z,y) = 2z + 3y subject to 22 + zy + y* = 21.

c. Maximize f(z,y) = ziy3 (z > 0, y > 0) subject to z 4+ 2y = 10 (you may assume a maximum
exists).

d. Optimize f(z,y) = 2* + y* subject to 2% + zy + y* = 3.

ANSWER 3.3

a.Df =[LK),Dg=[11] —-FOC(3.4):1+=% - L=K;Note: K+L=36—K=L=18.

b. Df = [2 3], Dg = [2x + y = + 2y] — FOC (3.4): i‘fzz =2 — y = 4x; Note: 2 + zy + > =21 —
?=1—z=1orz=—-1—(1,4) (with f = 14) or (—1,—4) (with f = —14). Note: constraint
set is compact, f is continuous — global max at (1,4) and global min at (—1, —4).

c. Df = [2275ys taSy~3], Dg = [1 2] — FOC (3.4): 4 = 2 — 2 = 4y; Note: z + 2y = 10 —

y=3 z=3%.

d. Df = 22 2y], Dg = 2z +y x +2y] = FOC (3.4): 3254 — & — 42 — 32 — y — z ory = —z; Note:
2> +ay+y? =3 = 2% =1, withy = 2, or 2> = 3, withy = —z — (1,1) and (-1, —1), where
f=2,0r (v/3,—v/3) and (—/3,v/3), where f = 6. Note: constraint set is compact, f is continuous

— global max at (v/3, —v/3) and (—+/3, v/3) and global min at (1,1) and (—1, —1).

EXERCISE 3.4 Determine for next constrained sets S := {(z,y) | f(z,y) = b} all points (z¢, yo) where
in an interval around z, there exists a continuously differentiable function y = h(z) such that, ac-
cording the Implicit Function Theorem, g(z, h(x)) = b. Calculate () at those points.

a. S ={(z,y) | (x—y)*=4}.

b. S={(z,y) | (x—1)*+ (y—2)* =4}.

ANSWER 3.4

a. Consider g(z,y) = (z —y)*> = Dg = [2(z —y) —2(z —y)] = Dag(z,y) = 0if —2(z —y) =0 —
Dyg(x,y) = 0 if z = y — We cannot conclude, using the Implicit Funtion Theorem, that y = h(x)
exists at those points where = y and g(z, y) = 4 — Implicit Funtion Theorem applies everywhere.
B (o) = —g;ﬁﬂ% == ,22(3(6;:};3) = 1 at all points (g, yo) satisfying (zo — y0)? = 4.

b. Consider g(z,y) = (v —1)?>+(y—2)? = Dg = [2(x — 1) 2(y —2)] = Dag(z,y) = 0if2(y —2) =0 —
Dyg(x,y) = 0 if y = 2 — We cannot conclude, using the Implicit Funtion Theorem, that y = h(x)

exists at those points where y = 2 and g(z,y) = 4 — We cannot conclude, using the Implicit
Funtion Theorem that y = h(x) exists at (—1,2) and (3,2).

Otherwise, ' (zo) = — g;Zﬁi‘gijzi =- 3%2233 at all points (g, yo) satisfying (zo— 1)+ (yo —2)? = 4.

EXERCISE 3.5 Determine, using Theorem 3.9, all points (x, y) where an extremum may occur for next
constrained optimization problems.

a. Optimize z2 + y? subject to zy = 1.

b. Optimize ¢* +¥" subject to z* + y* = 2.
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ANSWER 3.5
a. Df = [2z 2y, Dg = [y ] — FOC (3.4): %—z =Y 5 y? =2 y=+dz;Note: ay =1 2> =1
(withy =2)orz? = -1 (withy = —2) 22 =1 (withy =1) or z = —1 (with y = —1).
2, 2 2,2 z°3 xe’2+y2 z? z
b. Df = [2ze™ V" 2ye” V'], Dg = [42® 4y°] = FOC B.4): §5s = 22rr » = ¢ —» ¢y’ =2° —

y = +x; Note: 9:4—|—y4:2—>x4:1(Withy::t:c)—)z:l(withy:;tl) or x = —1 (with
y = =£1).

EXERCISE 3.6 Use Lagrange’s method to solve the next constrained optimization problems.
a. Optimize f(z,y) = zy subject to 422 + y* = 32.

b. Optimize f(x,y) = x + y subject to 2% + zy + y? = 3.

c. Optimize Q(K, L) = K + 20L subject to vK + L = 30, K > 0, L > 0.

d. Maximize f(z,y) = x subject to 2® + y? = 0.

ANSWER 3.6
a. Following Algorithm 3.13:
Step 1. f = [y 2] and ¢ = [8z 2y]. Clearly, all partial derivatives are continuous. So, f,g € C".
Step 2. g (x,y) = [0 0] only in case (z,y) = (0,0). However, g(0,0) = 0 # 32. So, (0,0) is not in
the feasible region. We, therefore, don’t find any candidate solutions in this step.
Step 3. The Lagrange function is L(x,y, \) = zy — A(42? + y? — 32).
Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L' =[y—8\z z—2\y 42> +y>—32]=1[000].

L) = 0 — y = 8\z — Substitution into L, = 0 yields: 2 — 16\%z = 0 — 2 = 0 (with y = 0) or
A =1 (with y = 22) or A = —1 (with y = —22) — (0,0), but this does not satisfy g(z,y) = 32,
or A = ; (with y = 2z and 82% = 32) or A = —1 (with y = —2z and 8z% = 32) — (2,4) or
(—2,—4), with A = %, or (2, —4) or (—2,4), with A = —1.

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and

minimum exist.

f(2,4) = f(-2,-4) = 8; f(—2,4) = f(2,—-4) = —8 — Maximum occurs at (2,4) and (-2, —4);

minimum occurs at (—2,4) and (2, —4).

b. Following Algorithm 3.13:

Step1. f = [l 1] and ¢ = [2z + y = + 2y]. Clearly, all partial derivatives are continuous. So,
f,g€Ch

Step 2. g (x,y) = [0 0] only in case (x,y) = (0,0). However, g(0,0) = 0 # 3. So, (0,0) is not in the
feasible region. We, therefore, don’t find any candidate solutions in this step.

Step 3. The Lagrange function is L(x,y,\) =  +y — A(2? + 2y + y* — 3).
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Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=1—-2Xxz—Xy 1—Xz—2\y 2> +ay+3>—3]=1[000].

- 2 1 1
Notice A = 0 does not yield a solution — [L; L,] = [0 0] yields [ L 9 ] [ v ] =3 [ ) ]
Y
— x =y = 35 — Substitution into Ly = O yields: \> =1 5 A =1 (withz=y=1 orA=—

(withz =y = —1).

1
3

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and
minimum exist.
f(1,1) =2; f(-1,-1) = —2. — Maximum occurs at (1, 1); minimum occurs at (—1,1).
c. Following Algorithm 3.13:
Step1. f =[120]and g = [%K —% 1]. Clearly, all partial derivatives are continuous. So, f,g € C.
Step 2. g (x,y) = [0 0] does not occur. We, therefore, don’t find any candidate solutions in this
step.
Step 3. The Lagrange function is L(K,L,\) = K + 20L — A(vVK + L — 30).
Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L= [173\/% 20—\ VE+L—30]=[000].

L, = 0 — X\ = 20. Substitution into L, = 0 yields: K = 100. — Substitution into L, = 0

yields: L = 20.
Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and
minimum exist.
Q(100,20) = 500; Q(0,30) = 600, Q(900,0) = 900 — Maximum occurs at (900, 0); minimum
occurs at (100, 20).

d. Following Algorithm 3.13:

Step 1. f = [1 0] and ¢ = [3z2 2y]. Clearly, all partial derivatives are continuous. So, f,g € C".
Step 2. ¢ (x,y) = [0 0] only in case (x,y) = (0,0). So, (0,0) is a candidate solution in this step.
Step 3. The Lagrange function is L(z,y, \) = = — A\(z® + ?).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy
L'=[1-3x22 —2xy 2° +4?]=[000].

Notice A = 0 does not yield a solution. — L, = 0 — y = 0 — Substitution into L; = 0 yields:
z = 0, but (0,0) does not satisfy L, = 0. — only candidate solution is (0, 0).
Note f(0,0) = 0. Furthermore, it follows from the restriction 2® = —y? that z < 0 — f(z,y) <0
— f has maximum at (0, 0).
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EXERCISE 3.7 Use Lagrange’s method to solve the constrained optimization problems from Exercise
3.3.

ANSWER 3.7

a. Following Algorithm 3.13:
Step 1. f = [L K] and g = [1 1]. Clearly, all partial derivatives are continuous. So, f,g € C".
Step 2. g (x,y # [0 0]. We, therefore, don’t find any candidate solutions in this step.
Step 3. The Lagrange function is L(K,L,\) = KL — A\(K + L — 36).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy
L'=[L-XNK-XK+L-36=1[000].

[L} Ly] = [00] = K = L = X\ — Substitution into L; = 0 yields: A = 18 — only candidate
solution: (18, 18) with \ = 18.
b. Following Algorithm 3.13:

Step1l. f = [23]and ¢ = [2z + y = + 2y]. Clearly, all partial derivatives are continuous. So,
f,g€CL.

Step 2. ¢ (x,y) = [0 0] only holds at (0,0), but g(0,0) = 0 # 21. We, therefore, don’t find any
candidate solutions in this step.

Step 3. The Lagrange function is L(x,y, \) = 22 + 3y — A(2? + 2y + y? — 21).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=2-2Xxz—Xy 3—Xz—2\y 2>+zy+y>—21]=[000)].

- 2 1
Notice A = 0 does not yield a solution — [L; L,] = [0 0] yields l Lo ] l ] = [ ]

— 1z = Z4; y = -5. — Substitution into L; = 0 yields:\ = £ — (1,4),with A = £, 0
with A = —31.

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and

ol
,4;

minimum exist.

f(1,4) =14; f(—1,—4) = —14 — Maximum occurs at (1, 4); minimum occurs at (—1, —4).
c. Following Algorithm 3.13:
Step 1. f = [%x‘igﬁ %ﬁy‘ﬂ and ¢ = [1 2]. Clearly, all partial derivatives are continuous. So,
f,g€ChL

Step 2. g'(z,y) # [0 0]. We, therefore, don’t find any candidate solutions in this step.
Step 3. The Lagrange function is L(z,y, \) = z%ys — A(x + 2y — 10).
Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

' 2 11 1 2 2
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Notice A = 0 does not yield a solution — [L; L,] = [0 0] yields A = %:c*%y% = éméy*%
— x = 4y. — Substitution into Ly = 0 yields:y = 2 — (2, 2), with A = £, or (-1, —4), with

A= 2475,
d. Following Algorithm 3.13:
Step 1. f = [2z 2y] and ¢ = [2x 4+ y = + 2y]. Clearly, all partial derivatives are continuous. So,
f,geCl.
Step 2. ¢ (x,y) = [0 0] only holds at (0,0), but g(0,0) = 0 # 3. We, therefore, don’t find any
candidate solutions in this step.
Step 3. The Lagrange function is L(x,y, \) = 2% + y? — X\(2? + 2y + y? — 21).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=02z—2\z— Xy 2y— Az —2\y 2> +a2y+y>—3]=[000)].

C o : 2(0-X2) =X Tl 0
[Lle]—[OO]YeldSl “A 2(1—A)Hy]_%0].

21— A -A
Note: (z,y) = (0,0) does not provide a solution — matrix [ ( )

“A 21—

must be

21—2)  —A
A 201-N)
implies = y. So, #2 = 1. A = 2 implies y = —z. So, 3% = 3.

singular—>det[ ]:0—>4(1—)\)2—)\2:O—>)\:gor)\:2.—>)\:§

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and
minimum exist.

The results from Exercise 4.3.d follow now immediately again.

EXERCISE 3.8 A consumer has a utility function U (z,y) = bz®y'~®, where 2 and y are the amount

of product 1 and 2 the consumer can choose from, respectively. Assume the price of product 1 is p;,

the price of product 2 is py and his income is 1.

a. Assume the consumer wants to maximize his utility. Formulate the corresponding constrained
optimization problem.

b. Determine the solution of this constrained optimization problem.

c. Calculate the approximate change in the demand for good x and utility U if the income, I, is
changed by one unit.

ANSWER 3.8

a. Maximize U (z,y) subject to I = pyx + pay.
U, _p abz® 'yl py ay  _p _ (A-a)p

b g = D Waey —p o —p YT o O
Substitution of this into the budget constraint yields: I = (p; + (11%)37 —a = landy = 1;—20‘1 .
ox a

c _

= If I changes by one unit, x will approximately change by =
U(l) = ba“yl~ = b(ﬂI)a(lg—z‘XI)lfa = b(ﬁ)a(l_—“)lf‘lf — If I changes by one unit, U will

P P2
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approximately change by b(z%)a(lg—f)l*o‘.
Note: This result can also be obtained by calculating the value of the costate variable if one uses
the Lagrange method to solve the problem.

3.3 The Envelope Theorem and Lagrange Multiplier

EXERCISE 3.9

a. What is the effect if the parameter a = a (a > 0) is increased by one unit on the maximum value
of f(x,a) = —a* + ax + a®.

b. What is the effect if the parameter a = a (a > 0) is increased by one unit on the maximum value
of f(z,y,a) = -2 — y* + azx + a®y> + 4.

ANSWER 3.9
, ; o e[ 12071 N
a. f =[-4°+ax+3a°] = f = ) 6 — All second-order partial derivatives exist and
a
are continuous — f € C2.
D?f = —1222, so at maximum location (with 2o = (1a)3), D?f is invertible. — by Envelope

Theorem, % =20+ 3a® = (1a)5 + 3a2.

—2 0 1
b. f = [—22 +a —4y® +2a%y =+ 2ay?] — f = 0 —12y?+2a? 4ay | — All second-order
1 day 212

partial derivatives exist and are continuous — f € C2.
—2 0
D2f =
0 —12y% + 2a?
D?f is invertible. — by Envelope Theorem, & = 24 + 2ay3 = La + a®.

, so at the maximum locations (with zyp = }a and yo = :I:\/ga),

EXERCISE 3.10 (profit maximization by a firm)

Consider a firm producing a good. The cost of the firm for producing = units of the good is C(x).
Assume that this cost function has the next monotonicity properties: C'(z) > 0 and C"(x) > 0.
Assume that a fraction « of the amount of produced product is sold on the market at a price p per
unit. Show there is a unique amount of goods where profit is maximized. Calculate by how much
maximum profit increases if « increases.

. , » el
ANSWER 3.10 Profit: n(z,a) = apr — C(z) =7 = [ap—C pz|] > 7 = ]; ] — All
p
second-order partial derivatives exist and are continuous — 7 € C?.
D*r = —C” is invertible. — by Envelope Theorem, 4 = px(, where z solves ap — C'(z) = 0.

(Note that due to the monotonicity properties of the cost function, there is at most one solution to
this equation, which yields a maximum).
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EXERCISE 3.11 Reconsider items a), b) and c¢) from Exercise 3.6. Use Lagrange’s method to solve the
next constrained optimization problems. Compare the optimum value with the value predicted by
Corollary 3.19, using the Lagrange parameter you calculated in Exercise 3.6 for the corresponding
item.

a. Optimize f(z,y) = xy subject to 422 + y? = 32.01.

b. Optimize f(x,y) = x + y subject to 2% + xy + 3> = 4.

c. Optimize Q(K, L) = K + 20L subject to v K + L =29.9, K > 0, L > 0.

ANSWER 3.11
a. We use Algorithm 3.13 to solve the problem. For Step 1-Step 3 see Exercise 3.6.
Step 4.: Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L =[y—8\x x—2\y 4z +y* —32.01] = (00 0].

L) = 0 — y = 8\z — Substitution into L, = 0 yields: z — 16\?z = 0 — = = 0 (with y = 0) or
=1 (withy = 22) or A = —1 (with y = —2z) — (0,0), but this does not satisfy g(z,y) = 32,

or A = I (with y = 2z and 822 = 32.01) or A = —1 (with y = —2z and 82% = 32.01) —

(2.0003,4.0006) or (—2.0003, —4.0006), with A = 1, or (2.0003, —4.0006) or (—2.0003,4.0006),

with A = —1.

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and

minimum exist.

£(2.0003,4.0006) = f(—2.0003, —4.0006) = 8.0025; f(—2.0003,4.0006) = f(2.0003, —4.0006) =

—8.0025 — Maximum occurs at (2.0003,4.0006) and (—2.0003, —4.0006); minimum occurs at

(—2.0003,4.0006) and (2.0003, —4.0006).

The solutions predlcted by Exercise 3.6 are: for the maximum value 8 + 0.01 * 1; for the minimum

value —8 — 0.01 * .

b. We use Algorithm 3.13 to solve the problem. For Step 1-Step 3 see Exercise 3.6.
Step 4.: Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=[1—-2Xxx—Xy 1—Xz—2\y 2® +ay+1y>—4=1[000].

o 2 1 1
Notice A = 0 does not yield a solution — [L; L,] = [0 0] yields l 1 9 ] l ] [ ]

— & =y = 35 — Substitution into Ly = 0 yields: \? = 5o A= (w1th z=y=2V3)or
)\z—\/% (Witha::y——f\/)

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and
minimum exist.

Maximum: f(2v/3,2+/3) = $/3; Minimum: f(—2/3,-23) = —4

Solutions predicted by Exercise 3.6: for the maximum value, 2+ %; for the minimum value, —2 — %
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c. We use Algorithm 3.13 to solve the problem. For Step 1-Step 3 see Exercise 3.6.
Step 4.: Differentiation of the Lagrange function shows that the candidate solutions must satisfy

, 1 X

L :[175\/? 20—\ VK +L—29.9]=1[000].

Ly = 0 — X\ = 20. Substitution into L) = 0 yields: K = 100. — Substitution into L; = 0 yields:
L=19.9.

Note: the constraint set is compact. So, by Weierstrass’ theorem both a global maximum and
minimum exist.

Minimum Q(100,19.9) = 498.

Solution predicted by Exercise 3.6: 500 — 20 % .1 = 498.

3.4 A Second-Order Criterion for a Constrained Optimum

EXERCISE 3.12 Solve next constrained optimization problems. Optimize
a. f(r,y) = 2% —y subjectto g(z,y) =2 —9y> = 1.
b. f(z,y) = 223 + 6y> subjectto g(z,y) = 322 + 9y? = 12.

ANSWER 3.12
a. Following Algorithm 3.13 we have:
Stepl. f = [2¢ —1]and g = [2z — 2y|. Clearly, all partial derivatives are continuous. So,
f,g€CL

Step 2. ¢'(x,y) = [0 0] only in case (x,y) = (0,0), but g(0,0) = 0 # 1. We, therefore, don’t find
any candidate solutions in this step.

Step 3. The Lagrange function is L(x,y,\) = 22 —y — A\(2? — y? — 1).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=[2c(1-)) —1+42xy 22 —y>—1]=1[000)].

Li=0—=xz=0o0r\=1.

Case A =1: L, = 0 — y = %. Substitution into Ly = 0 — z = +11/5 — Candidate solutions:

(Lv5, 1) and (~1v/5, 1), with A = 1.

Case x = 0: Ly = 0 — no solution.
Note: constraint set is not compact. To determine what kind of optimum occurs at the candidate
solutions consider the determinant of the function HL (Theorem 3.23) at these points.

21—-X) 0 -2z
HL(z,y,\) = 0 22 2y |.—
—2x 2y 0
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0 0 —V5
HL(3V5,3,1) = 0 2 1 |. — det(HL) = —10 — Theorem 3.23: problem has a
-5 1 0
minimum at (1/5, —1). ]
0 0 V5|
HL(-1v5,-11) = 0 2 1 |. — det(HL) = —10 — Theorem 3.23: problem has a
VB 1 0

minimum at (—3v/5, —1).

Note this is a global minimum as the problem is equivalent with finding the optima of F(y) =

v —y+ 1

. Following Algorithm 3.13 we have:

Step 1. f = [42® 18y?] and ¢ = [6x 18y]. Clearly, all partial derivatives are continuous. So,
f,geCL.

Step 2. ¢ (x,y) = [0 0] only in case (z,y) = (0,0), but g(0,0) = 0 # 12. We, therefore, don’t find
any candidate solutions in this step.

Step 3. The Lagrange function is L(xz,y, \) = 223 + 6y3 — A(322 + 9y — 12).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L' = [6z(x —\) 18y(y — A) 322 +9y*> —12] =1[000].

Li=0—=X=zorz=0.

Case \=ux: Lo =0—y=0o0ry=z.

L A=a,y=0: Ly =0 — 2 = +2.

— candidate solutions: (2,0) with A =2, and (—2,0) with A = —2.
i \=z,y=a2: Ly =0 — 2 = £1.

— candidate solutions: (1,1) with A =1, and (—1,—1) with A = —1.
Case z = 0: L;:OHy:i\/gaLé:OgivesA:y.

— candidate solutions: (0, \/g) with \ = \/g, and (0, —\/g) with A = — /4.
Note: constraint set is compact and f is continuous. f(2,0) = 16; f(—2,0) = —16; f(1,1) = 8;
f(=1,-1) = =8; £(0, \/g) =8,/3; f(0, f\/g) = 78\/%. — global maximum at (2,0) and global

minimum at (—2,0).
To assess what kind of optimum occurs at the other candidates we consider the determinant of the
function HL (Theorem 3.23) at these points.

12z — 6 0 —6z
HL(z,y,\) = 0 36y — 18\ —18y |. —
—6x —18y 0
6 0 —6

HL(1,1,1)

0 18 —18 |. — determinant HL < 0 — Theorem 3.23: problem has a
-6 —18 0
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local minimum at (1, 1).

-6 0 6
HL(-1,-1,-1) = 0 —18 18 |. — det(HL) > 0 — Theorem 3.23: problem has a local
6 18 0
maximum at (—1,—1).
—6,/2 0 0o ]
HL(0, \/g \/g) = 0 18,/4 —184/3 |. — det(HL) > 0 — Theorem 3.23: problem
0  —184/3 0

has a local maximum at (0, \/g )-

[=p}
ol
e
s

HL(0, _@, —\/§> = 0 —18,/% 18,/% |. — det(HL) < 0 — Theorem 3.23: problem
0 18/t 0
has a local minimum at (0, —\/g ).

EXERCISE 3.13 Solve next constrained optimization problems.

a. Optimize f(x,y) = 22 + 4y? — 2%y subject to g(x,y) = 22 + y* = 3.

b. Optimize f(z,y, z) = 2% + y? + 22 — 62 subjectto g(z,y) =x+y—2z=0.
c. Optimize f(x,y) = xy +y subject to g(z,y) = 2 +y? = 1.

d. Minimize f(z,y) = z + 2y subjectto g(z,y) =2>+y*=2,2>0,y > 0.

ANSWER 3.13

a. From the constraint it follows: 22 = 3 — y?
— F(y) =3+4y* —y(3 —y?) = v° + 49> — 3y + 3, where y € [-V/3,V/3].
— F'(y) = 3y? + 8y — 3. — Stationary points: y = —3 and y = 1.

- + Fl (X)

-3  -37(0.5) 1/3 37(0.5) X

— F has a global minimum at y = 1. Note: F(—v/3) = F(v/3) = 15. — F has a global maximum
aty = —v3and y = —/3.

— Problem has global minimum at (+,/%’, 1) and a global maximum at (0, +v/3).

b. From the constraint it follows: y = z — 2. — F(z,2) = 2? + (2 — 2)? + 22 — 62. — Stationary

points:
DF =02z —2(z—2)—6 2(z—2)4+22]=[0 0]. = (z,2) = (2,1).
4 =2
HF = R — F is positive definite. — (2, 1) is global minimum.

— Problem has global minimum at (2,1, 1).
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c. Following Algorithm 3.13 we have:
Step 1. f = [y x+1]and g = [2z 2y|. Clearly, all partial derivatives are continuous. So, f,g € C'.
Step 2. g (x,y) = [0 0] only in case (z,) = (0,0), but g(0,0) = 0 # 1. We, therefore, don’t find
any candidate solutions in this step.
Step 3. The Lagrange function is L(z,y,\) = 2y +y — M(z? +y* — 1).
Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=y—2xx z+1-2\y 2> +4*>—1]=[000].

L, =0—y=2\x. — L, = 0yields: (1 —4)\?)z +1 = 0. Note, (1 — 4\?) cannot be zero. —
v =g andy = — 5.

— Substitution into Ly = 0 yields: 1 + 4\ = (1 —4)2?)2. — X2(16A% — 12) = 0. — A = 0 or
A= i\/g. —
Candidate solutions: (—1,0) with A = 0; (3, —\/g) with A\ = —\/g; and (3, \/g) with A\ = \/%

Note: constraint set is compact, f is continuous. f(—1,0) = 0; f(3, —\/g) = —%\/% and

@3, \/g) = %\/g — By Weierstrass’ Theorem the problem has a global maximum at (3, \/g) and

a global minimum at (3, —4/2).

To assess what kind of optimum occurs at (—1, 0) we consider the determinant of the function HL
(Theorem 3.23) at this point.

-2\ 1 =2z 0 1 2
HL(z,y,\) = 1 -2 -2y |.— HL(-1,0,0)=|1 0 0 |.—det(HL(-1,0,0))=0
-2z -2y 0 2 00

— Theorem 3.23 does not provide information about this point.
Note: f(—+/1—¢,+/€) > 0 for small positive ¢, whereas f(—+/1 — ¢, —/€) < 0 for small positive ¢
— f has a saddle point at (—1,0).

d. Note: constraint set is compact, f is continuous — By Weierstrass’ Theorem the problem has a
global minimum.
First consider the optimization problem without the assumption x > 0 and y > 0.
Following Algorithm 3.13 we have:
Step 1. f =[1 2]and g = [2z 2y|. Clearly, all partial derivatives are continuous. So, f,g € C.
Step 2. g (z,y) = [0 0] only in case (z,y) = (0,0), but g(0,0) = 0 # 2. We, therefore, don’t find

any candidate solutions in this step.

Step 3. The Lagrange function is L(z,y,\) =  + 2y — A(z? + 32 — 2).

Step 4. Differentiation of the Lagrange function shows that the candidate solutions must satisfy

L'=[1-2\z 2—2\y x2+y2—§]:[000].
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L, = 0 — Note, A = 0 does not provide a solution — z = 55+ Similarly, it follows from Ly =0

that y = + — Substitution into L3 = 0 shows A2 =1 — A = £1 —

Candidate solutions: (3,1) and A = (-3, —1).
Note f(3,1) = 2.5 and f(—3,—1) = —2.5 — Problem, with the constraint set g(x,y) = 2 has a
global minimum at (—%, —1). However, (—3, —1) does not satisfy z > 0 and y > 0 — Constraint
problem attains its global minimum at the boundary of the constraint set — either at (0, 1) or (1, 0).
f(0,1) =2, f(1,0) = 1 — Constraint problem attains its global minimum at (1, 0).

3.5 The Method of Lagrange: the general case

EXERCISE 3.14
a. Consider the equation

gz, s,t,u) = e®TsTiHe _ g2 2 4242 =1at (z,s,t,u) = (0,0,0,0).

Show that from all points (z, s, ¢, u) satisfying g(z,s,t,u) = 1, the variable x is a differentiable
function of s, ¢ and u in a neighborhood of (0, 0, 0). Determine its derivative. In particular calculate
the derivative at (0,0, 0).

b. Consider the equations

g1(z,y,2) = xy +yz + 2z = 11 and go(z,y, 2) = 2° — zyz = 5.
Show from all points satisfying both these equations the variables = and y are a differentiable
function of z in a neighborhood of z = 3 and (z,y) = (1,2). Determine both derivatives. In
particular calculate both derivatives at z = 3.
c. Reconsider item a). Can variable u also be written as a differentiable function v = U(x, s,t) in a
neighborhood of (z, s,t) = (0,0,0)? Motivate your answer.

ANSWER 3.14
a. The derivative of function g is

Dg — |: er+s+t+u _ 213 ex+s+t+u _ 28 ex+s+t+u _ 2t ez+s+t+u . 2u :| .
Since all partial derivatives are continuous, g € C*. Moreover, g(0,0,0,0) = 1 and D,g(0,0,0,0) =
1. Hence, by the Implicit Function Theorem, « = h(s,t,«) in a ball around (0, 0, 0). Furthermore,

1

! _ r+s+t+u r+s+t+u r+s+t+u
h(s,t,u)——m[e —2s e —2t e —2’&]

In particular A’ (0,0,0) = [1 1 1].
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Y+ z r+z xT+y

With g := [g1 g2]%, Dg = . Since all partial derivatives are continuous

20 —yz —xz @ —xY

5

g € C'. Furthermore, ¢(1,2,3) = [11 —5]" and D, ,9(1,2,3) = , which determinant

differs from zero. — According the Implicit Function Theorem = = hy(z) and y = hs(z) in a
—1
y+z x+=z T+y

—xy

. In particular

’

ha(2)

][5 s 1))

Yes, D, g(0,0,0) # 0.

2r —yz —xz

ball around z = 3. Moreover, l hi(2) ] _

EXERCISE 3.15 Solve the next constrained optimization problems.

a.

Optimize f(z,y,2) = x — y + 2z subject to the constraints g, (z,y, z) = 2% + 2y% + 22 = 40 and
92(z,y,2) = v+ y + z = 0. Moreover, calculate by how much the global maximum will, approxi-
mately, change if, b; = 40, is decreased to, b; = 39.

. Optimize f(x,vy,2) = 2 —y+ 2z subject to the constraints g; (z,y, z) = 2> +y? = 5 and ga(z,y, 2) =

22 + z = 0. Moreover, calculate by how much the global minimum will, approximately, change if,
by = 5, is decreased to, by = 4.9.

. Optimize f(z,y,z) = x? + y — z subject to the constraints g;(z,y,2) = 2> +y — z = 0 and

92(w,y,2) = 32° + 39 + 2 =0.

ANSWER 3.15

a.

Note that f is continuous and that the constraint set is compact (g; describes already a compact
set) — (Weierstrass’ theorem) The problem has both a global maximum and a global minimum.
Following Algorithm 3.34 we have:

20 4y 2z

L . Note all partial derivatives are continuous —

Stepl. Df =1 —11]andDg:l

f,geCl.

Step 2. Dg has not full row rank iff. simultaneously 2z — 4y = 2z — 2z = 4y — 2z = 0. This only
occurs if (x,y, z) = (0,0,0). But (0,0, 0) is not located in the constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(x,y, 2, A\, A2) i= 2 —y+ 2 — A (22 + 292 + 22 — 40) — Xo(z + 4 + 2).

Step4. DL =[1—2\lz — Xo —1—4\y— Ay 1 —2X12 — Ag g1 — 40 g2] — necessary conditions:
D)1 =2 a— Ao =0; i) —1—4A\jy — Ao = 0; i6i) 1 — 2012 — Ao = 0; iv) g1 = 40; v) go = 0.
From i) and ii) we have that either \;y = 0 or z = z. In case \; = 0, ii) and iii) yield a
contradiction. If x = z, by v), y = —2x. Substitution of this into i) and ii) gives: Ao = 1—2 1z =
148Nz >z =2= 5%1 and y = % Substitution of this into iv) yields: A\; = +15. —

Stationary points: (2, —4,2) with A\; = -5, A2 = 2; and (-2,4, -2) with \; = 33, Ao = 2.
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f(2,-4,2) > f(-2,4,—2) — f has a global maximum at (2,—4,2) and a global minimum at
(=2,4,-2).
If by = 40 is reduced by 1 unit, the maximum 8 decreases approximately by A\; = 5 to 7-2.

b. Note that f is continuous and that the constraint set is compact (By g1,  and y are bounded, from
g2 it follows next that z must be bounded too) — (Weierstrass’ theorem) The problem has both a
global maximum and a global minimum. Following Algorithm 3.34 we have:

2¢ 2y O

- . Note all partial derivatives are continuous —
x

Stepl. Df =22 —1 1] and Dg = l

f,g€C.
Step 2. Dg has not full row rank iff. simultaneously —4zy = 22 = 2y = 0. This only occurs if
(z,y,2) = (0,0,0). But (0,0,0) is not located in the constraint set.
Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y, 2, M, X2) i= 22 —y + 2 — A (2% + 92 — 5) — Aa(2? + 2).
Step 4. DL = 22 — 2A\1lz — 2Xox — 1 — 2)\y 1 — Ay g1 — 5 go] — necessary conditions: ) 2z(1 —
Al—X2)=0;4) —1—2My=0; i) 1 — Ay =0; ) g1 =5; v) g2 =0.
From iii) we have that A, = 1. From i) we have that either \; = 0 or x = 0. In case \; = 0,
i) gives a contadiction. In case x = 0, by v), z = 0 and by iv), y = +/5 — Stationary points:
(0,/5,0) with \; = %, A2 = 1;and (0, —/5,0) with \; = 2—\1/5, Ao = 1.
£(0,/5,0) = =5 and f(0,—/5,0) = v/5 — f has a global maximum at (0, —/5,0) and a global
minimum at (0, /5, 0).
If b, = 40 is reduced by 0.1 unit, the maximum decreases approximately by \; % 0.1 = 075"
c. Following Algorithm 3.34 we have:
2z 1

02 e Note all partial derivatives are continuous
oy

Stepl. Df =221 — 1] and Dg = l

— f,g € Ch.

Step 2. Dg has not full row rank iff. simultaneously 2zy — 222 = 2z 4 222 = 1+y = 0. This occurs
if (z,y,2) = (0,—1, 2) for arbitrary z. But substitution into the constraints of this shows that
there exists no point (0, —1, z) satisfying both of them simultaneously.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,2,A1,A2) =22 —y+ 2 — A(a? —y + 2) — Aa(32° + 97 + 2).

Step 4. DL = 2z — 2X\1z — 2X2% 1 — A\ — Xy — 1+ A\; — Ay g1 go] — necessary conditions:
1) 22(1 = Al — dox) =0; 43) 1 — Ay — Ay =0; 4i0) — 1+ A1 — A =0; iv) g1 =0; v) g2 = 0.
From i) we have that either 1 — A\1 — Aoz = 0 or z = 0. In case = = 0, by iv) and v), y = z and
either 2 = 0 or z = —2. From ii) and iii) it follows that \; = 1 and A\, = 0. — Stationary points:
(0,0,0) with A\; = 1, A2 = 0;and (0, —2,—2) with \; =1, Ay = 0.

In case 1 — A1 — Aoz = 0 it follows from ii) that either x = y or, Ay = 0. If Ay = 0, by iii), A\; = 1.
— all points satisfying iv) and v) with A\; = 1 and Ay = 0 are stationary points.
In case z = y, iv) gives z = 0 and we obtain the same stationary points as before.

» 118 «



Constrained Optimization: Equality Constraints

Clearly, all points satisfying the constraints are optima. They all give rise to the same function

value: 0.

Mixed Exercises

EXERCISE 3.16 Determine all optima (location, value, kind (local/global)) of the next constrained

optimization problems.

a.
b.
c.

Optimize f(x,y) = zy?, subject to the constraint g(z,y) =z +y = 1.
Optimize f(x,y) = (1 — y)e?, subject to the constraint g(z,y) = 2> + y = 1.
Optimize f(z,y,z) = 32y + z subject to the constraints ¢;(z,y,z) = 22> +1—y = 0 and

92(z,y,2) = %x—éxy—2=0

. Optimize f(z,y,z) = z? + y? + 22, subject to the constraints g;(z,y,2) = = +y + 2z = 0 and

92w, y,2) =2 —y+ 2z =2.

e. Optimize f(x,y) = xy?, subject to the constraint g(z,y) = x + y* = 1.

f. Optimize f(z,y, z) = e®¥#, subject to the constraint g(z,y, z) = zy — z = 0.

. Optimize f(s,t,u,v) = s(u+ v) + t(u — v), subject to the constraints ¢ (s,t,u,v) =s—u—v =0

andgg(S,t,’l},7U) =s+t—2u=0.

h. Optimize f(s,t,u,v) = (s — t)(u — v), subject to the constraint ¢ (s,t,u,v) =s —t —u+ov =0.
ANSWER 3.16
ay=1l-2—F(x)=21-2)?—F(z) = (1-2)?—-22(1 —12) = (1—2)[l — 3z] — Stationary

points: z =1 and z = 3.

+ - + F'(x)
_______ O_______________O_______
1/3 1 bq
— F has a local maximum at z = } and a local minimum at z = 1. Not global, as F(100) > F(3)

and F(—100) < F(1).

— Problem has a local maximum at (3, 2) and a local minimum at (1,0).

1
3

Ly=1-2% = F(z) = 2°¢* — F'(z) = (322 + 2%)e® — Stationary points: z2¢*(3+2) =0 — 2 =0

and z = —3.
- + + F'(x)
_______ o_______________ —_————— —
-3 b
— F has a global minimum at x = —3 and a saddle point at x = 0.

— Problem has a global minimum at (—3,28) and a saddle point at (0, 1).
1.4

cy=1+42?and z = o — 32(1 + 32%) = F(z) = 3%y + 2 = 1o 7x3+%9:2%F’(x):

3
23— 222 + x = 2(2%? — 22 + 1) = z(z — 1)? — Stationary points: — z =0 and = = 1.
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— F has a global minimum at z = 0 and a saddle point at = = 1.
— Problem has a global minimum at (0, 1,0) and a saddle point at (1, 3, —2).

[T
JRERIBARTH BANRN

—y=landz=1-=z

— F(z) =22 +y?+22 =22 +1+(z—1)? = F (z) = 22+ 2(z — 1) — Stationary points: — z = 3.

_>

— F has a global minimum at z = 3.
— Problem has a global minimum at (3,1, 1).
ex=1-y* = Fy)=1-y)y* =¢>—y* = F(y) = 2y — 4¢9° = 2y(1 - 2¢°)

— Stationary points: y =0 and y = £,/ 3.
+ - + - F'(x)
_______ O_______________ ____________O_________
-(1/2)~(0.5) 0 (1/2)~(0.5) X

— F has a local maximum at y = :t\/g and a local minimum at y = 0.

F(100) < F(0) — F has not a global minimimum at y = 0. F(\/g) = F(—\/g) — (see sign
scheme derivative) F' has a global maximum at these points.

fz=ay— Fz,y) ="V = F(z,y)=e"V [2zy? 2ya?]
— Stationary points: (x,0) and (0, y).

2% dxy

HF =
dzy 2z

]. — HF(z,0) and HF(0,y) are positive semi-definite — No conclusions

possible.
However, clearly F(x,y) > 1 (2%y? > 0), F(0,2) = F(y,0) = 1 — F has global minima at the

stationary points — Problem has a global minimum at all points (0, y,0) and (z, 0, 0).

g. Fromg;: s=u+v;fromge: t =2u—s=u—v — F(u,v) = (u+v)?+ (u—v)?

— F'(u,v) = [2(u+v) + 2(u —v) 2(u+v) —2(u—v)] = [4u 40]
— Stationary point: (0,0).

4 0

HF = . = HF(0,0) is positive definite — F" has a local minimum at (0, 0).

Note HF(z,y) is positive definite — F' has a global minimum at the stationary point — Problem
has a global minimum at (0, 0,0, 0).
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From g;: s =t +u—v — F(t,u,v) = (u —v)> = F (t,u,v) = [0 2(u —v) —2(u—v)]

— Stationary points: (¢, u,u).
0 O 0

HF=|0 2 -2 |.— HF(tu,v) is positive semi-definite — F is convex — F has a global
0 -2 2

minimum at the stationary points — Problem has a global minimum at all points (¢, ¢, u, u).

EXERCISE 3.17 Determine all optima (location, value, kind (local/global)) of the next constrained

optimization problems.

a.

b
c.
d

Optimize f(x,y) = ry?, subject to the constraint g(z,y) = 22 + y*> = 12.

. Optimize f(z,y) = e®y?, subject to the constraint g(z,y) = = + y*> = 1.

(
Optimize f(x,y) = 22y, subject to the constraint g(z,y) = 2% — y? = 1.
(

. Optimize f(z,y, z) = 2%z subject to the constraints g, (z,y, z) = 22 + %> + 2z = 1 and g2 (x,y, 2) =

22 4+y=1.

. Optimize f(z,y,2) = 2% + y? + 22, subject to the constraints g;(z,y,2) = 2% + y*> = 4 and

g2(z,y,2) =y* + 2% = 2.
Optimize f(z,y,2) = z* + 3y + 16y — 822, subject to the constraints g, (z,y, z) = 2% + y* = 16
and g2(z,y,2) = (y — 2)* +2° = 9.

. Optimize f(z,y) = e*¥z — 3(1 — = — y), subject to the constraint g;(z,y,z) = ¢*¥ — 2z = —1 and

9z, y,2)=r+y+z=1

. Optimize f(x,y,z) = e*¥*, subject to the constraint g;(x,y,2) = zy — 2z = 0 and ¢s(z,y,2) =

2?4+ 22 =1.

ANSWER 3.17

a.

y?=12—122 >0 — F(x) = (12 — 2?) where z € [-V/12,/12]
— F' is continuous on a compact domain — (Weierstrass) F’ has both a global maximum and a
global minimum.

F'(z) = 12 — 322 — Stationary points: z = 2 and z = —2.

- + - F'(x)
| -————————= 0-——————=—=—=—==0-—— === I
-127(0.5) -2 2 127(0.5) x
— F has a local minimum at x = —2 and = = v/12; a local maximum at x = —v/12 and =z = 2.

F(—2) = —16 < 0 = F(v/12) — F has a global minimum at = —2 and a local minimum (which
is not global) at z = /12.

F(2) =16 > 0 = F(v/12) — F has a global maximum at x = 2 and a local maximum (which is not
global) at z = —/12.

— Problem has a global maximum at (2, v/8) and (2, —/8); a local maximum (which is not global)
at (—v/12,0); a global minimum at (—2,1/8) and (-2, —/8) and a local minimum (which is not
global) at (v/12,0).
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2

b.x=1-9y2>0— F(z) =e""Vy? = F(y) =2ye' ¥ — 2%V = 2y(1 — y?)e' ¥
— Stationary points: 2y(1 —3?) =0 -y =0;y=1land y = —1.

+ - + - F'(y)
————————— 0--=-====0=-======0-—--—-=--
_1 y
— F has a local maximum at y = —1 and y = 1; a local minimum at y = 0.

F(—1) = F(1) — F has a global maximum at y = +1; F'(0) = 0 < F(y) — F has a global minimum
aty =0
— Problem has a global maximum at (0, —1) and (0, 1); a global minimum at (1, 0).
c. 2=1+4+9y2>0— F(y) = (1 +y*)y where y € R (y? > —1 always holds)
F'(y) = 1+ 3y — No extremal points.
dgp:y=1-22>g :2=1-22—y> =1-22-(1-2%% = F(z) = 2*>(1 —2? — (1—2?)?) = 2* —ab.
2

— F'(z) = 42% — 62° = 22%(2 — 32%) — Stationary points: z = 0 and z = +,/2.

+ - + - F'(x)
—————— Qmmmmmmmmmm (= mmmmmm e mmm e
-(2/3)°(0.5) 0 (2/3)°(0.5) X

— F has a local minimum at x = 0; a local maximum at z = i\/g .
F(0) > F(100) — F has a local minimum (which is not global) at z = 0.
F(—y/2)=F(y/%) — F has a global maximum at z = ﬁ:\/g.
— Problem has a local minimum (which is not global) at (0,1,0) and a global maximum at
(/312

e.gr:a?=4—y*>0—-9y2<4;90:22=2—-92>0—>y> <2
S Fy)=4—y*+1y*>+2—y> =6 —y> where y € [—v/2,V2]
— F' is continuous on a compact domain — (Weierstrass) F' has both a global maximum and a
global minimum.

F'(y) = —2y — Stationary point: y = 0.

+ - F'(y)

-27(0.5) 0 2-(0.5) y

— F has a local minimum at y = 4-1/2; a global maximum at y = 0.

F(—v/2) = F(v/2) — F has a global minimum at y = ++/2.

— Problem has a global maximum at (£2,0, +v/2) and a global minimum at (+v/2, ++/2,0).
fLg:22=81-9*>0—-y* <81 - ye[-33;90:22=9-(y-22>0—(y—2)2<9

—y—2€[-3,3] > ye[-1,5].

— F(y) =81 —y*+ 24> + 16y — 72+ 8(y — 2)? = —y* + 2y + 8y? — 16y + 41 where y € [-1,3] —

F is continuous on a compact domain — (Weierstrass) F' has both a global maximum and a global

minimum.
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Fly) = —4y® + 49> + 16y — 16 = —4(y — 1)(y + 2)(y — 2)
— Stationary points: y = 1,y = —2 and y = 2.

- + - F'(y)
| === 0-———====0--————————-——-- I
-1 1 2 3
— F has a local maximum at y = —1 and y = 2; a local minimum at y = 1 and y = 3.

F(-1) =622 > 352 = F(2) — F has a global maximum at y = 2.
F(1) = 331 > 20 = F(3) — F has a global minimum at y = 3. — Problem has a global maximum
at (+£+/65,2,+3); a local maximum (which is not global) at (++/80, —1, ++/8); a global minimum
at (0,3, 4+/8) and a local minimum at (£+/80, 1, +1/8) (which is not global).

g qr:eW=—-142>0,g2:0+y—1=2— F(z) = (2 — 1)z — 3z, where z > 1.
F'(z) = 2z — 4 — Stationary points: z = 2.

— F has a global minimum at z = 2.
— Problem has a global minimum at (0,—1,2) and (—1,0, 2).
h.gi:z=ay,gs:2€[-1,1] = F(z) = ¢*', where z € [-1,1].
— F'is continuous on a compact domain — (Weierstrass) F' has both a global maximum and a
global minimum.
F'(z) = 2z¢*" — Stationary point: z = 0.

- + F'(z)
|-————mmm - O-——————mmm o |
-1 0 1 z
— F has a global minimum at z = 0; a local maximum at z = —1 and z = 1.

F(—1) = F(1) — F has a global maximum at z = +1
— Problem has a global minimum at (+1,0,0) and a global maximum at (1,-1,1), (-1,1,1),
(1,1,1) and (—1,—1,1).

EXERCISE 3.18 Use Lagrange’s method to determine all points that qualify for an optimum of the
next constrained optimization problems. Use, next, second-order criteria; Weierstrass’ theorem; or
convexity of the Lagrange function (see Exercise 3.24, below) to determine the optima (location,
value, kind (local/global)) of the problems.

a. Optimize f(z,y) = zy, subject to the constraint g(z,y) = 2% + 3> = 2.

b. Optimize f(z,y) = 22y, subject to the constraint g(z,y) = z* + y* = 64.

c. Optimize f(z,y) = 4x + 2y, subject to the constraint g(z,y) = z7ys = 10, > 0, y > 0.
d. Optimize f(z,y)

= 22 4 42, subject to the constraint g(x,y) = 2% + zy + y*> = 3.
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e. Optimize f(x,y) = 22 + (y — 1)?, subject to the constraint g(z,y) = 422 + y* = 16.

f. Optimize f(z,y) = 2% + 3 In(2 + y?), subject to the constraints g(z,y) = 2z + y* = 2.
g. Optimize f(x,y) = ¥, subject to the constraint g(z,y) = 2% + y? = 1.

h. Optimize f(z,y) = zye:* +¥", subject to the constraint g(x,y) = 22 + > = 4.

ANSWER 3.18

a. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.13 we have:
Step 1. Df = [y z] and Dg = [2x 2y]. Note all partial derivatives are continuous — f,g € C*.
Step 2. Dg has not full row rank iff. simultaneously 22 = 2y = 0. This only occurs if (z,y) = (0, 0).

But (0, 0) is not located in the constraint set.
Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) :== 2y — M2? + y* — 2).
Step4. DL = [y — 2\z  — 2y g — 2] — necessary conditions: i) y — 2 xz = 0; i) © — 2\y =
0; iii) g = 2.
Substitution from i) into ii) shows (1 —4)\2) =0 -z =00r A = i%.
In case z = 0, i) shows y = 0, which violates iii).
If A = 1, i) shows y = . Substitution into iii) gives then 2? = 1 — Candidate extremal points:
(1,1) and (-1, —1) with A = 1.
If )\ = —%, i) shows y = —x. Substitution into iii) gives then 2> = 1 — Candidate extremal
points: (1,—1) and (—1,1) with A = —1.
Note: f(1,1) = f(-1,-1) =1; f(-1,1) = f(1,—-1) = —1 — Problem has a global maximum at
(1,1) and (-1, —1); and a global minimum at (—1,1) and (1, —1).

b. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.13 we have:
Step 1. Df = [2xy z%|and Dg = [423 4y3]. Note all partial derivatives are continuous — f, g € C1.
Step 2. Dg has not full row rank iff. simultaneously 423 = 4y = 0. This only occurs if (z,y) =

(0,0). But (0,0) is not located in the constraint set.
Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) := 2%y — Aa* + y* — 64).
Step 4. DL = [2zy — 4 \x3 22 — 4\y?® g — 64] — necessary conditions: i) 2zxy — 4\z3 = 0; 4i) 2% —
A y3 = 0; iii) g = 64.
From i): 2x(y — 2X\2?) =0 — 2 = 0 or y = 2\x2.
1. Case x = 0: Substitution into ii) shows y = 0 or A = 0 — (0,0) violates iii). Candidates:
(0, £(64)1/4) with A = 0.
2. Case y = 2\x?: Substitution into ii) shows 2%(1 — 32X\%2%) =0 - 2 =0or 1 — 32)\%2* =0
Case x = 0: — y = 0, but (0,0) violates iii).
3.Case 1 — 32Xz = 0: Az = +1 — = = +5. Substitution into y = 2Az? shows y = ;.
1

Substitution of z = £ and y = 5 into g shows: (35)* =32 = 5 = +2 5 A = +1.
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— Candidates: (£2,2) with A = 1 and (£2, —2) with A = —1.
Evaluating f at the candidate solutions shows that the problem has a global maximum at (42, 2);
and a global minimum at (+2, —2).

Furthermore, f(0,=+(64)'/4) = 0. Notice f(e, (64 — €)'/*) > 0 for € close to zero — f has a local

minimum at (0, (64)'/4); and f(e, —(64 + €)'/*) < 0 if € is close to zero — f has a local maximum

at (0, —(64)1/4).

. Note that f and g are continuous on the domain. Following Algorithm 3.13 we have:

Step 1. Df = [4 2] and Dg = [2275y5 LlaSy~%]. Note all partial derivatives are continuous —
f,g€CL.

Step 2. Dg has not full row rank iff. simultaneously z = y = 0. But (0,0) is not located in the
constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function

L(z,y, \) := 4z + 2y — M(xFys — 10).

Step 4. DL = [4 — 2Az75ys 2 — LAzfy~3 g — 10] — necessary conditions: i) 4 — 2X\z~5ys =

0; i) 2 — 2x3y~3 = 0; iii) g = 10.

Rewriting i) and ii) and next dividing both resulting equations shows %y = 3 — & = y. Substi-
—10%
Nz 5y

tution into iii) gives then = = 10 — Candidate extremal point: (10, 10) with Ag

Following Exercise 23, consider L(z,y) = 4z + 2y — Ao(z3y3 — 10) — DL = [4 — 2 -

Wl

o.:\m

2

2)\ _4 1 2 -1 -2
ST 3Ys —7)\().% 3 3 : ) 3
5 l3/ 9 Yy — HL(z,y) is positive semi-

2 2 5

%/\Omgy_ls qg— 10] — HL(x,y) =

—%/\Om sy~ 3 %)\oxgy 3

definite — L(x,y, \o) is convex — Problem has a global minimum at (10, 10).

. Note that f is continuous and that the constraint set can be rewritten as (z + 3y)? + 2¢? = 3. So

the constraint set is compact — (Weierstrass’ theorem) The problem has both a global maximum

and a global minimum. Following Algorithm 3.13 we have:

Stepl. Df = [2z 2y] and Dg = [2z +y « + 2y]. Note all partial derivatives are continuous —
f,geCl.

Step 2. Dg has not full row rank iff. simultaneously 2z + y = « + 2y = 0. This only occurs if
(z,y) = (0,0). But (0, 0) is not located in the constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) == 2% + 3% — M2 + 2y + 3% - 3).

Step 4. DL = 22 — 2Az — \y 2y — Az — 2\y g — 3] — necessary conditions: i) 2z — 2 \x — Ay =
0; 1) 2y — Az — 2)y] = 0; i4i) g = 3.

Fromi): z = Note that A\ = 1 yields x = y = 0, which does not satisfy the constraint.

T
Substitution of x = ﬁ into ii) shows 2y(1 — \) = 2(1’\7:\)@/ — y = 0 (with z = 0 again,
violating the constraint) or 4(1 —\)? = A2, From the last equality we have either A\ = 2 or A\ = %
With \ = 2, corresponds y = —x. Substitution into the constraint yields (z,%) = (v/3, —v/3) or
(z,y) = (=V3,V3).

With A = 2 corresponds y = x. Substitution into the constraint yields (z,y) = (1,1) or (z,y) =
(-1,-1).
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Evaluating f at the candidate solutions shows that the problem has a global maximum at (v/3, —v/3)

and (z,y) = (—v/3,v/3); and a global minimum at (1,1) and (-1, —1).

. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The

problem has both a global maximum and a global minimum. Following Algorithm 3.13 we have:

Stepl. Df = [2z 2(y — 1)] and Dg = [8z 2y]. Note all partial derivatives are continuous —
f,g€CL

Step 2. Dg has not full row rank iff. simultaneously 2z = 2(y — 1) = 0. This only occurs if
(z,y) = (0,1). But (0, 1) is not located in the constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(x,y,\) = 2% + (y — 1)2 — M\(42? + ¢ — 16).

Step 4. DL = [22 —4)Xx 2(y — 1) — 2y g — 16] — necessary conditions: i) 2z(1 —2X) = 0; %) 2(y —
1) — 2y = 0; 4i7) g = 16.
Fromi): z =0or A = 1 — (z,y) = (0,4), (z,y) = (0, —4) o, with A = 1, (z,y) = (v/3,2) and
(2,y) = (—V3,2).

Evaluating f at the candidate solutions shows that the problem has a global maximum at (0,4) and

(0, —4); and a global minimum at (1/3,2) and (—/3, 2).

. Note that f and g are continuous on the domain. Following Algorithm 3.13 we have:

Step 1. Df = [2x ﬁ] and Dg = |2 2y]. Note all partial derivatives are continuous — f,g € C*.

Step 2. Dg has always full row rank. So, no additional points qualify for being an optimum.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) == 2% + 3 ln(2 +9%) — A2z + 9% —2).

Step 4. DL = [2z —
0; iii) g = 2.

2+J — 2] — necessary conditions: i) 2z — 2\ = 0; 74) 5> Trr —2YA =

Fromi): z = \; from ii): y(52 )=0—-y=0o0r\= With y = 0 we obtain from the

2+y 2+ 2.
constraint z = 1. So, one candidate point is (x,y,\) = (1,0,1). Substitution of x = 5 + > into
the constraint yields: 572 +y* = 2. So, (z,5,A) = (3,1, 3) or (z,y,A) = (3, -1, 3).

Next we calculate the determinant of the bordered Hessian in all three points. Notice:
2 0 —2
_ 6(1—y?)
-2 —2y 0
So, at (3,1,4) detHL = —30 < 0and at (3,—1,1) detHL = -3 < 0. So, at both points f has a

local minimum. Whereas at (1,0,1) detHL = 2 > 0. So, here f has a local maximum. Note that
at, e.g., (z,y) = (—49,10), f(z,y) > f(1,0). So, f has not a global maximum. Without going into
further detail we notice that the minima are global (this can be shown, e.g., by substitution of the
constraint y? = 2 — 2z, with = < 1 into f).

. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.13 we have:
Step 1. Df = [ye™ ze®] and Dg = [2z 2y]. Note all partial derivatives are continuous —

f,g€CL
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Step 2. Dg has not full row rank iff. simultaneously 22 = 2y = 0. This only occurs if (z,y) = (0, 0).
But (0,0) is not located in the constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) == e — ANz + 9% - 1).

Step 4. DL = [ye™ — 2 x ze®™¥ — 2\y g — 1] — necessary conditions: i) ye®¥ — 2 \z = 0; ii)
xe®™ — 2y = 05 iii) g = 1.
If x = 0 it follows from i) that y = 0, which violates iii). So it follows from i) that \ = %e”.
Substitution of this into ii) yields (z — y%)e'w = 0. That is, 22 = y2. Substitution of this into iii)
gives 22% = 1. So, candidate optimal points are: (3v/2,3v2), (3v2,-1v2), (-1v2,1/2) and
(-1v2.-1V2).

Evaluating f at the candidate solutions shows that the problem has a global maximum at

(1v2,3V2) and (-1 /2, —11/2); and has a global minimum at (—%+/2, $+/2) and (1v/2, —1/2).

h. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The

problem has both a global maximum and a global minimum. Following Algorithm 3.13 we have:

Step 1. Df = [y(z2 4+ 1)e3™ ¥ 2(2y 4+ 1)e3” +¥"] and Dg = 22 2y]. Note all partial derivatives
are continuous — f,g € C*.

Step 2. Dg has not full row rank iff. simultaneously 22 = 2y = 0. This only occurs if (z, y) = (0, 0).
But (0,0) is not located in the constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) = zyes™ T — (a2 4 y% — 4).

Step 4. DL = [y(22 + 1)e3™ %" — 2z (2% 4+ 1)e3™ T¥° — 2\y g — 4] — necessary conditions: i)
y(z? + 1)ez™ " — 2z = 0; i) (22 + 1)ex® T¥" — 2\y] = 0; iii) g = 4.
If z = 0 it follows from i) that y = 0, which violates iii). So w.l.o.g. it follows from i) that
A = Le:®+¥", Substitution of this into ii) yields (y?(22 + 1) — 2%(2y® + 1))ez* %" = 0. That
is, y%(z* + 1) — 2%(2y? + 1) = 0. Substitution from iii) of y?> = 4 — 22 into this gives % —
622 + 4 = 0. So, candidate optimal points are: (v/3 — /5, V1 +v5), (V3 —v5,—V1+5),
(—V/3 = v5,V1+ V5) and (=3 — V5, —/1 + V5).

Evaluating f at the candidate solutions shows that the problem has a global maximum at

(V3= 5,v/1++/5) and (—v/3 — /5,—/1+/5); and has a global minimum at (—+/3 — /5,

V1++5) and (V3 -5, —V1+V5).

EXERCISE 3.19 Use Lagrange’s method to determine all points that qualify for an optimum of the

next constrained optimization problems. Use, next, second-order criteria; Weierstrass’ theorem; or

convexity of the Lagrange function (see Exercise 3.24, below) to determine the optima (location,

value, kind (local/global)) of the problems.

a. Optimize f(z,y,2) = (x—1)2+(y—1)2+(z—1)2, subject to the constraint g(x, y) = 2> +y>+2% = 1.

b. Optimize f(x,y,2z) = = + y + 2, subject to the constraints g;(z,y,2) = 22 + y*> + 2% = 12 and
g2(z,y,2) =2 —y=0.
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. Optimize f(z,y,u,v) = In(1l + wy), subject to the constraint g;(z,y,u,v) = 22 + y?> = 2,

g2(z,y,u,v) = 2u? = 1 and g3(z,y, u,v) = yv? = 1.

d. Optimize f(x,y) = 22 + 42, subject to the constraint g(z,y) = x> + zy + y> = 3.

e. Optimize f(z,y) = x® + (y — 1)?, subject to the constraint g(z,y) = 422 4 y> = 16.

f. Optimize f(z,y) = 22 + In(2 + y?), subject to the constraints g(z,y) = 2z + y? = 2.

g. Optimize f(x,y) = Y, subject to the constraint g(z,y) = 2% +y? = 1.

h. Optimize f(u,s,t,v) = u + s+t + v, subject to the constraint g(u, s,t,v) = u? + s% + > + v = 4.
ANSWER 3.19

a. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The

problem has both a global maximum and a global minimum. Following Algorithm 3.34 we have:

Stepl. Df = [2(z — 1) 2(y — 1) 2(z — 1)] and Dg = [2z 2y 2z]. Note all partial derivatives are
continuous — f,g € C*.

Step 2. Dg has not full row rank iff. simultaneously 2z = 2y = 2z = 0. This only occurs if
(z,y,2) = (0,0,0). But (0,0, 0) is not located in the constraint set.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) = (z - 12+ (y— 12+ (z = 1)2 = ANz? + 92 + 22 - 1).

Step4. DL = [2(x — 1) — 2Az 2(y — 1) — 2A\y 2(z — 1) — 2A\z g — 1] — necessary conditions: i)
2@ —1) =2 x =0;iD) 2(y — 1) —2Ay = 0; iii) 2(z — 1) — 2Az =0;iv) g = 1.
From i)-iii) we have z = y = z = 1. Substitution into iv) yields: ﬁ =1 A=1++3.
So the candidate solutions are: (\} 75 75) and (- \/g, -5 —75)-

Evaluating f at the candidate solutions shows that the problem has a global maximum at

(—%, —%, —%); and has a global minimum at (%, %, %).

. Note that f is continuous and that the constraint set is compact — (Weierstrass’ theorem) The

problem has both a global maximum and a global minimum. Following Algorithm 3.34 we have:

2 2 2
Step 1. Df = [11 1] and, with g := [ o ], Dg = [ v OZ . Note all partial derivatives

g 1 -1

are continuous — f,¢; € C.

1 -1 0
Step 2. Note rank Dg = rank . — Dg has not full row rank iff. 2z + 2y =
0 2x+4+2y 2z

2z = 0. This only occurs if (z,y, z) = (s, —s,0) with s € R. From ¢, it follows that this only may
occur at s = 0, but (0,0, 0) is not located in g;.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y, M, M) i=2x+y+2— (22 + 92+ 22— 12) — Aoz — 9).

Step4. DL = [1 — 2M\jz — Ao, 1 —2M\y + A, 1 — 2X12 g1 — 12 go] — necessary conditions: i)
1—=2XMz— X =0;i) 1 =2 \1y+ Ao = 0;iii) 1 — 2X\12 =0;1iv) g1 = 12; V) go = 0.
From i), ii) and v) we have that A\, =0 and 1-2\xz=0.S0,z=y=2= T Substitution of
this into ¢; yields: 4§2 =12 >\ =
So the candidate solutions are: (2,2, 2) and (—2,-2,-2).
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Evaluation of f at all these candidate points shows that the problem has a global maximum at
(2,2,2); and has a global minimum at (-2, —2, —2).

. Note that f is continuous. From g, we have x > 0 and from g3 we have y > 0. So the constraint
set where we have to find the optima is bounded but not closed and therefore not compact —
Weierstrass’ theorem is not applicable. One might solve now the optimization problem with just
the constraint ¢g; and in the end consider the constraints that x > 0 and y > 0 must be satisfied.

Following Algorithm 3.34 for the original problem statement we have:

g1 2¢ 2y O 0
Step 1. Df = [7%;, 195 0, Oland, withg:= | ¢, |,Dg=| v* 0 2uz 0 |.Noteall
g3 0 2 0 2uy

partial derivatives are continuous — f, g; € C*.
w2 0 2ux 0
Step 2. Note from g, and g3 that u # 0 and v # 0. — rank Dg =rank | 0 2 0 vy | =
0 2y ¥ 9

w2 0 2ux 0
rank | 0 o2 0 2vy | . — Dg has not full row rank iff. = y = 0. But this violates
0

g1-
Step 3. — All candidate solutions are stationary points of the associated Lagrange function
Lz, y,u,v, A1, A2, A3) = In(1 + 2y) — A\ (2? + y? — 2) — Aa(2u? — 1) — A3(yv? — 1).
Step 4. DL = [ﬁ — 2\ — Aqu?
— necessary conditions: i)

) ﬁ - 2)\19 - )‘3U27 —2/\2xu, —2>\32JU, g1 — 27 g2 — 1a g3 — 1]

— 2)\133 — )\2’11,2 = 0, 11) 14?7731 — 2>\1y — )\3’02 = O, 111) )\qu = O,

ey
iv) Agyv =0;v) gy = 2; Vi) go = 1; vii) g3 = 1.

As already noticed above it follows from gy that z > 0 and u # 0. So, from iii) it follows that
A2 = 0. Similarly it follows from g3 and iv) that A3 = 0. From i) and ii) we have then that
N = it = warey- SO z2 = ¢?, i.e., ¢ = +y. Notice, as both z > 0 and y > 0, the

possibility of z = —y does not apply. Substitution of z = y into g; shows 22 =1 -z =1 —

y=1—-u==xland v = +1.
So the candidate solutions are: (z,y,u,v) = (1,1,+1,4+1) with A\; = i and \; = A3 = 0.
Next, consider HL := Hf — Zle NiHg; =

2

Yy xy
g i e 00 2000 0 0 2u O 0 0 0
_ __=
Teg? i 00 Y 0200 Y 0 0 0O Y 0 0 2v
0 0 00 0000 2u 0 0 0 0 0
0 0 00 0 00O 0 0 0 O 0 2v 0 y
-0.7%5 —-25 0 O
- -25 =075 0 0
So, at the candidate solutions we get: HL = .
0 0 0 0
0 0 0 0
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-1

2y 0 0 2z
So,withB:=| 0 2zu 0 u® |, we see that by evaluating [1B”] x HL
v2 0 2yv 0
stationary point, this always yields a negative number. So, this stationary point is a local maximum.
Notice that since (x — y)? > 0, it follows that 2xy < 22 + y? = 2. So, 2y < 1. From the fact that

1
1 at the
B

the function In z is a monotonic increasing function it follows then that the function has a global

maximum at the stationary point.

1
40
on the constraint set (see Exercise 3.24). To that end consider the first 2 x 2-block of matrix
—HL(z,y,u,v, +,0,0). That is, matrix

Another way to arrive at this conclusion is to show that L(z,y,u,v, +,0,0) is a concave function

v 40
v’ + 1 _TY
A= | (tzy)? T2 (1+zy)?
: vy 2 1|
(14zy)? (I4zy)> * 2

. . . . . . . y2 1 2 1 y2 1 2
The leadinzg principal minors of this matrix are: g T3 (1fw)2 +3 and ((1+a:y)2 +35)( (1fwy)2 +
%) — % As already noticed above, x > 0 and y > 0 on the constraint set. Using this,
some elementary analysis shows that all three principal minors of matrix A are positive. This
1
v 40
0,0) provide a global maximum.

implies that matrix —H Ii(agy,u, v

1
)40
d. Note that f is continuous and that the constraint set is compact since g(z,y) = (z+3y)? +3y> =3

0,0) is positive semi-definite. So, all stationary points of

L(x7 y? u7 v

(so |y| <2and |z + %y\ < 3) — (Weierstrass’ theorem) The problem has both a global maximum

and a global minimum. We use Algorithm 3.34 to find all candidate solutions.

Step 1. Df = [2x 2y)] and Dg = [2x + y 2y + z]. Note all partial derivatives are continuous —
f,g€ChL

Step 2. Note Dg has not full row rank iff. 2z + y = 2y + « = 0. This only occurs if (z,y) = (0,0).
But (0, 0) is not located on g.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) == 22 + y* — M2? + 2y +y* — 3).

Step 4. DL = [(2—2\)x — Ay —Az+(2—2)\)y g — 3] — necessary conditions: i) (2—2X)x — Ay = 0;
ii) —Az + (2 = 2\)y = 0; iii) g = 3.

— 2 -2

2
From i) and ii) we have that + = y = 0 provided detA := det l 9o ] # 0. But

9(0,0) # 3. So, (0,0) does not qualify as a solution.
det A = 0iff. (2-2)\)? - A2 =0, 1e,if A =2o0r A = 2. In that case the equations reduce to
the system of equations 7) and g = 3. In case A = 2, 4) yields y = —z. This yields the candidate
solutions (v/3, —v/3) and (—v/3,V/3). In case A = 2, i) yields y = x. This yields the additional
candidate solutions (1,1) and (—1, —1).
Evaluation of f at all these candidate points shows that the problem has a global maximum at
(v/3,—+/3) and (—/3,/3); and has a global minimum at (—1, —1) and (1, 1).
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e. Note that f is continuous and that the constraint set is compact. — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.34 we have:
Stepl. Df = [2x2 2(y — 1))] and Dg = [8z 2y|. Note all partial derivatives are continuous —
f,g€CL.

Step 2. Note Dg has not full row rank iff. (z,y) = (0,0). But (0, 0) is not located on g.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) i= 2% + (y — 1)2 — M\(42? + ¢ — 16).

Step4. DL = [(2 — 8\)z (2 — 2\)y — 2 g — 16] — necessary conditions: i) (2 — 8\)z = 0; ii)
(2 —-2N\)y —2=0;iii) g = 16.

From i) we have that x = 0 or A = 7. In case z = 0, by iii) y = +4. From ii) one can derive then

1
Z-
the corresponding values of A. If A = %, we obtain from ii) that y = 3. Then, by iii), z = /2.
Evaluation of f at all these candidate points shows that the problem has a global minimum at
(3v2,%) and (—4V2, 5); and has a global maximum at (0,4) and (0, —4).
f. Note that f is continuous and that the constraint set is compact. — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following the algorithm:

Stepl: Df = [2x 2?@2] and Dg = [4z 2y]. Note all partial derivatives are continuous — f,g € C'.
Step 2: Note Dg has not full row rank iff. (x,y) = (0,0). But (0,0) is not located on g — All
candidate solutions are stationary points of the associated Lagrange function L(z,y, \) := 22 +
In(2 +y?) — \(22% + % - 2).

Step3: DL = [(2—4)\)x % —4)y g—2] — necessary conditions: i) (2—4\)z = 0; ii) % —4)\y =

0; iif) g = 2.

From i) we have that z =0 or A = % In case = = 0, by iii) y = /2. From ii) one can derive then

the corresponding values of A. If A\ = %, we obtain from ii) that y = 0. Then, by iii), 2 = +1.

Evaluation of f at all these candidate points shows that the problem has a global maximum at

(0,+/2) and (0, —v/2); and has a global minimum at (1,0) and (—1,0).

g. Note that f is continuous and that the constraint set is compact. — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.34 candidate
solutions of the problem are obtained as:

Step 1. Df = [ye™ xe®¥] and Dg = [2x 2y]. Note all partial derivatives are continuous — f, g € C*.

Step 2. Note Dg has not full row rank iff. (z,y) = (0,0). But (0, 0) is not located on g.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) == e — Nz + 9% - 1).

Step4. DL = [ye™ — 2)\x ze™ — 2y g — 1] — necessary conditions: i) ye®¥ — 2Az = 0; ii)
xe®¥ — 2 \y = 0; iii) g = 1. From i) we have that if y # 0, e*¥ = % Substitution of this into
ii) shows that 2A(y? — 2%) = 0. So, either A = 0 or z = +y should hold. We next elaborate all
cases.

1. Case y = 0. Then by i) z = 0 or A = 0. g(0,0) # 1, so this possibility drops out. If A = 0, by
ii) also = = 0 results again. Which, as argued above, together with y = 0 does not provide an

appropriate solution.
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2. Case A = 0. Again, by i) and ii), we get (0, 0) as a candidate solution, but this does not satisfy
iii).

3. Case z = y. Then, by e.g. i), z(¢* — 2\) = 0. So, again the inappropriate solution (0, 0)
results, or, by iii) the solutions (\/g , \/g) and (—\/g , —\/g) are obtained.

4. Case x = —y. Then, similarly as above, the solutions (—\g , \/g) and (\/g , f\/g) are ob-
tained.
Evaluation of f at all these candidate points shows that the problem has a global maximum at
(\/g, \/g) and (—\/g7 —\/g); and has a global minimum at (—\/g, \/g) and (\/g, —\/g)

h. Note that f is continuous and that the constraint set is compact. — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.34 we obtain
candidate solutions as follows:

Stepl. Df = [111 1] and Dg = [2u 2s 2t 2v]. Note all partial derivatives are continuous —
f,g€CL

Step 2. Note Dg has not full row rank iff. (u, s, ¢,v) = (0,0,0,0). But (0,0, 0, 0) is not located on g.

Step 3. — All candidate solutions are stationary points of the associated Lagrange function
L(z,y,\) i=u+s+t+v—Au?+ %+ 1% +02 —4).

Step4. DL =1 — 2 \u 1 —2Xs 1 —2Xt 1 — 2)\v g — 4] — necessary conditions: i) 1 — 2\u = 0; ii)
1—2Xs=0;iii) 1 —2Xt =0;iv) 1 —2 v =0;Vv) g = 4.
As (see e.g. 1)) A # 0 from i)-iv) we have thatu = s =t =v = % Then, by v), u = 1. So, the
only candidate solutions are: (1,1,1,1) and (—1,—1,—1,—1).

Evaluation of f at all these candidate points shows that the problem has a global maximum at

(1,1,1,1) and has a global minimum at (—1,—1, -1, —1).

Advanced, Deepening and Broadening Exercises

EXERCISE 3.20 (solving a constrained optimization problem under linear equality constraints)

In this exercise we indicate two ways how one may pursue to solve a constrained optimization problem

subject to linear equality constraints.

Consider the optimization of f(x) subject to Az = b, where A € R™*" is full row rank.

a. Show that by a simple relabeling the columns of matrix A can be "reshuffled” as [A; As], where
matrix A; is invertible. Deduct from this that the constrained optimization problem can be solved
by finding the optima of the unconstrained function f(x;), where [z 217 is the corresponding
"reshuffled” vector x with z, € R"~" and 2; = A7 (b — Asas).

b. Let AT := AT(AAT)~1. Show that the solution set of {z | Az = b} equals {ATb+ (I - AT A)y |y €
RR™}. Deduct from this that the constrained optimization problem can be solved by finding the
optima of the unconstrained function f(A*Th+ (I — AT A)y), y € R™.

c. Use both methods from item a. and b. to find the optima of the constrained optimization problem:

f(z1, 20,73, 24) = 2% + 23 — 23 — 23 subject to x5 + 23 = 2 and x5 + x4 = 1.
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ANSWER 3.20

a. Since matrix A has full row rank, by a "reshuffling” of columns (which implies the order of the
variables z; in vector = are changed) we can arrange that matrix A can be rewritten as [A; As],
where matrix A; is invertible. Or, stated in mathematical terms: there exists a permutation matrix
P (wich has the property that P? = I) such that [x7 2117 = Prand [A; Ay] = AP. Thatis, Az = b
can be rewritten as APPx = b, or as: Ajx; + Asxe = b. Since by construction A, is invertible, we
have from the last equality that 2, = A '(b — Ayxy). So, the constrained optimization problem
can be rewritten as the optimization of f(z) = f(P?z) = f(P[zT 21]7), with 21 = A7 (b— Asxy),
and xo € R"™ arbitrary.

b. Letx = ATb + (I — AT A)y, with y € R"~™ arbitrary. Then

Ax = AATO+ A(I — AT A)yy = AAT(AAT) b+ Ay — AAT(AAT) Ay = b+ Ay — Ay = b.

So, every advertized solution satisfies indeed Az = b.

Next we show that every solution of Az = b can be rewritten as A*bh + (I — AT A)y, for some
y e R*™.

Let z,, solve Az = b. Then

x,=AT Az, + (I — AT Az, = ATb+ (I — AT A)z,,.

That is, with y = z,, the solution can be rewritten into the above mentioned form.

Consequently, the constrained optimization problem can be rewritten into the advertized uncon-

andb:l2 ]
1

Notice that by "reshuffling” the first column of A towards the third position, A = [A; A5] with

strained form.
01 1 0

c. Notice the linear constraint set is described by Az = b, with A = 0 0

First, consider the method described in item a.

1 1 0 0
Al = 01 ] and Ay = 01 ] That is, with the permutation matrix
01 0 0
0010 P
P:= Lo o o we have AP = [4; As] and [y] ya ] = Pz = [z 23 21 24].
00 01

So, the constrained set can be rewritten as Az = APPx = A1y1 + Asys = b. From which we have:

2 007,
1l o 1 |

1 -1

0 1 (

y1 = A7 (b— Agys) = [
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That is:

BRI DR H F ) A

Substitution of this into f yields then the unconstrained optimization problem to find all extremal

1+£L’4

1—.7;‘4

points of f(xy,24) = 22 + (1 4+ 24)% — (1 — 24)? — 22 = 22 + 424 — 22. This unconstrained problem
has one stationary point (z1,z4) = (0,2), which is a saddle-point. So, the original constrained
optimization problem has a saddle-point at z = (0, 3, —1, 2).

Next, consider the method described in item b.

0 0
; T 2 1 T Ty—-1 1 o 1
Notice AAT = Lo | Therefore, AT = AT(AA")™! = 3 . So, ATh = )
-1 2 0
30 0 0
. o1 , . ,
and [ — ATA = 3 0o 1 1 1l Thus, with z := 3(y2 — y3 + y4), the unconstrained
0o 1 -1 1

optimization problem becomes to optimize f(y1,2) =y + (1 +2)% — (1 — 2)? — 22 = 2 + 42 — 22,
As before we obtain a saddle-point at (y1,z) = (0,2). This implies that the original constrained
optimization problem has a saddle-point at z = A*b+ (I — A+ A)y, where y = (0 yo y3 y4)T, with
Y2 — Y3 + y4 = 6. That is, at x = (0,3, —1, 2).

EXERCISE 3.21 (Step 2 optimum)

Consider the problem to find the minimum of f(x,y) = (2 +2)2+%? subject to the constraint g(x,y) =
z(z+1)%2 —y?=0.

a. Find all candidate extremal points using Lagrange’s method.

b. Show that (—1,0) yields the global minimum of the constrained optimization problem.

ANSWER 3.21
a. Note that f is continuous. Using Algorithm 3.13 we find all candidate solutions as follows:
Step 1. Df = [2(x + 2) 2y] and Dg = [(z + 1)(3z + 1) — 2y]. Note all partial derivatives are
continuous — f,g € C*.
Step 2. Note Dg has not full row rank at either (—1,0) or (—3,0). However, notice g(—%,0) # 0.
As g(—1,0) = 0, this is a candidate solution.
Step 3. All other candidate solutions are stationary points of the associated Lagrange function:
L(z,y,A) = (2 +2)* +4* = Ma(z + 1) — y°).
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Step 4. DL = 2(z+2) — Az +1)(3z+1) 2y(1+ X) g] — necessary conditions: i) 2(z +2) — A(z +
1)(3x +1) =05 ii) 2y(1 + A) = 0; iii)) g = 0.
From ii) we have that either A = —1 or y = 0 should hold. We next elaborate both cases.
1. Case y = 0. Then by iii) x = 0 or x = —1. However (—1,0) does not satisfy i), so this

possibility drops out. If = 0, A follows from i). So, (0,0) is a candidate solution.

2. Case A = —1. Then, by i), no solutions result.

Notice f(—1,0) < f(0,0). So, the problem has not a global minimum at (0, 0).

b. From the constraint it follows that y* = z(z + 1)2. Substitution of this into f gives:

flx) = (z+2)*+2(x+ 1) withz € {-1} U[0, 00)

Notice f/(x) > 0 for x > 0. Therefore, f has a global minimum at either x = 0 or x = —1. As
f(=1) < f(0), it follows that this optimization problem has a global minimum and is attained at
(=1,0).

EXERCISE 3.22 (Infinite number of optimum locations)

Consider the problem to find the minimum of f(z,y, z) = (x —1)?> + (y — 1)? + (2 — 1)? subject to the

constraints g; (z,y, 2) = 22 + y? + 22 = 3 and go(x,y,2) =2 +y + 2 = 0.

a. Find all extremal points by a direct use of Lagrange’s method.

b. Use the constraint g to reduce the problem to a constrained optimization problem in two variables.
Solve this reduced problem using Lagrange’s method. Compare your answer with item a.

ANSWER 3.22

a. Note that f is continuous and that the constraint set is compact. — (Weierstrass’ theorem) The
problem has both a global maximum and a global minimum. Following Algorithm 3.34 we obtain
all candidate extremal points as follows:

20 2y 2z

1 1

g1
g2

Stepl. Df =[2(z — 1) 2(y — 1) 2(z — 1)] and, with g := l ], Dg = . Note all

partial derivatives are continuous — f,g; € C*.

Step 2. Note Dg has not full row rank iff z = y = 2. From g, = 0, we have then thatz = y = z = 0.
However, ¢1(0,0,0) # 0. So (0,0, 0), is not a candidate solution.

Step 3. All other candidate solutions are stationary points of the associated Lagrange function

L(z,y, 2, A1, 02) := (= 1)? + (y = 1)* + (2 = 1)* = M(a® + 9> + 27 = 3) = Xo(w +y +2).
Step4. DL = [2(x —1) =2 Mz — A2 2(y—1) =2y — A2 2(2 — 1) —2A12 — A2 g1 — 3 g2] — necessary
conditions: i) 2(z — 1) — 2\jz — Ay = 0; i) 2(y — 1) — 2\ 1y — Ay = 01ii) 2(z — 1) —2X12 — Ay = 0;

iv) g1 = 3;and v) g = 0.
From i)-iii) we have that Ay + 2 = 22(1 — A1) = 2y(1 — A1) = 2z(1 — A;). From this it is easily
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verified that with A\; = 1 and A, = —2 all points satisfying iv) and v) satisfy all equations. So
all points in the constrained set are candidate solutions.
b. From g, it follows that z = —z — y. Substitution of this into f gives the equivalent minimization

problem:
flay) = (@ -1+ (y—1)>+ (z+y+1)> subjectto g(z,y) =2° +y* + (x +y)* = 3.

Note that f is continuous and that the constraint set is compact. — (Weierstrass’ theorem) The

problem has both a global maximum and a global minimum. Following Algorithm 3.34, we obtain

all candidate extremum locations as follows:

Stepl. Df = 2(x—1)+2(z+y+1) 2(y—1)+2(z+y+1)] and Dg = [22+2(z+y) 2y+2(z+y)].
Note all partial derivatives are continuous — f,g € C.

Step 2. Note Dg has not full row rank iff z = y = 0, but ¢(0,0) # 3. So (0,0) is not a candidate
solution.

Step 3. All other candidate solutions are stationary points of the associated Lagrange function
L,y \) = (- 1>+ (y— 1>+ (e +y+ 1) = Aa® +y* + (z + y)? - 3).

Step4. DL = [2(2z + y) — 2A(2z + y) 2(z + 2y) — 2A(z + 2y) g — 3] — necessary conditions: i)
22z +y) — 2X(2z +y) = 0;ii) 2(x + 2y) — 2X\(x + 2y) = 0; and iii) g = 3.
From i)-ii) we have that (2z + y)(1 — A\) = (= + 2y)(1 — \) = 0. So, again it is easily verified
that with A = 1 all points that satisfy the constraint satisfy all equations. So all points in the
constrained set are still candidate solutions.
Finally, notice f(x,y) = 2(2? + y? + xy) + 3, whereas g(z,y) = 2(z% + y* + xy). So, it is clear that
all points on g are optimal and the global minimum (and maximum) of the optimization problem
is 6.

EXERCISE 3.23 (Reformulation of strict inequality constraint problem as an equality constraint problem)
Consider the problem to find optima of f(x,y) = In(1+=xy), subject to the equality constraint g(z,y) =
22 + y? = 2 and inequality constraints z > 0 and y > 0.

a. Show that = > 0 if and only if there exists u such that zu? = 1.

b. Show that the optimization problem is equivalent with solving next optimization problem
f(x,y,u,v) = In(1 + xy), subject to the equality constraints g;(z,y,u,v) = x> + 3> = 2,
g2(z,y,u,v) = xu? = 1 and g3(x,y,u,v) = yv? = 1.

c. Solve the optimization problem.

ANSWER 3.23

a. = If z > 0 it follows the equation zu? = 1 has the solutions u = ﬁ and u = fﬁ.
< If zu® = 1 has a solution u for some z, it follows that z # 0 and 1 = «* > 0. So, z > 0.

b. This follows directly from item a.
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c. Consider the optimization problem as reformulated in item b.

91
Note f is continuous on its domain. Following Algorithm 3.34, with ¢ := | ¢, | we find all

g3
candidate solutions as follows:
2¢ 2y O 0

Stepl. Df = [1;/7“/ 1fwy] and Dg = | w2 0 2zu 0 |. Note all partial derivatives are
0 v2 0 2y

continuous — f,g € C*.
Step 2. Note, as all variables differ from zero, Dg has always full row rank.

Step 3. Therefore all candidate solutions are stationary points of the associated Lagrange function
L.y, ) = In(1 + 2y) — M (2% + 1% — 2) = Aa(au® — 1) = Ag(yo? — 1).

Step 4. DL = [ﬁ—%lx—/\gu? e —2X\1y— 302 —2\amu —2A3yv g7 — necessary conditions:
i) ﬁ — 22X — dou? = 0; ii) lf—w —2X\1y — A3v? = 0; iii) Aozu = 0; iv) A\3yv = 0; V) g1 = 2;
vi) go = 1; and vii) g3 = 1.

As z,y,u and v differ from zero it follows from iii) and iv) that Ay = A3 = 0. By multiplying i)
with y and ii) by = and next subtracting both resulting equalities we have that \; (y?> — 2?) = 0.
So we have that either \; = 0 or y? = z? should hold. We next elaborate both cases.

1. Case \; = 0. Then by i) y = 0, which violates vii).

2. Case y? = 2. Then, by v): 22 = 1 So, we just obtain one candidate solution, i.e (1, 1).

To show that f(1,1) is a global maximum, one may pursue in two ways.

1. First, one could consider the related optimization problem on the constraint set g; = 2, z > ¢,
y > ¢, where ¢ > 0 is arbitrarily small. By Weierstrass’ theorem, this problem has both a global
minimum and maximum. One easily verifies that the global maximum is attained at (1, 1),
irrespective of e. This implies that also if € converges to zero, the corresponding optimization
problem has a global maximum at (1, 1).

2. Second, recall that (x — y)? > 0. From this it follows, using the fact that g; = 2, that zy < 1.
Since In(1 + 2z) < In2if z < 1, it follows then immediately that our constrained optimization
problem has a global maximum at (1, 1).

EXERCISE 3.24 (Stationary point of a convex Lagrange function provides global constraint minimum)
Below we show next property. Assume f and g are differentiable; for some fixed ), the Lagrange
function L(z) = f(z) — AM(g(z) — b) has a stationary point at z = a; g(a) = b; and L(x) is convex on
an open convex set S containing the constraint set. Then f(x), subject to the constraint g(z) = b,
attains a global minimum at x = a.

a. Show that L(a) < L(z).

b. Use item a to show that f(a) < f(z) for all « that satisfy g(z) = b.
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c. Formulate a similar sufficient condition under which = = «a yields a global maximum of the con-

strained optimization problem.

ANSWER 3.24

a. Recall that if a differentiable convex function has a stationary point a on an open convex set S,
then this function has a global minimum at a (see Corollary 2.38). By assumption L has these
properties. From this it follows then directly that L(x) > L(a).

b. As g(x) = b for all = in the constraint set (and in particular this holds for = a), it follows from
the inequality L(z) > L(a) directly that f(z) < f(a) for all z in the constraint set.

c. Assume f and g are twice differentiable; for some fixed )\, the Lagrange function L(z) = f(z) —
A(g(x) — b) has a stationary point at x = a; g(a) = b; and L(x) is concave. Then f(xz), subject to

the constraint g(z) = b, attains a global maximum at z = a.

EXERCISE 3.25 (Optimization (homogeneous) function under linear equality constraints)

Assume f(x) is twice differentiable and the optimization of f subject to the set of linear equality

constraints ATz = p has a solution.

a. Show that this solution =*(A, p) is a homogeneous function of degree zero.

b. Assume f is a homogeneous function of some degree & > 0. Show that the solution of the problem
to optimize f subject to the set of linear equality constraints A”2 = ap, a > 1, has a solution 2V

that satisfies ATz = ap and zV = az*.

ANSWER 3.25

a. If the entries of matrix A and vector p increase with the same factor ¢, the solution set of the
linear constraints does not change. Consequently the solution of the optimization problem does
not change either. So, z*(tA4, tp) = x*(A4, p).

b. First notice that from the definition of homegeneity of f we have f(sx) = s* f(x). So by differen-
tiation of both sides of this equality w.r.t. z; it follows that D; f(sz) = s*~1 D, f(x).
Consider next the Lagrange function L(z,\) = f(x) — M (AT2z — ap). Then, by assumption, for
a = 1 the corresponding set of first-order equations has a solution \*, z* and, moreover, A" z* = p.

In particular we obtain then that at 2%V := ax*, ATz = ap and

’

(N, aF 72N = f(ax¥) — aX® ATz
_ akflf’(x*) B akfz)\*TAToza:*

oFH(f (2F) = A ATzF) = 0.

%

x

So, 2V, a*~2)\* satisfy the first-order conditions of the Lagrange function. Furthermore, f(z") =
of f(x*) > ¥ f(x) > f(z) for an arbitrary .
The advertized result follows now directly from the definition of 2.
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EXERCISE 3.26 (Optimization linear function under linear equality constraints)

In this exercise we consider the optimization of a linear function f(x) = a” z subject to linear equality

constraints g(z) := Bz = b, where a, € R" and B € R™*" and b € R™. Without loss of generality

assume both ¢ and B have full row rank (which implies in particular that the number of constraints

T

at most equals n). Let D :=

a.

Consider the case n = 2 and m = 1. Show the problem has an infinite number of solutions iff rank
D = 1. Show that in that case f has a constant value on the constrained set.
Show that, otherwise, the problem has an infimum of —oo and a supremum of oc.

. Consider the case n = m = 2. Show that the problem has both a global maximum and minimum

that is realized at the same unique point.

. Show that for arbitrary m < n the problem has a global minimum iff either m = n or the rank of

matrix D equals m. In both situations also the problem has a global maximum, that coincides with
the minimum. Show that in the firstmentioned case the location where the optimum is attained is
unique and in the lastmentioned case f attains the same value at all points in the constraint set.

Show next that if none of both cases applies the problem has an infimum of —co and a supremum

of co.
d. Show the problem has a solution iff rank D = rank B.
ANSWER 3.26
a. Consider L(x, \) = aT2 — A(Bz — b). From this, next first-order conditions for the problem result:

a’ =AB = 0
Bx = b

This set of equations only has a solution if vector a” is a multiple of vector B.
T

That is, if rank “ =1.
B

Now assume above rank condition applies. Then it follows that a”z = A\Bz = b, for all x satisfying
the constraint. That is, f has both a global minimum and maximum on the constraint set which

value, moreover, coincides and is attained at any point satisfying the constraint.
T

In case the rank condition is not met, it follows that rank [ ] = 2. Consequently the equation

a” [ 17
T = has a solution for every p € R (viz z = ). That is on the
B b B b
constraint set it is possible to realize both arbitrary negative and arbitrary positive values for f(z) =
T
a” x.

. If n = m = 2 it follows that matrix B is invertible. So the constrained set consists just of the single

point x = B~!b. From this observation the stated claims follow immediately.
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c. If m = n it follows that matrix B is invertible. Therefore the constraint set consists just of the point
x = B~1b. From which the corresponding claims follow directly.
Next consider the case that m < n — 1 and rank D =rank B = m. Consider the with this problem
corresponding Lagrangian function L(z, \) = a2 —\T(Bz—b) and resulting first-order conditions:

al = \'B = 0
Bxr = b

From the rank condition rank D = rank B it follows that the first equation above has a solution

A. Moreover, since matrix B has full row rank it follows that this A\ is unique. Consequently

a’x = \TBx = AT, for all x in the constraint set. From which again immediately the stated

results follow.
T

In case the rank condition is not met, it follows that rank l ] = m + 1. Consequently the

: a” 1 : : 1w :
equation B x = ) has a solution for every y € R (viz x = 3 ) ). That is on
the constraint set it is possible to realize both arbitrary negative and arbitrary positive values for

f(x) =aTz.

d. This follows directly from item c.

EXERCISE 3.27 (Least-squares optimization under equality constraints)

The Least-squares approximation problem is the problem to find a vector x € R™ such that the
distance between a given vector b € R™ and Az is as small as possible. Here A is a given matrix in
R™>*™ with n > m, which has full column rank. In this exercise you are asked to find the solution to
this problem under the additional constraint that vector x should satisfy the set of linear constraints
Ex = d, where E € R**™ and d € RF.

a. Use Lagrange’s theorem to show that necessary conditions for solvability of the problem:

min(Az — b)T Q(Ax — b) subject to Ex = d, 3.1

.r p—
NE

b. Use Exercise 3.24 to show that the advertized conditions in item a. are sufficient too for the exis-

where @ > 0 is some weighting matrix, are

ATQA —ET
E 0

ATQb
d

. (3.2)

tence of a solution.
c. Recall that a square matrix B is invertible if the only solution to By = 0 is y = 0. Show that matrix
AT QA is invertible.
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Show that the least-squares problem has a solution only if the equation E(ATQA)"'ET\ = d —
E(ATQA)~1AT Qb has a solution \.

. Assume k£ < m and F has full row rank. Show that the least squares problem under equality

constraints has the unique solution:
z=(ATQA)Y{ATQb+ ET(E(ATQA)'ET)"1(d — E(ATQA)'ATQb)}.

You may use the fact that if a matrix @ is positive definite, also its inverse is positive definite.
Reconsider Example 3.15 to find a Mean-Variance Optimal Portfolio. That is, to find the solution

of the optimization problem:

minimize,, ., 0% (wp,ws) = (1 — wp — ws)?08 + wiof + w?o?

subject to p(wp,ws) == (1 —wp —ws) (L + )X + wp(1 + 1) X +ws(1 +75)X = X.

Let  := [wp wp ws], with wg = 1 — w, — ws. Use above theory to show its solution is: = =
Q'ET(EQ-'ET)~1d, for appropriately chosen matrices Q and E and vector d. Find the solution
if r = 0.02, 7, = 0.05, 7, = 0.15, X = 100, X = 105, 62 = 0.01, o2 = 0.05 and o2 = 0.2.

. Consider the unconstrained case, i.e., £ = 0 and d = 0.

Two vectors y, z € R™ are called perpendicular if their inner product y*z = 0.
Show that (42)TQ(b — A%) = 0 if 4 solves (3.2). Interpret this result geometricaly, consider first
the case () = 1.

ANSWER 3.27

a.

With L(z,\) := (Ax — b)TQ(Axz — b) — (Ex — d)T \ we obtain by straightforward differentiation
w.r.t. z;, i = 1,--- ,m, the first-order conditions:

1. ATQ(Az —b) — ETA=0and 2. Bz = d.

Which can be rewritten simultaneously as the matrix equation (3.2).

. Consider a fixed A. By twice differentiation of L(x, A\) we obtain HL(z,\) = Q > 0. So, L(z, \) is

convex on R™ and therefore, by Exercise 3.24, the conditions derived in item a. are sufficient for

existence of a solution for the least squares problem too.

. Consider A”QAx = 0. Then also 27 ATQAx = 0, or, with y = Az, y"Qy = 0. Since @ is positive

definite by definition y” Qy = 0 only if y = 0. That is, if Az = 0. Since A is a matrix that has full
column rank it follows then that necessarily = 0. That is, AT QA is invertible.

. From condition 1 in item a. and item c. we have that z = (ATQA)~1(ATQb + ET)). Substitution

of this into condition 2 from item a. yields the advertized result.

. From item c. we know that ATQA is positive definite. Consequently, (ATQA)~" is also positive

definite. Since E has full row rank, and therefore E7 has full column rank, it follows - by the same

reasoning as in item c. - that ET(ATQA)~!E is invertible as well.
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From item d. it then follows that
A= (ET(ATQA)'E)"1(d — E(ATQA) AT Qo).
Substituting this into
= (ATQA)"1(ATQb+ ET))

(see proof item d.) yields the stated result.
. Let x := [wp wp ws]T, with wyg = 1 — wy — w,. We can then rewrite the optimization problem as

min,o22” [1 00710 0]z + o2 [0 1 0]7[0 1 0]z + o227[0 0 1]7[0 0 1]z

subject to
1+7r)X (Q+r)X (1+7r9)X X
xr = .
1 1 1 1
7% 0 A+7)X (1+7)X (L+7r)X
So,withQ:= | 0 o2 0 |,A:=1I E:== " " ") p .= 0and
1 1 1
0 0 o2

X . S
d:= [ . ] , we can rewrite the problem as advertized in item a.

From the construction of matrix @ it is clear that @ is positive definite. In particular it is therefore
invertible. Furthermore, matrix E has full row rank (r; > r, > r > 0, by assumption). Conse-
quently, matrix EQ~'E7 is invertible. So, by item e., the solution to the minimization problem is:
r=Q 'ET(EQ'ET)"d.

0.01 0 O
102 105 115
Using the advertized parameters we obtain, with Q = 0 005 0 |,E= ) ) ) ]
0 0 02

105
and d = [ ) ], r = [0.5778 0.2489 0.1733]T. So, approximately 58% of the capital should be

invested in the risk free asset, 25% into bonds and 17% into stocks in order to realize an expected
return of 105 with minimal risk.

. If & solves (3.2) it follows directly from this equation that (A2)TQ(b — AZ) = 2TATQb —
#TATQAz = 0.

If Q = I this implies that % is such that the vector Az is perpendicular to the vector b — Az. Or,
stated differently, A% is the orthogonal projection of vector b onto the column space of matrix A.
For an arbitrary (), the result can be interpreted as that b is via a weighted orthogonal projection
projected onto the column space of matrix A, where the weights are defined by matrix Q.

y 142 «



Constrained Optimization: Equality Constraints

Problems with an Economic Content

EXERCISE 3.28 (optimal production by a producer)

Consider a producer who wants to minimize his spending on production cost, which consist of labor

(L) and capital (K). Assume his cost per unit of labor and capital is w and r, respectively. His

production function is given by the Cob-Douglas function P(K, L) = a K7L~ (a > 0,y € (0,1), K >

0,

a.

L >0).
Assume the producer wants to produce an amount of goods G. Calculate the amount of labor and

capital he should use if he wants to minimize his production cost.

. What will be approximately the additional cost if the producer wants to increase his production by

one unit.

. Determine the production of goods at the stationary point of the problem where the producer

wants to maximize his profit, wages are flexible and the price he gets on the market for his good is
p = po + Pw — G.

. Formulate an additional necessary condition for production to occur in this model. What is remark-

able about the optimal wage set by the producer? Does this make sense?

. Consider the second-order condition for the stationary point and conclude.
. Calculate the optimum for the profit maximization problem considered in item c, if wages are fixed.
. What happens with the maximal profit if the producer increases wages?

ANSWER 3.28

a.

The producer’s production cost are given by C'(K, L) := wL + rK. Thus, the producer must solve

the constrained optimization problem of minimizing C'(K, L) subject to P(K,L) = G.

Note that C is continuous on its domain. Following Algorithm 3.13 we get:

Step 1. DC' = [r w] and DP = [ayK" 'L~ a(1 — «)L™7]. Note all partial derivatives are con-
tinuous — C, P € C.

Step 2. Note, as all variables differ from zero, D P has always full row rank.

Step 3. Therefore all candidate solutions are stationary points of the associated Lagrange function

L(K,L,\) i=wL + K — NaK'L'™7 — G).

Step4. DL = [r — AayK?" 1 L™ w — Aa(1 — ) K7L~7] — necessary conditions:
D) r—AayKY 1LY = 0;ii) w — (1 —v)KYL™Y = 0; and iii) P = G.
From i) it follows that A # 0 and AayK?~1L1=7 =7,
Similarly we have from ii) that Aa(1 — ) KYL~" = w. Dividing both these equations yields:
K71 L 1-
gl r gl r rl—7)

_— = — B ——— L =
(1—y)KYL™ W’ o (1-yK W’ o wy
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Substitution of this relationship into the production function P(K, L) = G yields then

T‘(l - 7) K)lf'y =q.

aK7(
wy

That is,

o wy wy o wy

o= (H) ™ o T € (MUY

To show that above found candidate solution yields indeed a global minimum, consider the La-
grangian L(K, L) := wL + rK — \*(aK7L'~7 — G). One easily verifies that HL(K, L) is positive
semi-definite on the open convex set K > 0, L > 0. Therefore, see Exercise 3.24, the stationary
point provides a global minimum. So, the minimal production cost for the producer are:

SRCy CLES TR LR

o wy o wy

b. The additional cost by increasing production by one unit is approximately \*(K*, L*). From item

a, e.g. equality ii), it follows (dropping for notational convenience the '’ everywhere) that

s () s () R0 ()

Notice one can also obtain this value by a direct evaluation of C'(G).

c. The profit function of the producer is:

m(K,L,w) =pG —wL —rK = (pg + fw — 0G)G — wL — rK,

where G = aK L',
The first-order conditions are:
i) Dim = (po + Pw)D1G — 20GD1G —r =0,
ii) Dom = (po + Pw)D2G — 26GD2G — w = 0,
iii) Dsm = G — L = 0.
Straightforward elaboration of i)-iii) yields:
D (po + o — 20G) (X)7" = &,
i) (po + Bw — 26G) (§)" = 57%5, and
i) (%) = L.

K

Dividing ii) by i) yields: 7 = ﬁ Substitution of iii) into this equality gives:

1/v
iii') w = TU;” (ozlﬂ) .
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Substitution of iii) into ii) gives after some rewriting: 206G = py — 3 ﬁw. Since L = G, it follows

ﬂ Y 1 1/7
that L = %(po — Bﬁw). As (byiii)) K = (073) L, we get

1/~
ii") L= %(po — Br (0[15) ) and

y B 5 1 1/~ 1 1/~
¥) K%%“Qw>)ﬁw>'

So, the optimal production is G = 5 (po — fBr (aiﬁ) 1/7) and (after some elementary calculations)
the maximal profit is G?.

. Note that production will only take place if pg > Sr (aiﬁ) 1/7.

The optimal wage in this model does not depend on the parameters py and §. So, apparently in
this model, the extent consumers react on the amount of the product brought to the market does
not impact their wage.

. Some elementary calculations show that the second-order derivative of = has next structure

a b BDlG
T o= b c d
BDYG d 0
From this one easily verifies that with x := [1 0 5], s large, 277 = = a + 2s4D;G > 0 and with

y:=[10 —s],y"ny =a—2sD;G < 0. So, the stationary point is a saddle point.
. Following item c, we reobtain next first-order conditions:

i) Dim = (po + fw)D1G — 26GD1G —r = 0,

i) Dam = (po + fw)D2G — 26GD2G — w = 0,

or

i) (po + fw —26G) (¥)"™' = = and

i) (po + B — 20G) (§)" = iy

Dividing ii) by 1) yields: £ = —2 Lets:= (225",

Notice G = oL (£)”. Substitution of this into, e.g., ii) yields:

(po + Bw)s — ﬁ
20cus? '

200s’L = (po + Pw)s — ,or, L=

w
a(l —7)
So the stationary point is:

r(1—7) 25us? ’ 26us?

(Ks,Ls) = ( )-
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And

m(Ks,Ls) = (po+ pfw—0G)G —wLs —rKg
= 6G?+ (po + Bw — 26G)G — wLg — 1Ky

= 6G2 + ﬁ(ﬂ)s — CULS — TKS

= 62+ Y Lg—wLs— L
I R Y
= G2

Elementary calculations show that

(po + fw — 25G)D11G — 25(D1G)2 (po + fw — 26G)D21G —20D,1GD>G
(po + 6&) — 25G)D21G — 2§D1GD2G (po + Bw — 25G)D22G — 25(D2G)2

Note that D, G = 3¢, DG = U209 p,,¢ = 2200 p,¢ = 100 and Dy, = 2050¢

and ¢ := py + fw — 20G = arfG

It then follows that

(po + Bw — 20G)D11G — 26(D1G)? = — <o,
and similarly,
(po + Bw — 26G) DasG — 26(D2G)? < 0.

The determinant of 7 is given (with slight abuse of notation and omitting arguments) by
t(tD11 Doy — 26(D?Dyy + D2Dy1) — tD?, + 46 D1 Dy Dy).

Substituting the expressions for the partial derivatives yields

t

4= tas!

26(7*(1 =7)G* + (1 = 7)*4G®) +467°(1 = 7)*G?) > 0.

This shows that profit attains a maximum at the stationary point.

g From item f we have that maximum profit is given by 6G?, where

K as  (po+ Pw)a(l —7v)s —w
= )7 = =
¢ o L 'L = asL a(l —7) 26cs?
_ po+Pw w :po—i—ﬁw_(r(l—'y))v 1 R
25 2a(1 — v)ds 28 ol 2a(1 — )8 '

So in this model there is an incentive for producers to have wages as large as possible. If wages are
increased, the producers will increase their production by increasing the amount of used capital
and labor, which results in a higher total profit for the producer.
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EXERCISE 3.29 (optimal stock acquisition)
Consider a firm that sells two similar products A and B (e.g. iphone’s). The amount he can sell from
product A, g4, and B, ¢g, is given by, respectively:

qa —pa +pp + 100, and

3
—2pp + =pa + 150.

qB B

Here p4 and pp are the prices he asks for product A and B, respectively. The firm has a budget b to

spend. The buying-in price for product A is p; and for product B is ps.

a. Assume the firm wants to maximize its sales. Calculate the prices the firm should ask and its
optimal stock.

b. For which buying-in prices does the firm not make any profit?

c. Consider the case that the firm makes profit. Under which conditions of the buying-in prices should

the firm try to increase its budget?

ANSWER 3.29

a. The optimization problem reads as follows:
find p4 and pp that maximize paga + ppgp subject to p1ga + p2gp = b.
Following Algorithm 3.13, consider

3
L(pa,pB,A) :=pa(—pa + pp + 100) + pp(—2pp + 2PA + 150) — A(p1ga + p2gs — b).

Differentiation of L yields next first-order conditions:

5
—2pa + ipB +100—Ap; = 0
5
5]9,4 —4dpp+150—-Apy, = 0
p1ga +p2q = b

Notice that for all A, L is concave on IR?. So, according Exercise 3.24, any solution of the first-order
conditions yields a maximum.

Eliminating A from the first two equations above yields next reduced system in p4 and pp:

5 5
(2p2 + §p1)pA — (5192 +4p1)pp = 100p; — 150p,
3
(5292 —p1)pa+ (p1 —2p2)pe = b—100p; — 150ps.
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That is,

-

2p2 + 2p1 —(Sp2 + 4p1)
3ps — ;1 p1 — 2p2

100ps — 150p;
b— 100p1 - 150;02

4 I pi=2p Spatdm 100ps — 150p,
(pr—p2)? +5p% | p1—3po 2p2+ 3pu b — 100p; — 150p,
4

(2po + 4p1)b — 450p1ps — 550p3 — 575p3 1

(p1 = p2)? +507 | (3py + 2p2)b — 250p1py — 400p? — 450p3

The optimal stock for the firm follows then directly by substitution of above relations into the
equations Q4 = —pa + pp + 100 and Qp = —2pp + 2pa + 150.

b. The profit equals II(b, p1,p2) := paga + pegs — b, with p4 and g4 as advertized above. So, for a
fixed budget b, the firm will not make profit if p; and p, are such that II(b, p1,p2) < 0.

c. From the first-order conditions we have in particular that A = m—gpﬂ

positive and A\ > 0, an increase in its budget will increase profit. So, if

. So, in case profit is

5 7
—2pa + 5bB + 100 = —Zplb + 275p1pa + 100p? + 25p3 4 25((p1 — p2)? + 5p2) > 0,

the firm can increase profits by increasing its budget.

EXERCISE 3.30 (derivation of the demand function from a utility function)

Consider a twice differentiable concave utility function U (z1, x2, 23) that is a strictly increasing func-
tion for x; > 0, where z; is the quantity consumed by the consumer of good :. Assume the consumer
has a total budget of m > 0 to spend and the price of good ¢ is p; > 0.

’

a. Show that the consumer’s utility is maximal if the marginal rate of substitutions equal the

U:r:-
> T’l:
Ty
corresponding price relatives.
b. Consider U(z1,z2,x3) = 7 x5%x5*, with o; < 1. Show that in that case the demand for good i,

[0} m

di(p1,p2,p3) = s O
c. Calculate by how much maximum utility will change if the budget changes by Am.

d. Let v(p,m) := U(dy (p,m), da(p,m), ds(p,m)). Show that d;(p,m) = — 27 (Roy’s identity).

ANSWER 3.30 Denote by S the (open, convex) domain of U, {z € R3 | ; > 0}.
a. With x := |71 22 z3)7 and p := [p1 p2 p3]T the maximization problem reads as follows: max, U(z)
s.t. pT'z = m. Following Lagrange’s algorithm, let

L(z,\) := U(x) — MpTz —m).
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The first-order conditions yield then: Ux —Ap; =0,i=1,2,3.
As U(z) is concave on S it follows (see Exercise 3.24) that a stationary point yields a maximum

location. From which we directly deduce that at the maximum location U” = 5’
z 3

£

J
. Elementary differentiation shows U, = a;2{"~'23?25*, whereas similar expressions are obtained

for U, and U, . Hence,
2 3

Ulu - QT 5
u,

Tj

Q;T;

Not that U is concave on its domain. Therefore, the Lagrange function L(z) = L(x, \*), where \*
corresponds by the stationary point, is also concave on S. By Exercise 3.24, the stationary point
thus yields a maximum.

From item a., it follows that at this stationary point,

oT; _ pi

== and pTz = m.
OéjiL'i pj

The first condition implies that p;z; = %plxl Substituting these relationships into the budget-
constraint gives
(%) Qa3
D1T1 + P22 + P3T3 = P11 + — P11+ —p1T1 =m
aq 251
Hence
maoo
—_—
P1D i

Similarly, one obtains the demand functions for =5 and x3.

T =

. The change in utility will approximately be A * Am. From item a. we have \ = % Substitution

am . s L\ 172X, @ @i
of ; from item b. into U, yields after some rewriting: A\ = (:710‘) ' H (p') .

m
. Note that X

, , 0d;
v, = g U, —
p; Ti .
i=1 Op;
From item a., we have U;h = \p;, where, by Lagrange’s theorem, A = v;n. Hence, from above
equality we obtain

3 3

Z)\pz ] _)\szad _'Umzpz

i=1

On the other hand, the budgetconstraint implies that Z?:I pid;(p,m) = m.

Differentiating this constraint with respect to p; gives
3

dd;(p, m
)+ ; = 0.
ZP ~op

That is, Z 1 pi%ﬁm) = —d;(p, m). Substitution of this into (1.) yields then Roy’s identity.
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EXERCISE 3.31 (Engel curves and Income consumption curves)

Consider a consumer who wants to maximize his utility function U(x,y,z) € C? given his budget

I and prices p; for good i, i = 1,2,3, from which he consumes a positive amount of z, y and z,

respectively.

a. Use the Lagrange approach to determine the first-order conditions for this maximization problem.

b. Consider U(x, y, z) = z*y*22%, where 0 < a;; < 1, i = 1,2, 3. Determine the optimal amount of
consumption of the goods x, y and z as an explicit function of the budget. This are the so-called
Engel curves.

c. Show that in the optimal situation, the optimal amount of consumption of product 1, z, is linearly
related to both the optimal amount of consumption of product 2, y, and product 3, z, respectively.
The functions z(y) and z(z) are called income consumption curves.

ANSWER 3.31

a. the maximization problem reads as follows: max, , . U(z,y, 2) s.t. piz +p2y + p3z = I. Following
Algorithm 3.13, let

L(l‘7 Y, z, )‘) = U(l‘, Y, Z) - )‘<p1x +p2y + p3z — I)
The first-order conditions yield then: U, — A\p; = 0, U,; — \pz = 0and U, — \p3 = 0, together with
the budget constraint. Or, by eliminating A, the following equivalent equations are obtained:
U, U,
e =P e = P and pra pay +psz =1
Uy p2 U, b3
b. With U(x, y, z) = x*y*22*, above equations reduce to the system of equations:

a1y p1 az P

—Z == —= =" and p1x + pay + p3z = I.
Q2 T p2 a3 p3

Recall that U is concave on its domain S. So, for every ), the Lagrange function is also concave on

S. By Exercise 3.24, any stationary point thus yields a global maximum.

Moreover, the first two equations imply that «1poy = aspiz and ayp3z = azpix, respectively.

Substituting these into the budget equation gives

« 1.
Zi:l a; P1
Similarly, using =i = %ﬁ, we obtain
(6% 1 .. Q3
y=—z———1 (i), and z = —5———1T (iii)
Do b2 D im1 i P3
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c. From (i) we have I = Tio piz and from (i) I = &pgy. From which we obtain that the

1
a s

income consumption curve of x w.r.t. y is given by: x = £ B2y Similarly we obtain from (i) and

Q2 P

(iii) that the income consumption curve of 2 w.r.t. z is given by: z = &+ %z.
3 1

EXERCISE 3.32 (Deriving the production function for a producer)

Consider a producer who wants to minimize his spending on production cost, which consist of labor

(L) and capital (K). Assume his cost per unit of labor and capital is w and r, respectively. His

production function is given by a concave function P(K, L).

a. Assume the producer wants to produce an amount of goods y. Show that the amount of labor
and capital he should use if he wants to minimize his production cost is determined by the two
equations:

>
P(K,L)=y, and ~L =

Py r

b. Consider P(K, L) = u(aK?+ (1 —a)LP)%, where0 < a < 1,4 >0, > 0and p < 1 (a production
function that has constant elasticity of substitution, a so-called CES-production function). Show
that the with this production function corresponding long run cost function is: C(y) = 0y, for
some constant 6.

c. Show, using the second-order criterion that det H L < 0, that the solution obtained in item b indeed
yields a minimum.

d. Assume the producer will be a monopolist in the market and the price of his product is given by
p(y) = ﬁ and 0 < p < 1. Calculate the amount of labor and capital the producer should invest to

maximize his profit.

ANSWER 3.32

a. the minimization problem reads as follows: ming ;, wL+rK s.t. P(K, L) = y. Following Algorithm
3.13, let

L(K,L,\) = wL +rK — A(P(K,L) — y).

The first-order conditions yield then: r — APy, = 0, w — AP, = 0 together with the production
constraint P(K, L) = y. Or by elimination of \, equivalently, next equations:

P/L w
L -2 and P(K,L)=1y.
P~ (K.L)=y
b. With P(K, L) = p(aK? + (1 — a)L#)7, P, = (1 — a)LP " pLpu(aK? + (1 — a)L#)7 ! and Py =

aKr1! p% plaKP 4+ (1 — a)LP)%_l. Therefore above equations reduce to the system of equations:

B
B

_ p=1
L (L) :8, and p(aK? + (1 —a)Lf)r =y.
r

o K
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1

From the first equation we have: L = (( — ) """ K. Substitution of this into the second equation

1—a)r

o
-1

shows: [a+ (1 —«a) (ﬁ) JKP =y. 0 K =[a+ (1 —«) (Ofifm);}%y%. So, the long run

cost for the producer are

1

aw )r)pl tra+(1-a) ((O‘“’)r)ppl];y; — 0yt

Cly)=wL+rK =|w ((1—04

c. Notice that HL = | —APrx —APp, —Pp |,wherewith S := gu(aK? + (1 - a)Lﬂ)%—l,
—Px —Pr, 0
Pg = aKP718;Pp=(1-a)L’7'S, Pk = a(p— 1)K %S + oK™ Sk,
Pip = (1=a)(p— 1L’ S + (1 - )L’ 'Sy, and Pxy = aK?7'S1; Pric = (1 — )L 'S

In particular we obtain from this that at the point where the first-order conditions apply (denoted
with an asterisk)

NPh =alp—1D)K* NK* ' S+aNK* Sk =(p—1)rK* +aXN'K*" Sk
NPr =(1—a)p— DL ALY S+ (1 —a)A L S; = (p— DwL* +(1—a)\'L* 'S},

Notice, using the first-order conditions and the fact that A # 0, that:

detHL* = —Pg(XN'P[gP; — NPj;Pg+ PL(N"PgyPr — NPy Pr)
= “NPr(PrgPp— ProPg) + N PL(Prg Pp — Prp Pr)
= —r(PpxPr = PrpPy) +w(Prk Pr — Pgy Pr)
1 * * * *
= F(*T(WPLK —rPpp) + w(wPi g — rPrp)).
Using next the above derived expressions for \* P} - and A* P}, respectively we obtain from the
last equation that
1
detHL" = F(_T(W)‘*PEK —TA"Prp) + w(wA Pgge — A" Pgep))

1 —1 p—1 p—1 p—1
= F(r2(,u(p — DL + 721 — )AL SE —wraN'K* S5 —wr(l — )X LY S

+w?K* (p—1)r + w2 K* S5,
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Next observe that, again using the first-order conditions and the fact that g—’z =%

r2(1— )N L S5 — wra)\*K*pilSz —wr(l— a))\*L*pflS}‘( + w2a)\*K*pflS;} =

2
r2(1 — )N L St —wraXN'K* S5 —wra\* L™ S + wQ%A*K*pf St =
—a

aw

-1

K ) =0.

1—a)r —aw)\*Sp(rL*" " —

(1= a)r — aw)\ Sy (L =
Consequently, detH L = 1% (r?w(p — 1)L* +w?K*  (p—1)r) < 0. So, by Theorem 3.23, we can
conclude that at the stationary point we have a minimum location.

d. Profit is given by

M(y) = p(y)y — C(y) = cy/y — Oy>.

Thus,

From this we straightforwardly obtain that y* = (53) 5 yields maximum profit. Hence, provided
profit is nonnegative at this point, the optimal investment in labor and capital are

P

K=[o+(1-a) (&)M]fy*;, and L = ((1?“;)7@) K.

EXERCISE 3.33 (Income and substitution effect in optimal consumer choice if price of a good changes)
Consider a consumer who wants to spend his budget I on two goods. The price of good i is p;, i = 1, 2.
His utility from consumption of amounts z and y of the goods, respectively, is U (z,y) € C2.

a. Formulate the optimization problem the consumer has to solve if he wants to maximize his utility.
Use the Lagrange approach to formulate the first-order conditions. Assume utility is maximized by
a consumption of (z*,y*) of the goods.

b. Assume the price of the first good increases from p; to pI¥. Assume utility is maximized in this case
by a consumption of 2" and ¢V of both goods, respectively.

Assume the utility function is given by U(z,y) = xy. Calculate 2"V and y".

c. Next, some authorities want to compensate the consumer for his loss of utility by increasing income

such that with these new prices he can still achieve his old utility U* := U(z*,y*). This results
in the optimization problem max, , U(x,y) subject to the budget constraint pYz + poy = IV and
U(x,y)=U*.
Determine this drop in real income if the utility function is given by U(x,y) = zy and the corre-
sponding optimal consumption bundles (z°,4). In literature the move from the bundle (z*,y*) to
the bundle (z¥,y") is called the (Hicks) substitution effect and the move from the bundle (z ,y%)
to the bundle (2%, y") the (Hicks) income effect.
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d. Other authorities want to compensate the consumer by increasing income such that he can purchase
his old optimal bundle (z*,%*). With this new income, I°, the consumer can in fact realize a
higher utility. Calculate this corresponding maximum utility and consumption bundles (z°,y~)
if U(z,y) = zy. In literature the move from the bundle (z*,y*) to the bundle (z°,y?) is called
the (Slutsky) substitution effect and the move from the bundle (z°,y®) to the bundle (zV,y") the
(Slutsky) income effect.

ANSWER 3.33
a. The optimization problem is: max, , U(z,y) subject to the budget constraint p;x + poy = I. So,

with L(z,y,\) = U(z,y) — AM(p1x + poy — I), the resulting first-order conditions are:
U, — Ap1 =0, Uy; —Ap2 =0, and p1z + poy = 1.

Which imply
Uf _l together with p1x + poy = I.
U, bp2

b. From above first-order conditions it follows with U(z,y) = xy:

N
Y_PL and pNa + poy = I.
€T P2

From which we get "V = ﬁ and y" = 51—

Some elementary calculations show that

o 1 —pY
HL = 1 0 —P2
-pY -p2 0

The determinant of H L equals 2pYps > 0. So we have a maximum at (z",y").

I I

c. First note that, similarly as above, we have (2*,y*) = (5,7, 7,

). The substitution effect is deter-
mined by solving the system

N I
g:p—l,pivx—i—pgy:IN, and zy = .
T p2 4p1p2

‘¢ givess TN — [P H Hy_ (1 / 1 LIl
This gives: IV = KIand(m Y )*(gmfazpz\/:n'

That is, under new prices, with an income of IV one could have realized the same utility as before.

d. I° = pla* + poy* = %(’;% +1)I. Next consider the maximization of U (z, y) subject to the budget

constraint pi¥x + pyy = I°. Along the lines of item ¢, we obtain next first-order conditions:

N
Y- P and pNa + pay = I°.
T P2
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Solving this system gives (z°,y°) = (21;;, %) Along the lines of item c (consider det HL), it

follows that this point provides a maximum location too.
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CHAPTER 4

Constrained Optimization:
Inequality Constraints

4.1 The Directional Derivative

EXERCISE 4.1 Calculate in which directions the function f at the indicated point increases maximally,
minimally and almost not, respectively.

a. f(z,y) = 4zy at (x,y) = (1,2).

b. f(x,y) = 22 + y* at (z,y) = (0,0).

¢ f(z,y,2) =2 —2y* + 2% at (z,9,2) = (2,1,2).

ANSWER 4.1

a. Df(x,y) = [4y 4z]. Therefore Df(1,2) = [8 4]. So f will increase maximal in the direction [8 4]7,
minimal in the direction [-8 — 4], and almost not change in the directions [—4 8]7 and [4 — 8]T.

b. Df(x,y) = [2x 2y]. Therefore Df(0,0) = [0 0]. So, in all directions the value of f will almost not
change.

c. Df(z,y,z) = [2x — 4y 2z]. Therefore Df(2,1,2) = [4 — 4 4]. So f will increase maximal in the
direction [1 — 1 1]7, minimal in the direction [-1 1 — 1]¥, and almost not change in the directions
perpendicular to D f(2,1,2) that is all vectors pointing into the plane  — y + z = 0. That is

{(y,2) | 2=y—=z 2,yeR}=
T T 1 0
{] v | y =M 0 |+Xx| 1] NeR, i=12}
z -1 1
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4.2 Two variables and one inequality constraint

EXERCISE 4.2 Solve the next constrained optimization problems.

a. Maximize f(z,y) = 4xy subject to the constraint g(z,y) := z? + 2y* < 6.

b. Maximize f(z,y, z) = —x? — y? + 4x + 4y, subject to the constraint g(z,y) ==z +y < 2.

c¢. Minimize f(z,y) = x? + y?, subject to the constraint g(z,y) := pyz + pyy < 1, where p, and p,
are some positive numbers.

d. Minimize f(x,y) = z + ¥, subject to the constraint g(z,y) := 22 + y? > 8.

ANSWER 4.2
a. To find all candidate solutions, we proceed along the lines of Algorithm 4.9.
Step 1. Df = [4y 4z], Dg = [2x 4y]. So f, g € CL.
Step 2. Check for points where the implicit function theorem does not apply.
Consider G := [2x 4y 2% + 2y* — 6] = [0 0 0]. There is no solution to this set of equations. So the
Implicit Function Theorem can be applied to all the points in the feasible domain.
Step 3. Consider £ = 4xy — \(z? + 2% — 6).
Step 4. The Kuhn-Tucker conditions are:

[Ay — 2)\x 4z — 4\y] = [0 0],
Az? +2y% —6) =0,

A >0,

x2 4+ 2y2 —6<0.

i) When the constraint is not binding, 2% + 2y% — 6 < 0, A = 0, and consequently [4y — 2\x 4z —
4\y] = [0 0] gives (x,y) = (0,0). Obviously, (z,y) = (0,0) satisfies 2> + 2y*> — 6 < 0. So this
point satisfy the Kuhn-Tucker conditions and is a candidate point.

i) When the constraint is binding, i.e. 22+42y*—6 = 0, in combination with [4y —2\z 4z—4\y| =
[0 0] this gives (22, 4% A?) = (3,2,2). Since A > 0, A = v/2. Since 2 = Ay, = and y must have
the same sign. There are two candidate points found in this step: (v/3, @), (—V/3, —@).

So there are in total three candidate points: (0,0), (v3, %0), (—v/3, —8).

Evaluation of f at these points gives:

£(0,0) =0 and f(V/3, ?) = f(—\/?:,—?) =6V2.

Since there are only three candidate points and the constraint set is compact it follows from Weier-

strass’ theorem that (/3, @), (—V/3, —@) are the two points where f attains its global maximum.
b. To find all candidate solutions, we proceed along the lines of Algorithm 4.9.

Stepl. Df =[-2x+4 —2y+4],Dg=1[11].So f, g€ C.
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Step 2. Clearly Dg has full row rank everywhere. So the Implicit Function Theorem can be applied
to all the points in the feasible domain.

Step 3. Consider £ := —2? —y? + 42 + 4y — Nz +y — 2).

Step 4. The Kuhn-Tucker conditions are:

2z +4—X —2y+4—)\=1[00],
Mz +y—2)=0,

A >0,

r+y—2<0.

i) When the constraint is not binding, i.e. x+y < 2 it follows that A = 0. So [-2z+4 —2y+4] =
[0 0], which gives (z,y) = (2,2). But (z,y) = (2,2) does not satisfy 2 + y — 2 < 0. So this
point does not satisfy the Kuhn-Tucker conditions and is not a candidate point.
ii) When the constraint is binding, i.e. x4y = 2, together with [-2z+4 - X —2y+4—\] =[00]
gives (z,y, A) = (1,1, 2) as the only candidate solution.
So, there is only one candidate solution: (z,y,\) = (1,1, 2).
Note that the second-order derivative of L(x,y,2) = —2? —y? + 2z + 2y + 4 is )
HL(z,y,2) < 0. Therefore L(x,y,2) is concave on R?. Consequently, at (1,1) the constrained

O ]
. So,

optimization problem has a global maximum.

c. Consider the maximization of f(xz,y) := —z? —y? subject to the inequality constraint p,z+p,y < 1.

To find all candidate solutions, we proceed along the lines of Algorithm 4.9.

Step 1. Df = [-2x —2y], Dg = [p, p,)- So f, g € CL.

Step 2. Clearly Dg has full row rank everywhere. So the Implicit Function Theorem can be applied
to all the points in the feasible domain.

Step 3. Consider £ := —2? — y? — A(pyx + pyy — 1).

Step 4. The Kuhn-Tucker conditions are:

[~22 — Ap; —2y — Ap,] =[00],
AMpzz +pyy — 1) =0,

A >0,

PaT +pyy — 1 <0,

i) When the constraint is not binding, i.e. pyx + p,y < 1 it follows that A = 0.
So [—2x — Ap, — 2y — Apy] = [0 0] gives (z,y) = (0,0). (z,y) = (0,0) also satisfies p,z +
pyy — 1 < 0. So this point satisfies the Kuhn-Tucker conditions and is therefore a candidate
point.

ii) When the constraint is binding, i.e.  +y = 2, together with [-22 — Ap, — 2y — Ap,| = [0 0]
does not provide any solution (add for instance the last two equations and, next, substitute
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into the resulting equation « + y = 2. Then, as A > 0, the resulting equation does not have a
solution).
So, the only candidate solution is (z,y) = (0, 0).

-2 0
Note that the second-order derivative of L(z,y,0) = —22 —y? is [ 0 ) ] . So, HL(z,y,2) < 0.

Therefore L(x,y,0) is concave on R?. Consequently, at (0,0) the initially formulated constrained

optimization problem has a global minimum.

d. Consider the maximization of f(x,y) := —x—y subject to the inequality constraint —z2 —3%+8 < 0.

To find all candidate solutions, we proceed along the lines of Algorithm 4.9.

Step1. Df =[-1 — 1], Dg=[-2x —2y].So f, g € C..

Step 2. The only point where Dg has not full row rank is (0,0). But (0,0) is not located in the
constraint set. So the Implicit Function Theorem can be applied to all the points in the feasible
domain.

Step 3. Consider £ := —2 —y — A\(—22 — 3% + 8).

Step 4. The Kuhn-Tucker conditions are:

[—1+2X\z —1+2Xxy] =[00],
A2 +y? —8) =0,

A >0,

22 4+ 4% > 8.

i) When the constraint is not binding, i.e. 2? + y* > 8 it follows that A\ = 0. In this case
[-1+2Az — 1+ 2Xy] = [0 0] has no solution.

ii) When the constraint is binding, i.e. 2% + y? = 8, together with [-1 +2\z — 1+ 2\y] = [0 0],
from the last 2 equations it follows that » = y. Substitution into z2 + y? = 8 gives (z,y) =
(2,2), with A = 1.

So, the only candidate solution is (z,y) = (2, 2).

N[

0 5

L(z,y, ;) is convex on R?. Consequently, we cannot conclude from either Weierstrass’ Theorem or

0
Note that the second-order derivative of L(z,y, %) is l ] So, HL(z,y, i) > 0. Therefore

Proposition 4.11 that the initially formulated problem has a global minimum. In fact, by choosing
both z and y arbitrarily negative, we see that we can make = + y arbitrarily negative while still
satisfying the inequality constraint 2% + y? > 8. That is the initially formulated minimization
problem does not have a solution.
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4.3 The general case

EXERCISE 4.3 Solve the next constrained optimization problems.

a.

b.

. Maximize f(z,y) = y? — 2, subject to the constraints g;(z,y) = 22 + y? < 4 and g»(z,y)

Maximize f(x,y) = x + y, subject to the constraints z? + 2y? < 6, x > 0 and y > 0.
Maximize f(x,y) = —2? — 2y — y? subject to the constraints g, (z,y) =  — 2y < —1; ga(z,y) =
20 +y <2;x>0andy > 0.

2 2

2+ (y—2)?%<4.

. Minimize f(z,y) = x + xy, subject to the constraints y < 2 — x2, z > 0 and y > 0.
e. Maximize f(z,y) = = + y, subject to the constraint g(z,y) =y < —1z%
(

Maximize f(z,y) = x — 3y, subject to the constraints y > z? and z < 2.

ANSWER 4.3

a.

The feasible domain is compact. So, by Weierstrass’ Theorem, the global maximum and global
minimum exist. To find all candidate solutions, we proceed along the lines of Algorithm 4.20.
2z 4y
Stepl. Df =[11],Dg= |—-1 0 | . Therefore, f,g € C'.
0 -1
Step 2. Check invertibility/full row rank

20 4y 2?2+2y°—-6 0 0
G=1|-1 0 0 —x 0
0 -1 0 0 —y

By construction, G has full row rank at the interior points. So we only need to check the condition

at the boundary points.

1. First consider the case when only one constraint is binding. Note that the last two rows of G
are linear independent. So we only need to verify whether the first row is linearly independent
from the last two rows. When z2 4 2y2 — 6 = 0, then either = # 0 or y # 0. Then, clearly, the
first row is linearly independent from the last two rows. When —z = 0, since z2 +2y? — 6 # 0,
the three rows are linearly independent. Similarly, the three rows are linearly independent
when —y = 0. Therefore, G has full row rank when only one constraint is binding.

2. Next consider the case when two constraints are binding. This leads to five corner points:

(0, £v/3), (£V6,0)

and
(0,0).

Evaluation of GG at these points shows that G always has full row rank.
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Therefore, no candidate extremal points are found.
Step 3. Consider £ :=x +y — A (22 + 2y% — 6) — Aa(—2) — A3(—y).
Step 4. Kuhn-Tucker Conditions:

[1—2 2+ Ao, 1 —4\y+ A3] =10, 0];
A1 (2% +2y% — 6) = 0;

Aoz = 0;

Azy = 0;

A1, A2, Az, z,y > 05

22 + 2y <6.

i) If no constraint is binding, \; = 0, ¢ = 1, 2, 3. Substitution into [1 =2 \;x+ A2, 1—4A\y+A3] =
[0, 0] shows that this is not possible.
ii) If only one constraint is binding:
1.If 22 +2y? = 6, 2 > 0 and y > 0. Then Ay = \3 = 0. Substitution into [1 — 2\;z + Az, 1 —
4\ 1y + A3] = [0, 0] yields:

Alziv
T =2
y=1

2.1fx =0, 2% + 2y?> < 6 and y > 0. Then A\; = A3 = 0. Substitution into [1 — 2X\;x + Ag, 1 —
4\1y + N3] = [0, 0] yields Ay = —1. Which is not possible.

3.1fy=0,2% +2y? < 6and x > 0. Then \; = Ay = 0. Substitution into [1 — 2\;x + Ag, 1 —
4\1y + A3] = [0, 0] yields A3 = —1. Which is not possible.

iii) If two constraints are binding. This is essentially checking the three corner points.

1. When 22 + 2y? = 6, x = 0 and y > 0. Then A3 = 0 and, consequently, (z,y) = (0, +/3).
Substitution into [1 — 2A\ 12 + Az, 1 — 4\ y + A3] = [0, 0] shows Ay = —1. Which is not
possible.

2. When 22 +2y? = 6, y = 0 and = > 0. Then A\, = 0 and, consequently, (x,y) = (+/6,0).
Substitution into [1 — 2M\;x + A2, 1 — 44Xy + A3] = [0, 0] shows A3 = —1. Which is not
possible.

3. Whenz =0, y = 0 and 2 + 2y*> < 6. Then A\; = 0 and (z,y) = (0,0). Substitution into
[1—2M\z+ Ay, 1 —4M\y + A3] = [0, 0] shows Ay = —1. Which is not possible.

So, there is just one candidate point (z,y, A1, A2, A3) = (2,1, %, 0,0).
Weierstrass’ theorem tells us that a global maximum exists. Therefore, the maximum is attained at
(2,y) = (2,1).
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c¢. The feasible domain is compact. By Weierstrass’ theorem therefore a global maximum and global
minimum exist. To find all candidate solutions, we proceed along the lines of Algorithm 4.9.

2z 2y

2z 2(y —2)

Step 2. Check invertibility/full row rank of

Stepl. Df =2y —2z], Dg = l 1 . Therefore, f,g € C*.

|2z 2y 22 +y? -4 0
S22 2(y-—2) 0 22+ (y—2)%—4|

By construction G has full row rank at the interior points. So we only need to check boundary
points.
1. First consider the case when only one constraint is binding. Assume the first constraint, 22 +
y? = 4 is the only binding constraint. Then matrix G has not full row rank iff. x = y = 0. But
this condition violates the first binding constraint. So if only the first constraint is binding G
has full row rank. Similarly it follows that if only the second constraint is binding matrix G
has full row rank.
2. Finally, both constraints are simultaneously binding at the points: (++/3,1). Evaluation of G
at these points shows that G always has full row rank.
Therefore, no candidate points are found.
Step 3. Consider £ :=y? — 22 — X\ (2% + y? — 4) — Aa(2% + (y — 2)? — 4).
Step 4. Kuhn-Tucker Conditions:

[—22 — 2\ — 2X 0 2y — 201y — 2X2(y — 2)] = [0 0];
A (22 492 —4) =0;

)\2(562 + (y— 2)2 —4)=0;

AL, A2 > 05

a? +y? < 4

2?2+ (y—2)% <4

i) If no constraint is binding, \; =0, i =1, 2.
Substitution into [—2z — 2A\1z — 222, 2y — 21y — 2X2(y — 2)] = [0, 0] yields (x,y) = (0,0).
But (0, 0) is binding in the second constraint. So, we don’t get any solutions here.
ii) If only one constraint is binding:
1. If 2? + y* =4 and 2 + (y — 2)? < 4. Then X\, = 0.
Substitution into [—2z — 2\ z — 2X\2z, 2y — 2A\1y — 2X2(y — 2)] = [0, 0] yields:

—2x — 2\ = 0;
2y — 2\y = 0;
2?2+ 9% = 4.

» 163 «



Questions and Answers Introduction to Optimization for Economists

From the first two equations we have that either (z,y) = (0,0) or (z, A1) = (0,1). Clearly
(0,0) does not satisfy the third equation. With (z, A1) = (0,1), y = £2 results from the
third equation. However, only (z,y) = (0, 2) satisfies the second constraint. So, the point
(x,y) = (0,2) with (A1, A\2) = (0, 1) satisfies all conditions.

2.1f 2% + (y — 2)2 = 4 and 22 + y* < 4. Then \; = 0.
Substitution into [—2z — 21z — 2X\az, 2y — 2A1y — 2X2(y — 2)] = [0, 0] yields:

—2x — 29w = 0;
2y — 2Xa(y — 2) = 0;
22+ (y —2)? =4

From the first and third equation we derive that either (z,y) = (0,0) or (z,y) = (0,4).
As (0, 4) violates the first inequality constraint, the only candidate solution that remains is
(z,y) = (0,0) with (A1, A2) = (0,0).
iii) The only points where both constraints are binding are: (+/3,1).
Substitution into [—2z — 2X\1x — 2X\az, 2y — 2A1y — 2A2(y — 2)] = [0, 0] yields:

T4+ A1+ A2 =0;
1—X+X=0.

As \; > 0 it is clear from the first equation that there is no appropriate solution in this case.
So we find two candidate solutions: (x,y) = (0,0) and (z,y) = (0, 2).
Weierstrass’ theorem tells us that a global maximum exists. Therefore, the maximum is attained at
(0,2).
d. The feasible domain is compact. So, by Weierstrass’ theorem, a global maximum and global mini-
mum exist. To find all candidate solutions, we proceed along the lines of Algorithm 4.9.
2¢ 1
Stepl. Df =[1+yax],Dg=|—1 0 |.Therefore, f,g € C*.
0 -1
Step 2. Check invertibility/full row rank of

By construction G has full row rank at the interior points. So we only need to check boundary

points.

1. First consider when only one constraint is binding. Assume the first constraint, z? + y = 2
is the only binding constraint. Then matrix G has full row rank as both x and y differ from
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zero. Similarly it follows that if either only the second or third constraint is binding, matrix
G has full row rank.

2. Finally, two constraints are simultaneously binding at the points: (0,0), (0,2) and (v/2,0).
Evaluation of G at these points shows that G always has full row rank.

Therefore, no candidate points are found.

Step 3. As we have to minimize f(z,y) = « + xy, consider the Lagrange function:
L:=—x—xy— (x> +y—2)+ dox + A3y.
Step 4. Kuhn-Tucker Conditions:

[Fl—y—2\z+ A, —z— A1 + A3] =0, O];
(2?2 +y—2) =0;

Aoz = 0;

Asy = 0;

\>0,i=1,23;

2? +y <2 2>0;y>0.

i) If no constraint is binding, \; =0, i = 1,2, 3.
Substitution into [-1—y — 2\ z+ Ay —x — A; + A3] = [0 0] yields («,y) = (0, —1). Buty > 0.
So, we don’t get any solutions here.
ii) If only one constraint is binding:
1.If22 +y=2; 2 > 0and y > 0. Then A\ = A3 = 0.
Substitution into [—1 — y — 2X\12 4+ Ao, —z — A1 + A3] = [0, 0] yields:

—1—y—2M\z=0;
—T — )\1 = 0;
22 +y=2.
As x > 0 and \; > 0 one easily verifies that above set of equations has no solution.

2.If2?24+y<2;2=0andy > 0. Then \; = A3 = 0.
Substitution into [—1 —y — 2A\;z + A2, —x — A1 + A3] = [0, 0] yields:

“l1-y+X =0
0=0;
z=0.

So, all points (0,y), with 0 < y < 2, and (A1, A2, A3) = (0,1 + y, 0) satisfy all conditions.
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3. Ifz?+y<2;z>0andy =0. Then \; = A\ = 0.
Substitution into [—1 —y — 2\z + Ag, —z — A1 + A3] = [0, 0] yields:

—1-y=0;

Clearly there is no solution here.
iii) If two constraints are binding:
This occurs at the points (0,0) (with A; = 0); (0,2) (with A3 = 0) and (+/2,0) (with A\, = 0).
Evaluation of [-1—y—2X\;x+ X2, —z—A1+A3] = [0, 0] at these points shows that (0, 0) satisfies
all KKT conditions too with (A1, A2, A3) = (0, 1,0), and (0, 2) too with (A1, A2, A3) = (0, 3,0).
So we find the candidate solutions (0, y), with 0 <y < 2, and (A1, A2, A3) = (0,1 + ¥, 0).
Weierstrass’ theorem tells us that a global minimum exists. Evaluation of f shows that at all these
points f attains the same value of zero. So all candidate points are global minimum locations.
e. First note the feasible domain is not bounded, so not compact. To find all candidate solutions, we
proceed along the lines of Algorithm 4.9.
Stepl. Df =[11], Dg = [x 1} . Therefore, f,g € C'.
Step 2. Clearly, g has always full row rank. Therefore, no candidate points are found.
Step 3. Consider £ =z +y — A\(y + 32?).
Step 4. Kuhn-Tucker Conditions:

[1—Az1—)\=][00];
My + 32?) = 0;
A >0

y+ 522 <0.

From above conditions we obtain (z,y,A) = (1,—%, 1) is the only candidate solution.
- - -1 0
With A = 1, the constrained Lagrangian L(z,y) := z+y — (y+ 22?%). So, HL = l 0 ] . From
which we conclude that L (z, y) is concave on IR2. So, by Proposition 4.11, f has a global maximum

at (1,—1).

f. First notice the feasible domain is not compact. Furthermore observe that by choosing z arbitrarily
negative and y = 22, f(z,y) = — %x?’ becomes arbitrarily large. So the problem has not a global
maximum. To find all candidate solutions, we proceed along the lines of Algorithm 4.9.

2¢ —1
Step 1. With g, := 2®> —y and g, := x — 2: Df = [1 - %% *%l‘k Dg = [f 0 1 . Therefore,

f,geCl.
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Step 2. Check invertibility/full row rank of

|2z —1 22—y 0

110 0 x-2|

By construction, G has full row rank at the interior points. So we only need to check boundary
points.
1. First consider when only one constraint is binding. One easily verifies that G has than in both
cases rank 2.
2. If both constraints are binding, it follows (z,y) = (2,4). Again one easily verifies that G has
rank 2 then.
So we don’t find any candidate locations in this step.
Step 3. Consider £ =z — fxy — A1 (2? — y) — Aoz — 2).
Step 4. Kuhn-Tucker Conditions:

[1— 5y —2\z — A2, g2+ A = [0, 0;
M(2? —y) =0;

Aoz —2) = 0;

A1, A2 > 0;

y>2x?and z < 2.

i) If no constraint is binding, A; =0, i =1, 2.
Substitution into [1 — 3y — 2X\@ — A2, —1x + M| = [0, 0] yields (z, 4, A1, A2) = (0,3,0,0) as
a candidate solution.
ii) If only one constraint is binding:
1.If y = 2% and = < 2. Then Ay = 0.
Substitution into [1 — 3y — 2X\x — Az, —1x + Aq] = [0, 0] yields:

1-—- %xQ — 2\ =0;

Which yields (z,y, A1, A2) = (1,1, %, 0) as a candidate solution.
2.Ifx =2and y > z2. Then \; = 0.
Substitution into [1 — 1y — 2X\1z — X2, —3z + A1] = [0, 0] yields = = 0, which violates the
assumption z = 2.
iii) If both constraints are binding, (z,y) = (2,4). However, the KKT conditions don’t have an
appropriate solution then.

So, the only two candidate solutions are (z, y, A1, A2) = (0, 3,0,0) and (z,y, A1, A2) = (1,1, %, ).
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To see whether the problem has a local maximum at either one of these points we consider Theorem
4.19.
1. First consider (z,y, A1, A\2) = (0,3,0,0).
As both constraints are not binding we have to consider the hessian of f at this point. Note that
0o -1

Hf = l ) 03 . From this we conclude that H f(0, 3) is indefinite. So, the constrained

e
optimization problem has not a local maximum at (0, 3).
2. Next consider (z,y, A1, X2) = (1,1, 1,0).
In this case g¢; is binding. So, following Theorem 4.19, consider next

. 1 0o -1 112 0
HL:=Hf - -Hg, = 3l — = and B := [11]".
3 -+ 0 3100

Then, BTHLB = 7% < 0. So, the constrained optimization problem has a local maximum at
(1,1).

4.4 Some pathological examples

EXERCISE 4.4 Solve the optimization problem: maximize f(z,y, z) = z—(2—1)?, w.r.t. 2,7y, 2, subject
to the constraints y — (1 — )3 <0,z >0,y >0and 0 < z < 2.

ANSWER 4.4
AsO0<y<(1-x)*and z > 0, itfollows 0 < x < 1and 0 < y < 1. So the feasible domain is compact.
By Weierstrass’ Theorem a global maximum and global minimum exist. To find all candidate solutions,

we proceed along the lines of Algorithm 4.9.
31—2)2 1 0

Stepl. Df =[10 —2(z—1)], Dg = 0 —1 0 | .Therefore, f,g € C'.

Step 2. Check invertibility/full row rank of

31—2)2 1 0 y—(1-2) 0 0
-1 0 0 —x 0
G= -1 0 —y 0
-1 0 -z 0
i 1 0 0 z- 2_
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By construction G has full row rank at the interior points. So we only need to check boundary

points.

1. First consider when only one constraint is binding. Then one easily verifies that in all cases
matrix G has full row rank.

2. Now assume two constraints are binding.

1. Case y — (1 — z)®> =0 and z = 0. That is: z = 0 and y = 1. Then G has full row rank.
.Casey — (1 —z)®> =0and y = 0. Thatis: 2 = 1 and y = 0. Then G has not full row rank.
.Casey — (1 —z)®> =0and z = 0. Thatis: x = 0 and y = 1. Then G has full row rank.
.Casey — (1 —z)®> =0and z = 2. Thatis: x = 0 and y = 1. Then G has full row rank.

. Case © = 0 and y = 0. Then G has full row rank.
. Case z = 0 and z = 0. Then G has full row rank.
. Case x = 0 and z = 2. Then G has full row rank.
. Case y = 0 and z = 0. Then G has full row rank.

O 00 N O L1 AW N

. Case y = 0 and z = 2. Then G has full row rank.
3. Now assume three constraints are binding.
1.Casey — (1—2)> =0, =0and 2z = 0. Thatis: x = 0; y = 1 and z = 0. Then G has full row
rank.
2.Casey— (1—2)> =0,z =0and z = 2. Thatis: z = 0; y = 1 and 2z = 2. Then G has full row
rank.
3.Casey—(1—2)>=0,y=0and z = 0. Thatis: x = 1; y = 0 and 2z = 0. Then G has not full
row rank.
4.Casey — (1 —2)>=0,y=0and z = 2. Thatis: x = 1; y = 0 and z = 2. Then G has not full
row rank.
5.Case x =0,y = 0 and z = 0. Then G has full row rank.
6. Case v =0, y = 0 and z = 2. Then G has full row rank.
So, at all points (1,0,z), 0 < z < 2, G has not full row rank. So all these points are candidate
points for a maximum location.
Another way to arrive at this conclusion is to use Gaussian elimination on matrix G. One easily

verifies, using this elimination procedure, that the rank of matrix G coincides with the rank of next

matrix ~ _
-1 0 0 0 —T 0 0
0 -1 0 0 0 —y 0
G=10 -1 0 0 0 —z 0
0 0 0 y—(01-22® 3z1-2)2 —y 0 0
i 0 0 0 0 0 —z z-— 2_

From this it is clear that the rank of G is 5 iff not simultaneously y — (1 —z)® = 3z(1—z)? = —y = 0.
So, the rank of G is smaller than 5 if z = L,y=0and0< 2z < 2.
Step 3. Consider £L =2 — (z — 1) = A\ (y — (1 — 2)®) 4+ Aoz + A3y + Mgz — A5(2 — 2).
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Step 4. Kuhn-Tucker Conditions:

[1—=3M(1—2)?+ A2, =M1+ A3, —2(z— 1)+ Ay — A5] = [0, 0, 0];
My —(1—x)*) =0;

oz = 0;
Azy = 0;
Az = 0;
As(z —2) =0;

)\izov Z:1a757

y<(1—-2P)2>0y>0,0<z<2

i) If no constraint is binding, A; =0, ¢ = 1,--- , 5. In that case the KKT conditions have no solution.

ii) If only one constraint is binding:

1.

If y = (1 — z)3 is the only one. Then \; = 0, i = 2,---,5. In that case the KKT conditions

have no solution.

.If z = 0 is the only one. Then \; = 0, i = 1, 3,4, 5. In that case the KKT conditions have no

solution.

.If y = 0 is the only one. Then \; = 0, i = 1,2, 4,5. In that case the KKT conditions have no

solution.

.If z = 0 is the only one. Then \; =0, i = 1,2, 3,5. In that case the KKT conditions have no

solution.

.If z = 2 is the only one. Then \; = 0, i = 1,2, 3,4. In that case the KKT conditions have no

solution.

iii) If precisely two constraints are binding:

1.

Ify=(1-xz)®and x = 0, \3 = \y = A5 = 0. Then also \; = 0 and it follows that the KKT

conditions have no solution.

Mfy=(1-2z)Pandy =0, \a = \y = A5 = 0. Then z = 1 and it follows that the KKT

conditions have no solution.

fy=(1—x)%and 2 = 0, \y = \3 = A5 = 0. Then also \; = 0 and it follows that the KKT

conditions have no solution.

fy=(1—-=x)3and 2 =2, \y = A3 = Ay = 0. Then also \; = 0 and it follows that the KKT

conditions have no solution.

.Ifr=0andy =0, A\; = Ay = A5 = 0. Then also A3 = 0 and it follows that the KKT conditions

have no solution.

Ifx =0and z = 0, Ay = A\3 = X5 = 0. Then it follows that the KKT conditions have no

solution.

Ifz=0and z = 2, Ay = A3 = Ay = 0. Then it follows that the KKT conditions have no

solution.
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8.Ify =0and z = 0, Ay = Ay = A5 = 0. Then it follows that the KKT conditions have no
solution.
9.Ify =0and z = 2, A\ = Ay = Ay = 0. Then it follows that the KKT conditions have no
solution.
iv) If precisely three constraints are binding:
1.Ify=(1—-2)% 2 =0and 2 = 0, \3 = A5 = 0. Then also A\; = 0 and it follows that the KKT
conditions have no solution.
2. Ify=(1-2z)%; 2 =0and z = 2, \3 = \y, = 0. Then also \; = 0 and it follows that the KKT
conditions have no solution.
3.Ifx =0;y =0and z = 0, A\ = A\; = 0. Then also A3 = 0 and it follows that the KKT
conditions have no solution.
4. Ifx =0;y =0and z = 2, \;y = Ay = 0. Then also A3 = 0 and it follows that the KKT
conditions have no solution.
So, there are no additional candidate solutions.
So we find the candidate solutions points (1,0, z), 0 < z < 2.
Weierstrass’ theorem tells us that a global maximum exists. Evaluation of f at these points shows that

at (1,0, 1) a global maximum occurs.

EXERCISE 4.5 Solve the optimization problem: maximize f(z,y,2) = z—(z—1)?, w.r.t. z,y, 2, subject
to the constraints y? + (r —1)3 <0,z > 0and 0 < z < 2.

ANSWER 4.5
Asz > 0and 0 < y? < —(z —1)3,itfollows 0 < # < land -1 <y < 1. Asalso 0 < z < 2t
follows that the feasible domain is compact. So, by Weierstrass’ Theorem, a global maximum and

global minimum exist. To find all candidate solutions, we proceed along the lines of Algorithm 4.9.
3(x—1% 2y 0

-1 0 O
Stepl. Df =10 —2(z—1)], Dg = 0 0 A Therefore, f,g € C*.
0 0 1

Step 2. Check invertibility/full row rank of

3e—1)2 2y 0 y*+(@x-1% 0 0 0

a_| -1 0o 0 0 0
0 0 -1 0 0 — 0
0 0 1 0 0 0 z-2

By construction G has full row rank at the interior points. So we only need to check boundary
points.
1. First consider when only one constraint is binding.

Case y?> + (z — 1)> = 0. Then G has not rank 4 iff. z =1,y =0,0 < z < 2.
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When either precisely one of the other constraints is binding one easily verifies G' always has
rank 4.
2. Next consider the case when precisely two constraints are binding.
1. Case y?> + (zr — 1)> =0 and # = 0. So, y = 1. Then G has rank 4.
2. Case y? + (z — 1)> = 0 and z = 0. Then G has not rank 4 iff. z =1, y = 0.
3. Case y? + (z — 1) = 0 and 2z = 2. Then G has not rank 4 iff. z = 1, y = 0. One easily verifies
that in all other cases GG has rank 4.
3. Finally consider the case when three constraints are binding. Thatis: y? + (z —1)3 =0,2 =0
and either z = 0 or 2 = 2. So, y = 1. Then G has rank 4.
So, all points (1,0, z), with 0 < z < 2 are candidate solutions.
Another way to find all points where matrix G has a rank smaller than 4 is using Gaussian elimi-
nation. Using this procedure we find that the rank of matrix G coincides with the rank of matrix

-1 0 0 0 —x 0 0
b 0 2y 0 ¢?+(x—12 -3z@z-12 0 0

0 0 -1 0 0 —z 0

0 0 0 0 0 -z z—2

One easily verifies that matrix G has a rank smaller than 4 iff. y = y*> + (z — 1)> = 0. So, at all
points (1,0, z), with 0 < z < 2.

Step 3. Consider £ :=z — (2 — 1)2 = M\ (v + (x — 1)) + Aoz + A3z — \a(2 — 2).

Step 4. Kuhn-Tucker Conditions:

[1=3A(z—1)2 4+ X2, —2M1y, —2(z—1) 4+ X3 — X\4] = [0, 0, 0];
M(y® + (x—1)%) = 0;

Aoz = 0;
A3z = 0;
/\4(2’ - 2) = O;

AzZOaZ:17a47

4+ (@-13<0,2>0,0<2<2.

From )y = 0 it follows that either \; = 0 ory = 0. If \; = 0, it follows from 1 —3\; (z—1)2+Xy = 0
that Ay < 0, which violates the fact that A\, > 0. Similarly, if \; # 0 it follows that y? + (z — 1) =
0. Together with y = 0, this implies « = 1. But then A\, = 0. Which gives a contradiction in
1—3\(z—1)2+ X =0.
So, we don’t find any additional candidates for a maximum location in this step.
So we find the candidate solutions points (1,0, z2), 0 < z < 2.
Weierstrass’ Theorem tells us that a global maximum exists. Evaluation of f at these points shows
that at (1,0,1) a global maximum occurs.

y 172 «



Constrained Optimization: Inequality Constraints

4.5 Mixed constraints: a shortcut

EXERCISE 4.6 Solve the next constrained optimization problems.

a. Maximize f(z,y) = x — vy, subject to the constraints y > —z, y < z and 22 + y* = 2.

b. Maximize U(z,y, z) = 2%y®2" subject to the constraints = > 15, y > 10, z > 5, p1x + poy + p3z =
100 and x + y < 50. Here, all parameters are positive, « + 5+~ =1, p1 = 1, p» = 2 and p3 = 3.
In particular evaluate the casesa = =1,y =3,and a =3 =0.1,7 = 0.8.

ANSWER 4.6
a. Consider the setI' = {(z,y) | g1(z,y) == —2—y <0, g2(,y) :=y—2 < 0, h(z,y) ;== 22 +y> -2 =
0}. Note that I" describes a part of a circle. So, I is a compact set. Since f is continuous we know
by Weierstrass’ theorem that the problem has a solution. We next use Algorithm 4.20 to solve the
problem.
Stepl. Df =[1 —1], Dg; = [-1 —1], Dgs = [-1 1] and Dh = [2z 2y]. All partial derivatives are
continuous. So, f,g,h € C*.

Step 2. Matrix G is given by

To see whether this matrix has always full row rank on I" consider next cases:

1. both g; are non-binding. Then G has not full row rank iff. © = y = 0. Which violates the
non-binding conditions.

2. g is binding and g, not, it follows (z,y) = (1, —1) or (z,y) = (—1,1). In both cases G has
full row rank.

3. g» is binding and g; not, it follows (z,y) = (1,1) or (z,y) = (—1,—1). In both cases G has
full row rank.

4. g;, i = 1,2 is binding. Then it follows (z,y) = (0, 0), which violates » = 0.

So we don’t find any potential candidate solutions here.

This conclusion can also, again, be obtained by using Gaussian elimination. Using this procedure

we find that the rank of matrix G coincides with the rank of matrix

-1 -1 —-z-y 0
0 2 z+y Yy—x
0 0 —(@+y? —(z—y)?

So, the rank of matrix G is smaller than 3 iff —(z+y)? = —(z—y)? = 0. That s, if (z,y) = (0,0).
But, as already noted above, (0,0) does not belong to the constraint set. Which confirms the
above conclusion that we don’t find any candidate solutions in this step.
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Step 3. Consider L(x,y, A1, A2, 1) := 2 —y + Mz +y) — Aoy — ) — pa(2? + 4% — 2).
Step 4. The necessary conditions are:
L1+ A+ X —2ma, =14+ — X —2uy] =10 0;
D) Mz +y) =05i) Aao(y —x) =0;
) x4y >0;ii) x> y; and iii) A\; >0, i =1,2;
Lx? 4yt =2

_ N W N

. No constraint is binding. So \; = 0, ¢ = 1,2. Then 2u;x = 1 and 21y = —1. Therefore,
p1(x 4+ y) = 0. Since g; is not binding it follows that p; = 0. Which violates 2,2 = 1.
2. gy is not binding and y = x. So, \; = 0.
Substitution into A yields (z,y) = (1,1) or (z,y) = (=1, —1). Note that (—1, —1) violates ¢;.
Substitution of (1,1) into item 1. yields ;7 = 0 and Ay = —1, which violates item 3.
3. g2 is not binding and y = —z. So, A, = 0.
Substitution into A yields (x,y) = (—1,1) or (x,y) = (1, —1). Note that (—1,1) violates gs.
Substitution of (1, —1) into item 1. yields y; = 3 and Ay = 0.
4. y =z and y = —x. This violates h = 0.
So, we find one candidate solution (x, y, A1, A2, p1) = (1,-1,0,0, %)
By Weierstrass’ theorem, this yields the global maximum location of the problem.

b. Consider the set I' = {(z,y) | g1(z,y) := —xz + 15 < 0, ga2(z,y) := —y + 10 < 0, gs3(z,y) =
—2+45<0, g4(z,y) :=x+y—50 <0, h(x,y) := 2+ 2y+3z—100 = 0}. Note that I is a compact
set. Since f is continuous we know by Weierstrass’ theorem that the problem has a solution. We
next use Algorithm 4.20 to solve the problem.

Step 1. Df = [%L 2L 2], Dg, = [-100], Dgo = [0 —10], Dgs = [00 — 1], Dgy = [1 1 0] and
Dh = [1 2 3]. All partial derivatives are continuous. So, f,g,h € C1.
Step 2. Matrix G is given by

[ 1 0 0 —z+15 0 0 o ]
0 -1 0 0 —y+10 0 0
G=|0 0 -1 0 0 —z45 0
1 0 0 0 a+y—50
12 0 0 0 0o

Using Gaussian elimination one easily verifies that the rank of matrix G coincides with that of

matrix
[ 1 0 0 15—z 0 0 0o |
0 -1 0 0 10—y 0 0
G=|0 0 -1 0 0 5—2 0
0 0 0 15—z 10—y 0 x +y — 50
| 0 0 0 0 10—y 3(b—2) 50-z—y |

y 174 «



Constrained Optimization: Inequality Constraints

From this matrix we see that the only point where G has not full row rank s (x, y, z) = (15, 10, 5).

However this point violates h = 0. So we don’t find any potential candidate solutions here.
Step 3. Consider L(x,y, 2A1, A2, A3, A, 1) := 299?27 + A1 (2 —15) + Ao (y — 10) + A3(2 — 5) — Ay (2 +

y —

50) — p(x + 2y + 3z — 100).

Step 4. The necessary conditions are:

1.
1) Ap(x — 15) = 05 ii) A2(y — 10) =0, A3(z — 5) = 0, \y(x + y — 50) = 0;
L) x> 15;i) y > 10;iii) z > 5;iv) x +y < 50 and iii) A\; >0, i =1,--- ,4;
.+ 2y + 3z = 100.

. No constraint is binding.

AW N

(2L b X = A= Bl g =M =2, W4 25— 3u] = [000];

SoA=0,i=1,---,4 Thenp=2f = ﬁf— = f. So, z =2 zandy— 52 Substitution
of this into item 4. yields (z,y, z) = (100a, 1923, 13%~) with )\l =0and p = ﬁ.
So, provided x > 15,y > 10, z > 5and z+y < 50 thls ylelds a candidate solution Elementary

calculations shows that these conditions apply iff « > 100, 8> 100, 100 and « < 7.

. Exact one constraint is binding.

1. No constraint but g; is binding. So Ai = 0,4 =24 and x = 15. Then p =
ﬁf =3 f. So,r = 15and y = z Substitution of this into item 4. yields (z,y,2) =
(15, 2(%5@), Tosy) with Ay = 0,i = 2 3,4, =L and A\ =p— 2 f = (B8 — a)f,
So, provided y > 10, z > 5, x + y < 50 and )\, > 0 this yields a candidate solution. Elab-
oration of these inequalities shows they are satisfied iff o, 3 and ~ satlsfy 6 <7y <
a< 100 anda+g8+vy=1.

2. No constraint but g, is binding. So \; =0, i = 1,3,4,and y = 10. Thenpu = ¢ f = 2. f. So,
x = 37‘*2 and y = 10. Substitution of this into item 4. yields (z,y, z) = (%, 10, %)
with A\; = 0, =1,3,4, p = @0 and Ny =2 — 8 = (22d2) _ By
So, provided z > 15, z > 5, z + y < 50 and A\, > 0, this yields a candidate solution.
Elaboration of these inequalities shows they are satisfied iff o, 5 and v satisfy o < v < %a
B< B anda+pB+y=1

3. No constraint but g3 is binding. So A\; = 0, i = 1,2,4,and z = 5. Then y = S f = %f.
So, z = %y and » = 5. Substitution of this into item 4. yields (z,y,2) = (3%, %fﬁ), 5)
with \; = 0,i =1,2,4, p = @ and \y =3 — 25 = (3D _1yp,

So, provided = > 15, y > 10, :c—i—y < 50 and A3 > 0, this ylelds a candidate solution. Elabo-
ration of these inequalities shows this does not occur for any combination of the parameters
«, [ and 7.

4. No constraint but g4 is binding. So A\; = 0, i = 1,2,3, and = + y = 50. Then elementary
calculations show (z,y, z) = (50(1 — $8),503, 32 (1 — 3)) with A; = 0,i = 1,2,3, u =
and \y = 50(1 5 )
So, provided = > 15,y > 10, z > 5and A4 > 0, this yields a candidate solution. Elaboration

vf
50(1-5)
f solve items 1., 2. and 4.

of these inequalities shows they are satisfied iff «, 8 and ~ satisfy a > ~, % < B < g—o
anda+p+v=1
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3. Exact two constraints are binding.

1.

. g2 and g4 are binding. So \; = 0, i = 1,3, y = 10, z = 40. Then, by item 4., z = .

g1 and g, are binding. So \; = 0, ¢ = 3,4, x = 15, y = 10. Then, by item 4., z = %.

Therefore, by item 1., p = £ f, i = p— Sf = (g — f£)f and Ay = 2u — gf = (z—g -
%) f. So, provided \; > 0, ¢ = 1,2, this yields a candidate solution. Elaboration of
these inequalities shows they are satisfied iff o, 8 and ~ satisfy o < %7, 8 < %7. and

a+pB+vy=1.

. g1 and g3 are binding. So \; = 0, i = 2,4, x = 15, z = 5. Then, by item 4., y = 35.

Therefore, also g4 is binding. This violates our assumption that precisely 2 constraints are

binding. So this does not provide an additional candidate solution.

. g1 and g4 are binding. Then it follows that z = 5 and, therefore, also g3 is binding. So, this

does not yield a candidate solution.

. g2 and g3 are binding. So \; =0, i = 1,4, y = 10, z = 5. Then, by item 4., x = 65, which

violates item 3.

40
3

Therefore, by item 1., p = 5f, \a = Sf —pu = (5 — ) f and Ay = 2u+)\4—§f =

(ZJ + 5 1%) f. So, provided \; > 0, ¢ = 1,3 this yields a candidate solution.

Elaboration of these inequalities shows they are satisfied iff o, 8 and ~ satisfy a > ~,

o —48+ v >0 (o1, equivalently, 3 < t)and a + 8 + v = 1.
1

. g3 and g4 are binding. So A; =0, i = 1,2, z = 5, x + y = 50. Then, by item 4., z = zz.

3
Therefore, g, is binding too. So this case does not provide a candidate solution.

4. Exact three constraints are binding.

1.

g1, g2 and g3 are binding. So A\y = 0, z = 15, y = 10 and z = 5. This violates item 4.

2. g1, g2 and g4 are binding. This is not possible.

3. g2, g3 and g4 are binding. So A\; =0, y = 10, z = 5, = 40. This violates item 4.

5. Case 5: All constraints are binding. This is not possible.

So, depending on the parameter choices, we have to evaluate f at different locations to decide at

which point the maximum is obtained.

For instance, if o = 3 = i, v = %, it follows the solution is given by the solution mentioned in Case

@@).

If « = 8 =0.1 and v = 0.8, it follows the solution is given by the solution mentioned in Case (c).i.

4.6 Solving the problem without explicit constraint qualifications

EXERCISE 4.7 Solve the next constrained optimization problems.

a. Maximize U(z,y) = = + In(1 + y), subject to the constraints z + 2y < 4,z > 0and y > 0.
b. Minimize C(K, L) = rK +wL subject to the constraints P(K, L) = 10 where P(K, L) = VK +L;
L>16, K <8land ¥ > 2.
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c. Maximize U(p,0) = u — %cr2 Ww.r.t. wy and wy, where i = 2wy + 3ws, 0 = w1 + ws; and w; > 0 and

wi +wy < 1.

d. Maximize U(z,y) = =

1 1

number, » > gl and y > 151.

ANSWER 4.7

a. Asx > 0 and y > 0 it follows that U(x,y) € C* on the constraint set. Also g;(z,y) := x + 2y — 4,
g2(x,y) := —z and g3(z,y) := —y are continuous differentiable. Consider I := {(z,v) | gi(z,y) <
0}. Then one easily verifies that T is compact. So, by Weierstrass’ theorem the problem has a
solution.

To find the candidate solutions we proceed by considering the Lagrange function:
L($7y7 )\07 )‘17 A27 )\3) = /\O(JI + ln(l + y)) - )‘1(‘27 + Qy - 4) + )\2.’17 + A?)y

By Theorem 4.31 the candidate optimal solutions satisfy:

L [DiL(z,y,A) D2L(2,y,\)] = oz — A1 + A2, 235 — 21 + Ag] = [0, 0];

2.1) A (z + 2y — 4) = 0; id) hox = 0; iii) gy = 0;

oi)x+2y<4;i)x>0;ii)y>0and \; >0, i =1,2,3;

4. (Mo, A1, A2, A3) # (0,0,0,0), where \g € {0,1}.

To solve this set of (in)equalities we distinguish two cases.

Case 1: \g = 1:
If \o = 1 we have from item 1 that \; = 1+ Ay > 0 (as A2 > 0) and A3 :2(1—1—)\2)—% >0
(asy > 0 and A2 > 0). So, by item 2.i and iii), x + 2y = 4 and y = 0. So, (z,y) = (4,0) and
A2 = 0. Consequently (x,y, Ao, A1, A2, A3) = (4,0,1,1,0,1) results as a candidate solution.

Case 2: \g = 0:
Then, by item 1, Ay = A\; and A3 = 2);. Since not all \; are simultaneously zero it follows that
they all differ from zero. So, x = 0; y = 0 and = + 2y = 4 should apply. Which is clearly not
possible. So we don’t get any additional candidate solutions here.

So, by Weierstrass’ theorem, the maximum is attained at (4, 0).

b. Clearly C(K, L) € C*'. Also ¢1(K,L) := 16 — L, g2(K,L) := K — 81; g3(K, L) := 2L — K and
h(K,L) := VK 4+ /L — 10 are continuous differentiable. Consider T' := {(K,L) | gi(x,y) <
0 and h(K, L) = 0}. Then one easily verifies that I' is compact. So, by Weierstrass’ theorem the
problem has a solution. To find the candidate solutions we proceed by considering the Lagrange
function L(K, L, Ao, A1, Ao, A3, i) given by

L= —-Xo(rK +wL) — A1 (16 — L) — Ao (K — 81) — A3(2L — K) — (VK + VL — 10).

By Theorem 4.31 the candidate optimal solutions satisfy:
1. [D1L(K,L,\) DoL(K,L,\)] = [-1rXg — A2 + A3 — ﬁ, —wWAg + A1 — 23 — ﬁ] = [0, 0J;
2.9) A (16 — L) = 0; ii) A\py(K — 81) = 0; i) A\3(2L — K) = 0;
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3.4) L > 16; i) K < 81;iii) K > 2L;iv) VK +vVL =10and \; >0, i = 1,2, 3;

4. (Ao, A1, A2, A3) # (0,0,0,0,0), where A € {0,1}.

To solve this set of (in)equalities we distinguish two cases.

Case 1: \g = 1:

1. no constraint is binding.

Then, \; =0, i = 1,2, 3. From item 1. we get: ; = 2rv/ K = 2w\/L. Therefore rv/K = wv/L.
Substitution into item 3.iv) yields: (K,L) = ((LOJ‘:;’;, (ioff; ). So, provided item 3.i)-iii) are
met, this provides a candidate solution. That is, provided i) w < 37; i) w > §
w > /2r this yields a candidate solution.

r and iii)

2. precisely one constraint is binding:
1. g1 = 0. Thatis: L = 16 and Ay = A3 = 0. Then, from h = 0, K = 36 and
(K, L, Ao, A1, A2, A3, 1) = (36,16,1,w — 2r,0,0,—12r). So, in case w > 3r, this yields a
candidate solution.
2. go = 0. Thatis: K = 81 and \; = A3 = 0. Then, from h = 0, L = 1 which violates L > 16.
3.g3 =0. Thatis: K = 2L and \; = Ay = 0. Then, from h = 0, K = 2L with L = gig?@.
Elementary calculations show that A3 > 0 in this case iff rv/K + wv/L > 0. That is if

w < v/2r. So under this condition, this yields a candidate solution.

3. One easily verifies that two or more constraints simultaneously binding does not provide
candidate solutions.
Case 2: \g = 0:
1. no constraint is binding. Then, A; = 0, i = 1,2, 3. This violates item 4.
2. precisely one constraint is binding:
1. g3 = 0. Thatis: L =16 and Ay = A\3 = 0. Then, from h = 0, K = 36. However, by item 1,
1 = 0 which implies A\; = 0 too. Which violates item 4.
2. go = 0. Thatis: K = 81 and \; = A3 = 0. Similarly as above it follows then that Ay = 0
too, which violates item 4 again.
3. g3 = 0. Thatis: K = 2L and A\; = A2 = 0. Also in this case we obtain similarly as above
that item 4 is violated.
3. One easily verifies that two or more constraints simultaneously binding does not provide
candidate solutions.
So we don’t get any additional candidates here.
So, by Weierstrass’ theorem, the minimum is attained at (K, L) = (36,16) if w > 3r; at (K, L) =
( 100w? _100r? ) if Vor <w< %r and at (K, L) = ( 200 100 )ifw < V2.

(wtr)?? (wtr)? 34227 3422
c. Clearly U(wy,ws); g1(wi,ws) := —w1, ga(w1,ws) := —wy and g3(wi,ws) := w1 + wy are continuous

differentiable. Consider I' := {(wy,ws) | g:(w1,w2) < 0}. Then one easily verifies that I" is compact.
So, by Weierstrass’ theorem the problem has a solution. To find the candidate solutions we proceed
by considering the Lagrange function: L(wy,ws, Ag, A1, A2, A3) given by

1
L := X\o(2wy + 3wa — 5(&)1 +w2)2 + Awi + dows — Ag(wr +we — 1).
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By Theorem 4.31 the candidate optimal solutions satisfy:
1. [D1L(wy,wa, A) DaL(wi, w2, A)] = [Ao(2 —w1 —w2) + A1 — A3, Ao(3—wi —wa)+ A2 —A3] = [0, 0];
2. 1) Awy = 0; i) Agws = 0; iid) Az(wy +wo — 1) = 0;
3.i)wy > 0;540) we > 054i1) wy +we < land \; >0, i =1,2,3;
4. (Mo, A1, A2, A3) # (0,0,0,0), where \g € {0,1}.
To solve this set of (in)equalities we distinguish two cases.
Case 1: \g = 1:
1. no constraint is binding. Then, A\; = 0, ¢ = 1,2, 3. From item 1. we get then an inconsistent
set of linear equations. So, this does not provide a candidate solution.
2. precisely one constraint is binding:
1. g1 = 0. Thatis: w; = 0 and Ay = A3 = 0. Then by item 1. ws = 3, which violates item
3.iii). So, we don’t obtain a feasible solution.
2. go = 0. Thatis: wy = 0 and A\; = A3 = 0. Then, by item 1. w; = 2 and Ay = —1. So, we
don’t obtain a feasible solution.
3. g3 =0. Thatis: w; +wy; =1 and \; = A2 = 0. Then, item 1. yields an inconsistent set of
equations. So, we don’t obtain a feasible solution.
3. precisely two constraints are binding:
1. g1 = 0and g» = 0. Thatis: w; = ws = 0 and A3 = 0. Then, item 1. yields an inconsistent
set of equations. So, we don’t obtain a feasible solution.
2.9g1 = 0and g3 = 0. Thatis: w; = w; + ws — 1 = 0 and Ay = 0. Then, we obtain the
candidate solution: (wy,ws, Ao, A1, A2, A3) = (0,1,1,0,0,1).
3. go =0and g3 = 0. Thatis: wy = w1 +ws—1 =0and A\; = 0. Then, item 1. yields Ay = —1.
So, we don’t obtain a feasible solution.
Case 2: \p = 0:
Then, by item 1., \; = Ay = A3. So, in order to not violate item 4., all constraints must be
simultaneously binding. Which is clearly not possible. So, this does not provide a candidate
solution.
Thus, we find only one candidate solution (wq,ws) = (0,1).
Therefore, by Weierstrass’ theorem, the maximum is attained at (wq,ws) = (0, 1).
d.As x > 0 and y > 0 it follows that U(z,y) € C* on the constraint set. Also g;(z,y) := é[ -,
g2(z,y) = 11—0 —y and h(z,y) := 4 + 3y — I are continuous differentiable. Consider I' :=
{(z,y) | gi(z,y) < 0 and h(z,y) = 0}. Then one easily verifies that I" is compact. So, by Weier-
strass’ theorem the problem has a solution. To find the candidate solutions we proceed by consid-
ering the Lagrange function L(z,y, Ao, A1, A2, pt) given by:

L 1 1
L= dozzy® = (gl — @) = X35 —v) — ulde +3y — ).

By Theorem 4.31 the candidate optimal solutions satisfy:
L [DiL(z,y,A) DaL(@,y, \)] = [3hox 2y% + A1 — 4, gAoz2y™ ¢ +2X2 — 3] = [0, 0];
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2. i) M(31 — z) = 0 and ii) Ao(151 — y) = 0;
3.i) x> t1;ii)y > 151 iii) 4o+ 3y =Tand \; >0, i =1,2;
4. (Ao, A1, A2) # (0,0,0), where A\ € {0,1}.
To solve this set of (in)equalities we distinguish two cases.
Case 1: \g = 1:
1. no constraint is binding. Then, \; = 0, ¢ = 1,2. From item 1. we get: u = %xféyi =
2z. Substitution into item 3.iii) yields (z,y) = (Z,%). This solution

satisfies all constraints, so it is a candidate solution.

1 3
%xiy_z. So, y =

2. precisely one constraint is binding:
1. g1 = 0. Thatis: = £I and A\, = 0. Then by item 3.iii (z,y) = (£, £). But this gives rise
to A1 < 0. So, we don’t obtain a feasible solution.
2. 9o = 0. Thatis: y = {57 and A; = 0. Then, by item 3.iii (z,y) = (1, L). This gives rise
to Ny = "2y~ 4 (3y — 1x) < 0. So, we don’t obtain a feasible solution.
3. precisely two constraints are binding:
This yields a set of inconsistent equations. So, we don’t obtain a feasible solution.
Case 2: \g = 0:
Then, by item 1., \; = 4u and Ay = 3u. By item 4, it is then not possible that = 0. So all
constraints must be binding, which yields an inconsistent set of equations. So, we don’t obtain

a feasible solution.

Thus, we find only one candidate solution: (z,y) = (£, £).
Therefore, by Weierstrass’ theorem, the maximum is attained at (z,y) = (é, é)

4.7 A geometric approach to solve the problem

EXERCISE 4.8

Use Theorem 4.43 to determine the tangent cone for next sets at the indicated point a.
a.S={(z,y2)||lr+y <1 22+y*+22<Ljz+2z<1land|y+ 2| <1}at(0,1,0).
b. S ={(x,y) | 2>+ (y—1)?<2; 22 —y* < land x < 1} at (1,0).

e S={(z,y) |22 +y* < L;(x—1)2+¢y*<2; andx —y < —1} at (0,1).

ANSWER 4.8
a. Note that at (0,1, 0) all constraints, except z + z < 1 are binding. Let ¢1(z,y,2) ==z +y = 1;
g2(@,y,2) = 2+ + 22 = Land gy(w,y,2) =y + 2 = 1.

1 1 0 1 1 0
Then Dg(z,y,2) = | 22 2y 2z |. So, Dg(0,1,0) = [ 0 2 0 [, which is invertible and
0 1 1 0 1 1

thus full row rank. So, by Theorem 4.43, item 1, T5(0,1,0) = TLg(0,1,0) = {u | [1 1 OJu <
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0; 201 0Ju < 0and [0 1 1Ju < 0}. Thatis: TLg(0,1,0) = {[us ug uz]? | ug +uy < 0; ug <
0 and Uy + ug < 0}

. Note that all constraints are binding at (1, 0). Let g1 (z,y) := 22+ (y—1)? = 2; go(x,y) := 2> —y?> = 1
and g3(x,y) ==z = 1.
2¢ 2(y-—1) 2 =2
Then Dg(z,y) = | 2z —2y . So, Dg(1,0) = | 2 0 |. Note that Dg(1,0) isa 3 x 2
1 0 1 0

matrix. So, it can never have full row rank. Consequently, Theorem 4.43, item 1, is not applicable.
Also, item 2 of this theorem does not apply since g5 is not convex.

Note that Dg(1,0)[—1 0]7 < 0. So, item 3 of this theorem does apply. So, the tangent cone of this
set is found as the linearized cone. Thatis, T's(1,0) = T'Ls(1,0) = {[u1 u2]? |u; <0 and up > u;}.

. Note that all constraints are binding at (0, 1). Let gy (v, y) ;=22 +y> =1; g2 == (z — 1)2 + 2 =2

and g3(z,y) ==z —y = —1.

2z 2y 0 2
Then Dg(z,y) = | 2(x—1) 2y |. So, Dg(0,1) = | —2 2 |. Note that Dg(0,1) isa 3 x 2
1 -1 1 -1

matrix. So, it can never have full row rank. Consequently, Theorem 4.43, item 1, is not applicable.
Also, item 3 of this theorem does not apply since Dg5(0, 1)u = —Dgs(0, 1)u.

Note that all constraints g;(x,y) are convex functions. So, item 2 of this theorem does apply.
So, the tangent cone of this set is found as the linearized cone. That is, Ts(0,1) = TL(0,1) =

{[u1 uz]T | u1 = ue and ug < 0}.

Mixed Exercises

EXERCISE 4.9 Use the theory presented in this chapter to solve next constrained optimization prob-

lems.

a.

b
c
d
e

lma)

Maximize f(z,y) = 2° + y® subject to |z| < 1 and |y| < 1.

. Maximize f(x,y) = « + y subject to |zy| < 1.

. Maximize f(z1,22) = 175 subject to g(z1,x2) = 11+ 815 —4 > 0and h(xy,x2) = 22 +23 -1 = 0.
. Minimize f(z) = v/1 — 22, = € [~1,1] subject to g(z) = = < 1.

. Minimize f(z,y) = (z + 2)? + y? subject to y > |z|. Hint: first rewrite the constrained set as the

intersection of two sets I'; := {(x,y) | gi(z,y) < 0}, where the functions g; are differentiable.
Minimize f(z,y) = e**¥ subject to 2 > 1 and y? > 1.

. Minimize f(z,y) = e**¥" subject to 22 < 1 and ¢ > 1.
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ANSWER 4.9
a. Note that f is a continuous function. Furthermore, the constraint set is compact. So, by Weierstrass’
theorem, the problem has a global maximum. We next use Algoritm 4.20 to solve the problem.

Step 1. Let g1 (z,y) := 2 — 1; g2(x,y) := —x — 1; g3(z,y) :==y — 1 and g4(z,y) := —y — 1. Then f
andg; €C',i=1,--- 4.

Step 2. Dg; = [10]; Dgs = [-10]; Dgs = [0 1] and Dgs = [0 — 1]. Note that neither ¢g; and g
nor g3 and g4 can be binding at the same time. Using this observation one easily verifies then
that if either one or two constraints are simulatenously binding, the corresponding matrix of
derivatives has full row rank. So we don’t get any candidates for solutions.

Step 3. Consider L(x,y, A1, A2, A3, A4) given by
Li=a® +y° — (e —1) = Ao~ — 1) = sy — 1) — \a(—y — 1).
Step 4. Then next conditions must be satisfied:

i) 322 — A1 4+ Ao =0; i) 3y% — A3 + My = 0; i) \igs =0, i=1,--- ,4;

)

iv)g; <Oandv) \; >0, i=1,---,4.

1. Assume no constraint is binding. Consequently, \; = 0, i = 1, -+ ,4. (z,y, A1, A2, A3, Ag) =
(0,0,0,0,0,0) is a candidate solution.
2. Assume precisely one constraint is binding:
1. x = 1 and, consequently, \; =0, i = 2,3,4. Then (z,y, A1, A2, A3, A1) = (1,0,3,0,0,0) is a
candidate solution.
2. x = —1 and, consequently, \; = 0, i = 1, 3,4. Then there is no solution to (i-v).
3.y =1 and, consequently, \; =0, i = 1,2,4. Then (x,y, A1, A2, A3, \4) = (0,1,0,0,3,0) is a
candidate solution.
4. y = —1 and, consequently, \; = 0, ¢ = 1,2, 3. Then there is no solution to (i-v).
3. Assume precisely two constraints are binding:
1.z =1, y =1 and, consequently, \; = 0, ¢ = 2,4. Then (x, y, A1, A2, A3, As) = (1,1,3,0,3,0)
is a candidate solution.

2.z =1, y=—1 and, consequently, \; = 0, i = 2,3. Then there is no solution to (i-v).
3.z = -1, y =1 and, consequently, \; = 0, i« = 1,4. Then there is no solution to (i-v).
4. x = —1, y = —1 and, consequently, \; = 0, ¢ = 1, 3. Then there is no solution to (i-v).

So, we obtain 4 candidate solutions.
Evaluation of f at these solutions shows that the maximum is attained at (z,y) = (1, 1).
b. We use Algoritm 4.20 to solve the problem.
Step 1. Let g1 (x,y) := 2y — 1 and ga(w,y) := —2y — 1. Then fand g; € C', i =1,2.
Step 2. Dg; = [y «] and Dgy = [~y — z]. Note that g; and g» cannot be simultaneously binding.

Using this observation one easily verifies that if either one of the constraints is binding, the
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corresponding matrix of derivatives has not full row rank iff = y = 0. But (0, 0) is not binding.
So we don’t get any candidates for solutions.

Step 3. Let L(z,y, A1, A2) =z +y — Ai(ay — 1) — Aa(—zy — 1).

Step 4. Then next conditions must be satisfied:

i)1—MNy+ Ay =0; ii) 1 — ANz + Aoz = 0; iii) \jg; =0, i =1,2;
iv)g; <Oandv) \; >0, i=1,2.

1. Assume no constraint is binding. Consequently, A\; = Ay = 0. Then there is no solution to
(-v).

2. Assume precisely one constraint is binding:
1. zy = 1 and, consequently, A\ = 0. Then (z,y, A1, A\2) = (1,1, 1,0) is a candidate solution.
2. zy = —1 and, consequently, A; = 0. Then there is no solution to (i-v).

3. Note that not more than one constraint can be binding.

So, we obtain 1 candidate solution (z,y, A1, A2) = (1,1, 1,0).

0 -1
Note that HL(1,1,1,0) = [ 0 ] Consequently,
D,g:1(1,1) Dyg1(1,1) T
1 — = (1, 1,1,0)[1 — =228 2T S,
[ Dygl(l,l)] ( ) Dygl(l,l)]

So, by Theorem 4.19, f has not a local maximum at (1, 1). Note that with y = 0 and « arbitrarily
large f attains an arbitrarily large value. So, the problem has no solution.
c. Note, f and g are twice differentiable and I' := {(z1, z2) | g(z1,22) > 0 and h(z1,2z2) = 0} isa
compact set. Therefore, the problem has by Weierstrass’ theorem a solution.
Consider L(z1, 2, Ao, A1, 1) := Aox122 — A1 (4 — 21 — 8x9) — p(a? + 23 — 1).
By Theorem 4.31 the candidate optimal solutions satisfy:
1. [D1L(x1, z2, Ao, A1, 1) DaL(x,y, Mo, A1, 11)] = [Moxa + A1 — 2ux1, Aox1 + 8N\ — 2uxs] = [0 0];
2. 014 — 21 — 8x9) = 0;
3.1) x1 + 8wy > 4; 4i) 3 + 23 = 1 and iii) Ay > 0;
4. (Mo, A1) # (0,0), where Xy € {0,1}.
To solve this set of (in)equalities we distinguish two cases.
Case 1: \g = 1:

1. g is not binding. Then, A\; = 0. Simple calculations show we obtain next two candi-
date solutions: (z1,22, X0, A1,11) = (3v2,2v2,1,0,3), yielding a value of f of 1, and
(21,22, M0, A1, 1) = (—3v2,3v/2,1,0,—1), yielding a value of f of —1.

2. g is binding. That is: x; + 8z, = 4. Substitution into h = 0 yields (z1,22) = (F33', 1a5) and
(z1,m2) = (122, 22). Without verifying whether A; > 0, clearly, both these points will not
solve the problem since the candidate solution we obtained in item 1.i) yields a higher value

for f(x1,x2).
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Case 2: \g = 0. Then, by item 4., A\; # 0. So, g must be binding. Consequently, we reobtain
the solutions already advertized in Case 1(b). As we already noticed there, these points don’t
provide the solution for the problem.

So, the solution for the problem is provided by (z1, 22, Ao, A1, 1) = (3v/2, 3v2,1,0,3).

d. Note, f and g are twice differentiable on (—1, 1). Furthermore, f is continuous on the compact set

[—1, 1]. Therefore, the problem has by Weierstrass’ theorem a solution.

We follow Algorithm 4.20 to find the solution.

Step 1. f is not differentiable at x = 1 and = = —1. Therefore, this are candidate solutions for a
minimum.

Step 2. g (x) = 1. So, no additional candidate solutions occur.

Step 3. Consider L(xz,\) := —v/1 — 22 — A(z — 1).

Step 4. Then on the interval (—1, 1) additional candidate solutions must satisfy:

i) ﬁ-x:o; i) \(1 — z) = 0 and iii) A > 0.
As x < 1, by ii), A = 0. Which implies by i) that z = 0. So, (x,\) = (0, 0) is a candidate solution.
So, there are three candidate solutions: z = 1, x = —1 and = = 0.
Evaluation of f at the candidate solutions z = 1, x = —1 and = = 0 shows that the problem has a
global minimum at x = 1 and x = —1.
e. Step 1: Note, g(x,y) := |z| — y is not differentiable at x = 0. However, the constraint set can be

rewritten as the intersection of the following constraint sets:

Iy i={(z,y) | g1(z,y) == 2 —y <0} and T's := {(z,y) | g2(2,y) := —x —y < 0}.

For, let (z,y) € T := {(x,y) | |x| < y}. Assume, x > 0. Then it follows that x —y < 0. So
(z,y) € T'y. However, since x > 0 it follows that —z — y < « —y < 0. That is, (z,y) € 'y too.
Similarly it follows that if z < 0, (x, y) belongs to both sets too. Which shows thatI" € I’y N I's.
That also I'; N T’y C T follows straightforwardly.
Thus, the problem is equivalent to minimizing —(x + 2)? — y? subject to g;(x,y) < 0.
We follow Algorithm 4.20 to find its solution.
Step 1. From the partial derivatives it is clear that f and g; are continuous differentiable.
Step2.¢; =[1 —1]and g, = [-1 — 1]. So, [Dg; Dgs]" has always full row rank.
Step 3. Consider L(z,y, A1, A2) i= —(x +2)2 — 2 — A\ (z — y) + Xo(z + v).
Step 4. Then the candidate optimal solutions satisfy:

1. [D1L(x,y, A1, A2) DoL(z,y, A1, A2)] = [-2(z + 2) + A1 + A2, =2y — A1 + A2] = [00];

2.4) M(x —y) =0 and i) \a(z +y) = 0;

.i)y>mii)y > —zand i) \; > 0,4 =1,2.

Case 1: no constraint is binding: so, A; = 0. Then we have from item 1. that (z,y) = (-2,0),

which violates item 3.ii).
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Case 2: precisely one constraint is binding.

1. g1 = 0 and A\ = 0. Then we obtain A\; < 0, which violates item 3.iii).
2. go =0and A\; = 0. Then we get (z,y) = (—1,1) with Ay = 2.

Case 3: both constraints are binding. Then we get (z,y) = (0,0). But this yields \; = —2 in
item 1., which violates item 3.iii).

So, the only candidate solution is (z,y) = (—1,1) with (A1, A2) = (0, 2).

Note that L(z,y,0,2) = —(z + 2)> — y? + 2(z + y). Simple calculations show that HL(z,y,0,2)

is negative semi-definite. So L(z,y,0,2) is concave on R?. Therefore, the problem has a global

minimum at (z,y) = (—1,1).
f. We follow Algorithm 4.20 to find the solution.

Step 1. Consider g;(z,y) := 1 — 2% and go(z,y) := 1 — y?. From the partial derivatives it is clear
that f and g; are continuous differentiable.

Step 2. g; = [-2x 0] and g, = [0 — 2y]. So, [Dg; Dgo)” has always full row rank provided either
x # 0 or y # 0. However, (0,y), with 4% > 1, and (x,0), with 22 > 0 are not feasible.

Step 3. Consider L(x,y, A1, A2) := —eT¥ — A\ (1 — 22) — \o(1 — 32).

Step 4. Then the candidate optimal solutions satisfy:

1. [D1L(z,y, A1, \2) DoL(z,y, A1, \2)] = [—e" 1Y +2X\1z, —e®T¥ + 2)9y] = [0 0];

2.4) A (1 —2?) = 0 and 4i) A\2(1 — %) = 0;

3.4) 22 > 1; i) y2 > 1and iii) \; > 0, i = 1,2.

Case 1: no constraint is binding: so, A; = 0. Then item 1. has no solution.

Case 2: precisely one constraint is binding.

1. g1 = 0 and A\, = 0. Then item 1. has no solution.
2. go = 0and A\; = 0. Then item 1. has no solution.

Case 3: both constraints are binding. Then we get (x,y) = (+1,+1). Ifeitherz = —1ory = —1
item 1. has no solution. If (z,y) = (1, 1), it follows that (A1, X2) = (3€2, 3€2). So, this is a
candidate solution.

So, the only candidate solution is: (z,y, A1, A2) = (1,1, 3€2, 3€?) with f(1,1) = €%

Note that f(z,y) > f(1,1) for all (z,y) € {(x,y) | * > 1and y > 1}. So f has a global minimum

at (1,1) if one considers f on this domain. However, note that by choosing an arbitrarily small

number a, f(a,a) = e2* can be made arbitrarily close to zero (although it never attains this value),
and is therefore smaller than e2. Therefore, the problem does not have a global minimum.
g. We follow Algorithm 4.20 to find the solution of this problem.

Step 1. Consider g1 (x,y) := 22 — 1 and g»(x,y) := 1 — y2. From the partial derivatives it is clear
that f and g; are continuous differentiable.

Step 2. g; = [2x 0] and g, = [0 — 2y]. So, [Dg1 Dgo]” has always full row rank provided either
x # 0ory#0. So, (0,y), with y? > 1, are candidate solutions. Note that (z,0), with 2% > 0
are not feasible.

Step 3. Consider L(x,y, A, Ag) := —e* ™% — X\ (22 — 1) — Ao(1 — 32).
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Step 4. Then the candidate optimal solutions satisfy:

1. [D1L(x,y, A1, Ao) DoL(z,y, A, Ag)] = [—e" Y — 2X 2, —2ye™" + 2Xy9] = [0 0];

2.4) A (1 — 22) = 0 and i) A(1 — y?) = 0;

3.4) 2% < 1;ii) y> > land dii) \; >0, i = 1,2.

From D, L = 0 it follows, since y2 > 1, that Ay = e ™% > 0. So, by item 2.ii), y2 = 1.

From D; L = 0 it follows that 22 < 1 (and therefore \; = 0) is not feasible. So, z? = 1. By item

3.iii) it follows then from DL = 0, moreover, that z = —1 and \; = %e”yQ.
So, we obtain the candidate solutions: (0,y), with y?> > 1; (z,y, 1, 2) = (—1,1, %,1) and
(z,y, M1, A2) = (—=1,-1,3,1).
The value f attains at these candidate solutions is: f(0,y) = eV’ f(=1,1) = f(—=1,—1) = 1. Note
that x + y? > 0. Therefore f(x,y) > 1 for all (z,y) on its domain. So f has a global minimum at
(-1,1) and (-1, -1).
One can also show this by considering HL(x,y, 3,1). Using the fact that = + y*> > 0 it follows
straightforwardly that this matrix is negative definite on the set D := {(z,y) |z € [-1,1], y > 1}.
One easily verifies that then also an open, convex set D, around this set exists where H L(z,y, %7 1)
is positive definite. This implies L(z,y, %, 1) is concave on this convex, open set. So, by Proposi-
tion 4.11, the constraint optimization problem restricted to D; has a global minimum at (—1,1).
Similarly, it follows that also the constraint optimization problem restricted to Dy := {(z,y) | « €
[-1,1], y < —1} has a global minimum at (—1, —1). As the values at both minimum locations co-

incide it follows that both candidate solutions provide a global minimum for the original problem.

EXERCISE 4.10 Solve next constrained optimization problems.

a.
b.
. Find the point (z,y) € R? that has a minimal distance to the disc, with center (0,0) and radius

= a0 T S CE e

. Maximize f(x,y, z

. Minimize f(z,y, 2

. Maximize f(x,y, z
. Minimize f(z,y, 2

Maximize f(z,y,2) = zIn(zyz) —z —y — z s.t. zyz > 3.
Maximize f(z,y,2) = 2% —y?> + 22 s.t. 22 +y? + 22 < 3 and ryz = 1.

V2, and the hyperbola c¢d = 9. That is, minimize (z — a)? + (y — b)? + (z — ¢)? + (y — d)?> w.rt.
x, y, a, b, cand d s.t. a®> +b*> < 2 and cd = 9.

=4z +y+z)—ay—zz—yzst. x<0,r+y=2andy+ 22 =5.
=ay+rz+yz—3x—3y—3zst. <0,z —y=—1landy+ 2?2 =2.

=3+ +8st 2 +y?<landy?+22< 1.

z)
z)
Minimize f(z,y,2) =22 —a2y —yz+22s.t. 2 >0,y > 0,2 > 0and y < 2% + 22
z)
2)=a?+y?—22st.r+y>landy? + 22 < 1.

ANSWER 4.10

a.

We follow Algorithm 4.20 to find the solution of the problem.

Step 1. Let g(z,y, 2) := 3 — zyz. Then f and g € C.

Step 2. Dg = [yz xz xy]. So Dg has not full row rank iff. yz = zz = zy = 0. But then at least one
of the entries in (z, y, z) must be zero, which implies that zyz = 0. Which violates the constraint

g < 0. So we don’t get any candidates for solutions.
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Step 3. Let L(z,y,2,\) = zln(zyz) — x —y — 2A(3 — ayz).
Step 4. Then next conditions must be satisfied:

i) In(zyz) + Ayz = 0; i) = — 1+ Az = 0; iii) = — 1+ Azy = 0;
Y z

1
iv) Mayz — 5) =0; v) g <0andvi) A >0.
1. Assume g is not binding. Consequently, A = 0. Then by i) zyz = 1, ii) z = y and iii) x = z.
This yields the candidate solution (1,1, 1).
2. Next assume g is binding:
Then zyz = % and, consequently, i) —In(2) 4+ % = 0; ii) % —14+ % =0andiii) £ -1+ % =
0. Some elementary calculations yield then next candidate solution: (x,y,z,\) = (z, (1 +

In2)z, (1 + In2)z, 2In22), where & = (2

1 3
(1+ln2)2) .
So, we obtain 2 candidate solutions: (x,y,z,\) = (1,1,1,0) and (z,y,2,A) = (z, (1 + In2)x, (1 +
In2)z,21n2x), where z = ( :

1 3
2(14+1n2)?
Note that

HL(z,y,2,A) =

NS
+ + 8=

From this we observe that

1. HL(1,1,1,0) is indefinite (notice entry (1,1) is positive, whereas entry (2,2) is negative). So,
(1,1,1) is not a maximum location. 1

2.at (z,(1 + In2)z, (1 + In2)z,2In2z), with « = (m)g, the constraint is binding. So,
with Dg = [~yz — 2z —ay] = (1 +In2)2%[(1 + In2) 1 1], we have that Dgv = 0 iff. v =
[v; — (1+1n2)v; — v3 v3]T, with v1,v3 € R. Therefore,

d(v) = vT'HL(z,(1+In2)z,(1+1n2)z,2In2z)v

1 —(14+In2) 0
0 ~1

[ 661 —1.952 v
= [vg v3] < 0, for all vy,v3 € R.
| —1.952 —2.3058 v3

1 0
—  [v1 vg] HL| —(1+In2) -1 [UI]

0 1

So, by Theorem 4.19, f has a (local) maximum at this location.

Note that f(1,—1,—1) = 1. So, f has not a global maximum at this location.

b. We follow Algorithm 4.20 to find the solution of the problem.

Step 1. Let g(z,vy, 2) := 22 +y?+22—3 and h(z,y, z) := xyz—1. Then f and g € C*. Furthermore,

the constraint set is compact. So, by Weierstrass’ Theorem a global maximum exists.
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Step 2. Dg = [2x 2y 2z] and Dh = [yz xz xy]. Therefore, see Remark 4.28,

oo 20 2y 2z a2?+y?+22-3

Yz Tz Y 0

G has not full row rank iff. z2 + y2 + 22 — 3 = 0 and there exists a x such that z = pyz, y = pzz

and z = paxy. Since none of the entries of (z,y, z) can be zero, it follows that G has not full row

rank iff. 22 +y%+22—-3 = 0and y? = 2% = 2%. Together with the restriction imposed by h(z, y, 2)
we obtain then next candidate solutions: (1,1,1); (1,—1,-1); (-1,—1,1) and (—1,1, —1).
Step 3. Let L(z,y, 2, \) = 2% — y? + 22 — N(2? + 9? + 22 — 3) — p(wyz — 1).
Step 4. Then next conditions must be satisfied:

i) 22(1 — A) — pyz = 0; ii) 2y(1 + A) + paz = 0; iii) 22(1 — ) — pzy = 0;
i) AMz? +y* + 22 —=3)=0; v) g <0; h=0; and vi) A > 0.

1. Assume g is not binding. Consequently, A = 0. Then by i) 2z — pyz = 0; ii) 2y + pzz = 0;

iii) 2z — pxy = 0. From h = 0, it follows that none of the entries of (z,y, z) can be zero. So,

i # 0. From i) and ii) we have then y = j—i = ;—iy That is, y> = —22. Which is not possible

(z #0and y # 0).
2. Next assume ¢ is binding and A # 0 (the case A = 0 was in fact already considered above).

1. First consider the case A = 1. Then, by i) and v), p = 0. But then ii) is violated.

2. Next consider the case A # 1. Then from i) and iii) we obtain: 1 — A\ = £ = £ From

2z 2z

which we deduce that: 22 = 22. So,x = zorz = —=z.

1.

Case 2 = z. Then i) and ii) reduce to: i) 2z(1 — A — uy) = 0; i) 2y(1 + A) + pa? = 0.
Or: i) 1 — XA — $puy = 0 and ii) 2y(1 + A) + pa® = 0. Substitution of A = 1 — $py from
i) into ii) yields: u(2? — y?) + 4y = 0. From v) we obtain: 222 + y? = 3 and 2%y = 1.
Which yields, with y = -, that = must satisfy: 2z — 32* + 1 = 0. Some elementary
analysis shows that x = 1 and z = —1 are the only solutions to this equation. Which

shows we do not get additional candidate solutions in this case.

. Case x = —z. Then i) and ii) reduce to: i) 22(1 — A+ %,uy) = 0;ii) 2y(1 + ) — pz? = 0.

Or: i) 1 — A+ spuy = 0 and ii) 2y(1 + \) — pz? = 0. Substitution of A = 1 + £ py from i)
into ii) yields: u(—z2 + y?) 4+ 4y = 0. From v) we obtain: 222 + 4> = 3 and 2%y = —1.
Which yields, with y = — -, that 2 must satisfy: 226 — 32* + 1 = 0. Similar to the case
above, we see we don’t get any additional candidate solutions here.

So, we find four candidate solutions (z,y, 2): (1,1,1); (1,—-1,—1); (-1,-1,1) and (1,1, —1).
Calculation of f at any of the candidate solutions found above yields a value of 1. So, at all of these

locations f has a global maximum.

c. We follow Algorithm 4.20 to find the solution of the problem.
Step 1. Let f($7y7 a, b7 ) d) = _('r_a’)2_(y_b)Q_(x_c)Q_(y_d)Q; g(ﬂf, Y, a, ba Cy d) = a2+b2_2
and h(z,y,a,b,c,d) :==cd —9. Then f, gand h € C*.
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Step 2. Dg =[002a2b00] and Dh =[000 0 d ¢.
So, see Remark 4.28,

a 0 0 2¢ 20 0 0 a2+4+0b2—2 0
00 0 0 d ¢ 0 ed—9 |

Given the constraints, one easily verifies that G has always full row rank.
Step 3. Let L(z,y,a,b,c,d, \, u) = f — Ag — ph. Then next conditions must be satisfied:

)2r—a—c=0; i) 2y —b—d=0; iii)) x — (1 +2\)a=0; iv) y — (1 + 2X\)b = 0;
V) 2(x —¢) — pd = 0; vi) 2(y — d) — pc = 0; vii) g < 0; h = 0; and viii) A > 0.

1. Assume g is not binding. Consequently, A = 0. Then by i)-iv), a = ¢ and b = d. But then a, b
should simultaneously satisfy a? 4+ b?> < 2 and ab = 9. Some elementary analysis shows this
is not possible.

2. Next assume g is binding (and A > 0, which case was basically already considered above).
Then by i) and iii): ¢ = 22 — a = (1 + 4)\)a.

So, by vi): pc=pu(l+4XN)a =2y —2d=>b—d=—4\b. (1)
Similarly ii) and iv) yield: d = 2y — b = (1 + 4\)b.
So,by v) ud = u(1+4M\)b =22 —2c=a — c = —4Xa. (2)
After subtracting (1) from (2) we obtain: (u(14+4X)—4A)(b—a) = 0. So either p(14+4X) = 4A,
which implies by (2) that a = —b, or a = b. Since a? + b* = 2 it follows that a = 4+b = +1.
Furthermore cd = (1 + 4A)%ab = 9. So, it follows that @ = b, and A = 1. From which we
obtain, using the other equations, that c = d =3 withx =y =2ifa=1andc=d = -3
with z = y = -2 if a = —1. Furthermore, p = —2.
Therefore, we obtain the candidate solutions (2,2,1,1, 3,3) and (-2, -2, —1,—1, —3, —3) with
both (A, 1) = (4, ~2).

So, we find two candidate solutions.

1

Next consider L(z,y,a,b,¢,d, 5, —%). Simple differentiation shows that

-4 0 0 0
0 -4 0 0 2
2 0 -3 0 0
HL =
0 2 -3 0 0
2 0 0 0 -2 2
L0 2 2 2|

An inspection of the eigenvalues (using Matlab) from H L shows that H L is negative definite on

RS. So, by Proposition 4.29, we conclude that at both locations f has a global maximum. Or, in
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other words, at both (z,y) = (2,2) and (z,y) = (—2,—2), the distance of (z,y) to both sets is
minimal (in fact the minimal Euclidean distance is v/2).
d. We follow Algorithm 4.20 to find the solution of the problem.

Step 1. Let g(z,y, 2) := x, hi(z,y,2) == v +y — 2 and ho(x,y,2) := y + 22 — 5. Then f, g and
hi, i=1,2,€ C..
Furthermore, since y = 5 — 22, it follows that y < 5. Moreover, since z < 0, it follows that
y=2—x >2. S0,y € [2,5]. Which implies, as 2> =5 — y and = = 2 — y, that both z and = are
bounded too. Consequently, the constraint set is compact. Therefore, by Weierstrass’ theorem,
the problem has a solution.

Step 2. Dg =[100], Dhy = [110] and Dhy = [0 1 2z].
So, see Remark 4.28,

1
G=11
0

= = O
[N}
N
oS O 8

Using Gaussian elimination one easily verifies that the rank of G coincides with the rank of matrix

1 0 O x
01 0 -—x
0 0 2z =z

So matrix G has not full row rank iff z = z = 0. But an easy inspection of the constraints shows
no point where x = z = 0 is located in the constraint set. Therefore, we don’t get any candidate
solutions in this step.

Step 3. Let L(z,y, 2, A\, i1, u2) := f — Ag — pu1hy — poho.

Step 4. Then next conditions must be satisfied:

D1d—y—z—-A—pup=0;i)) 14—z —2—p; —pe=0; iii) 14—z — y — 2u22 = 0;
iv) Az = 0; v) x < 0; vi) z +y = 2; vii) y + 2% = 5; and viii) A > 0.

1. Assume g is not binding, i.e., x < 0. Consequently, A = 0. Then by i)-ii), y; = 14 —y — =
and o = y — . So, by iii), 14 — 2 — y — 2z(y — x) = 0 (1). By vii), y = 5 — 22 and by vi),
x = 2—y = —3+22. Substitution of this into (1) shows z is the solution of 423 — 16z +12 = 0.

Some elementary inspection shows that the roots of this equation are: z = 1and z = %\/ﬁ
From these 3 roots, z = A*Tm is not located in the constraint set. So, we obtain 2 candidate

solutions: (—2,4,1) and (2% — 3,5 — 22, z), with z = =1£VI3,

2. Next assume g is binding, i.e., z = 0. Then, y = 2 and z = +/3. Using this in i)-iii) shows
A=79%-2. S0, z=—/3is not feasible.
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Therefore we obtain 3 candidate solutions: (—2,4,1), (22 — 3,5 — 22, 2), with z = =1£Y13 ' and
(0,2,/3).
Evaluation of f at these points shows that the maximum is attained at (0,2, v/3).
e. With f := —f consider the maximization of f subject to the constraints.
First, notice that the problem can be easily solved using substitution. One easily verifies that the
maximization problem is, after substitution of both equality constraints, equivalent with the max-
imization of f(z) = —z* + 22% — 322 4 7, with 2% > 1.
Below, we elaborate this exercise using the Algorithm 4.20. This, to illustrate the advantage of
using Theorem 4.47 compared to Theorem 4.30.
Step 1. Let g(z,y,2) := x, hi(x,y,2) == 2 —y + 1 and ha(z,y,2) := y + 22 — 2. Then f, g and
hi, i=1,2,€ C.
Step 2. Dg = [100], Dhy = [I —10] and Dhy = [0 1 2z].
So, see Remark 4.28,

1 0 0 =z
G=|1 -1 0 0
0 1 22 0

So matrix G has not full row rank iff z = z = 0. But an easy inspection of the constraints shows
no point where x = z = 0 is located in the constraint set. Therefore, we don’t get any candidate
solutions in this step.

Step 3. Let L(z,y, 2, \, pi, pi2) := f — Ag — prh1 — paha.

Step 4. Then next conditions must be satisfied:

)3—y—z-A—u1=0;ii)3—z—24+pu —pe=0;iii) 3 —a —y — 2u2z = 0;
iv) Az = 0; v) & <0; vi) z —y = —1; vii) y + 2% = 2; and viii) A > 0.

1. Assume g is not binding, i.e., x < 0. Consequently, A = 0. Then by i)-ii), u1 =3 —y — z and
po =6 —2 —y—2z So,byiil),3 —x —y —22(6 —x —y — 22) =0 (1). By vii), y = 2 — 22

2. Substitution of this into (1) shows z is the solution of

and by vi), z = -1+y=1-=2
—423 4 622 — 62 = 0. Some elementary inspection shows that the this equation has only one
real root: z = 0. This gives rise to next point: (1,2,0). But this point violates the constraint
z < 0. So we don’t find any candidate solution here.

2. Next assume g¢ is binding, i.e., v = 0. Then, y = 1 and z = +1. Using this in i)-iii) shows

A =2incase z = 1 (with uy = 1), whereas A\ = 9 results in case z = —1 (with uy = —2).
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Therefore we obtain 2 candidate solutions: a; := (0,1,1) and ag := (0,1, —1).
Evaluation of f at these points shows: f(a;) =5 and f(ay) = 1.
Next, consider H L. Simple calculations show that

0 -1 -1
HL=| -1 0 -1
—1 =1 —2us

Note that, at both locations, g is binding. So, Theorem 4.30 does not provide additional information
about the optimality of both locations.
To demonstrate the use of Theorem 4.47, consider the nullspace of matrix

1 -1 0
D[hlm]T:lo 1 2z]'

One easily verifies that D[h; he]"v = 0 iff. v = 7[1 1 — 2]7. Note that the linear independence
constraint qualification is met at both locations. So, by Theorem 4.47, we have to consider all v
for which Dg(a;)v < 0, for i = 1,2, respectively. As Dg(z) = [1 0 0], we see that in both cases v
should be restricted to those directions where 7 < 0.

Evaluation of d(v) = vT HLwv at ay, with s = 1, and at as, with 5 = —2, shows that in both cases
d(v) < 0if v # 0. So, by Theorem 4.47, f has a local maximum at both these points. Clearly, since
f(a1) =5 > 1= f(ay), f has not a global maximum at a,.

To decide whether a global maximum occurs at a;, reconsider the maximization problem under the
additional constraint that g, := 2% + 2 + 22 < 72, for a large value of r. Clearly, if this constraint is
not binding, we reobtain our points a; and a5 as candidate locations for the maximization problem.
In case this additional constraint g, is binding, we obtain the intersection points with h; and h as
additional potential global maximum locations. Substitution of both constraints into g,, shows that

%""'. Since 22 =2 —y > 0 (og,

y < 2), this gives rise to the additional locations (y — 1,y, +1/2 — y), where y ~ 3_T|T|. Evaluation

y satisfies 2y — 3y + 1 — 2. So, for large values of r this yields y ~

of f at these locations yields f ~ —zy = —(y—1)y < 5. So, this constrained maximization problem
has for arbitrarily large r its global maximum at a;. So, the original constraint optimization problem

has a global maximum at a;.

f. With f := — f consider the maximization of f subject to the constraints. We follow Algorithm 4.20
to find the solution of this problem.
Step 1. Let gy (z,y, 2) == —x, g2(x,y, 2) == —vy, g3(x,y,2) = —z and g4(2,y,2) == y — x> — 22

Then fandg;, i=1,---,4, € C*.
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Step 2. Dg; = [~100], Dgo = [0 —10], Dg3 =[00 — 1] and Dgy = [-2z 1 — 2z].
So, see Remark 4.28,

-1 0 —x 0 0
~ 0o -1 0 — 0
G = Y
0 0 -1 0 -z 0
—2x 1 -2z 0 0 0 y—a?—22

So matrix G has not full row rank iff z = y = z = 0. Therefore, (0,0, 0) is a candidate solution.
Step 3. Let L(z,y, 2, A1, A2, Az, Ag) i= f 4+ Mz + Aoy + A3z — My — 22 — 22).
Step 4. Then next conditions must be satisfied:

D2\ —Drz+y+ A =0 i) 2+ 2+ A — Ay =05 iil) y +2(M\y — 1)z + A3 = 0;
iv) \igi=0,i=1,---,4; v) g;(x,y,2) <0, i=1,--- ,4; and viii) \; >0, i =1,--- 4.

1. Assume g, is not binding, i.e., y < 22+ 22. Consequently, A, = 0. Thenbyii),z =2z = Ay =0
and thus, by iii), y = A3 = 0. So, (0,0, 0) results again with \; =0, i =1,--- ,4.
2. If g, is binding, y = 2% + 22.
1. Consider the case z = 0. Then, by i), y = A; = 0. So, we reobtain (0,0, 0).
2.If z > 0, by v), \; = 0. Furthermore, as y = 2% + 22 > 0, also Ay = 0.
Now, if z = 0, by iii), y = A3 = 0. But this violates y > 0. So, z > 0 and thus, by v), A3 = 0.
From i) and iii) we next conclude that 2(\y — 1)(z — ) = 0. So, either \y =l orz =z
applies. If Ay = 1, by iii), y = 0, which violates our previous assumption y > 0. So, z = .
Therefore, by ii), A\, = 2z. Substitution of this into iii) yields then as a candidate solution
(z,y,2) = §(3,2,3), with A = (0,0,0, 2).
So we find two candidate solutions: (z,y,z) = (0,0,0) and (z,y, 2z) = §(3,2,3).
Next, consider H L. Simple calculations show that

22 —2 1 0
HIL = 1 0 1
0 1 2\ —2
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Now, Dg4 = [-2x 1 — 2z]. Elementary algebraic calculations show that the nulspace of this matrix
1 0

is given by the range of matrix B = | 22 2z
0 1

Consequently at (z,y, z) = §(3,2,3), with Ay = 2,

1
9

204 — 2+ 4z 2@ + 2z
20 + 2z 204 — 2+ 42

BTHLB =

12 4
314 2|

Clearly, this matrix is not negative semi-definite. So, f has not a local maximum here.

Finally, consider a = (0,0,0) with \; = 0, ¢ = 1,--- ,4. As already noticed in Step 2, the linear
independence constraint qualification is not met at this point. However, one easily verifies that all
constraints are convex. So, we conclude from Theorem 4.44 that T,,(D) = T'L,(D). Next, notice
that

-1 0 0
0 -1 0
TL.(D)=Av v <0},
D)=l | D [es
0 1 0

From this one easily establishes that v = [v; 0 v3]T , where v; > 0, i =1, 3.

Since (a, \) satisfy the (KKT) conditions, by Theorem 4.48, we have that a will be a local maximum

if v HL(a,\)v <0, forallv € TL,(D), v # 0.

One easily verifies that v” HL(a, \)u = —2v? — 2v3. So, indeed, f has a local maximum at a.

Moreover, as f(l, 2,1)=3>0= f((), 0,0), a does not provide a global maximum.

g. Note that the constraint set is compact. As f is continuous we have from Weierstrass’ theorem that

a solution exists. We follow Algorithm 4.20 to find the solution of the problem.

Step 1. Let g1 (x,y, 2) := 22 +y* — 1 and g2 (7,9, 2) :=y?> + 22 — 1. Then f and g; € C*, i =1, 2.

Step 2. Dg; = [2z 2y 0] and Dgs = [0 2y 2z]. Note that if g; is binding Dg; # 0. Similarly, if go is
binding, Dg» # 0. If both constraints are simultaneously binding, Dg has not full row rank iff.
(x,y,2) = (0,1,0). So, this is a candidate solution.

Step 3. Let L(z,y, A1, Xo) = 23 + 93 + 23 — A\ (22 + 92 — 1) — Xa(y? + 22 - 1).

Step 4. Then next conditions must be satisfied:

i) 322 — 2\12 = 0; ii) 3y? — 2\1y — 2Xoy = 0; iii) 322 — 222 = 0;
lV) )\zgz =0, 1= 1,2, V) 9i SOandw) A > O, 1=1,2.

1. Assume no constraint is binding. Consequently, A; = 0, ¢ = 1,2. Then (0,0, 0) results as a
candidate solution.
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2. Assume precisely one constraint is binding.
1. Case 22 4y? = 1. Then A, = 0. Then by iii), = 0. From i) and ii) (together with 22 +3?

1) we obtain then next candidate solutions (z, y, z, A1, A2) = (0, 1,0, :;7 0); (z,y,2, A1, A2)
(1,0,0,2,0) and (z,y,2, 1, A2) = (3V2,3V2,0, 3/2,0).
2. Case y?+22 = 1. Then \; = 0. Then by i), z = 0. From ii) and iii) (together with y?+ 22 =
1) we obtain then next candidate solutions (z, y, z, A1, A2) = (0,1, 0,0, %); (z,y,2,\1,\2) =
(0,0,1,0,3) and (z,y, 2, M1, A2) = (0, /2, 3v/2,0, 3/2).
3. Assume both constraints are binding.
If either x = 0 or z = 0, we again find the candidate solution (x,y, z) = (0,1,0). If y = 0, we
find the candidate solution (z,y, z, A1, A2) = (1,0,1, 3, 2).
Otherwise, from y? = 1 — 22, substitution into g, = 0 gives x = +z. Whereas conditions i)-iii)
yield: = z = 2X\; and y = x + 2. Which yields the candidate solution: (z,y,z, A1, \2) =
(5V5, V5, 5V5, 35V5, 5V5).
So, we find the eight candidate solutions (z,y,2): (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,0,1),
(1v2,1v2,0), (0,1v?2,1v2) and (25, 2V/5, 1V/5).
Evaluation of the candidate solutions shows that the maximum is attained at («,y, z) = (1,0, 1).
h. We use Algorithm 4.20 again to find the solution of this problem.
Step 1. Let g1(z,y,2) ;=1 —x —y and ga(,y,2) :==y> + 22> — 1. Then fand g; € C*, i =1,2.
Step 2. Dg; = [—1 —10] and Dgy = [0 2y 2z]. Note that if g; is binding Dg; # 0. Similarly, if go
is binding, Dgs # 0. If both constraints are simultaneously binding, one easily verifies Dg has
always full row rank. So, there are no candidate solutions here.
Step 3. Let L(z,y, A1, \o) = —2% — gyt 22 + Mz +y— 1) — Aa(y? + 22 - 1).
Step 4. Then next conditions must be satisfied:

i) —2x4+ X =0; i) — 2y + Ay — 2 oy = 0; iii) 22 — 2X92 = 0;
iV) /\Zgzzo, 1 =1,2; V) gi < 0and Vl) N >0,i=1,2.

1. Assume no constraint is binding. Consequently, A; = 0, ¢ = 1, 2. Then (0, 0, 0) satisfies i)-iii),
but violates the first constraint.
2. Assume precisely one constraint is binding.
1.Case x +y = 1. Then Ay = 0. Then one easily verifies that the candidate solution
(z,9,2,A\1,\2) = (27 270, 1,0) results.
2. Case y? 4+ 22 = 1. Then \; = 0. From i), ii) and vi) we then obtain z = y = 0, which
violates the first constraint.
3. Assume both constraints are binding. = +y = 1 and y? + 22 = 1.
Inspection of the conditions shows that (z,y, z, A1, A2) = (3, 1, ? 3. 1) and (z,y,2,A1, A2) =

(2,4 —?, 2,1) result as candidate solutions.
So we have three candidate solutions: (z,y,z,A1,A2) = (3,3,0,1,0), (z,y,2,A1,X) =
(37%7?731 )and(x va)‘h)\Q) (gaéu_gvgv )
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Note that the smallest value of the objective function of these 3 points is attained at
(9,2, A, 0) = (2,5, %8 41) and (,y,2,A1,00) = (2,1,-¥3,41). So, both these
points are candidates for a solution of the problem. Unfortunately the constraint set is not
bounded. Therefore, we consider the Lagrangian at (A\;,A2) = (3,1). This function is given by

L(z,y,2) = —a? — 2> + %x + %y — % Therefore

-2 0 0
HL=| 0 -4 0
0 0 0

Clearly, H L is negative semi-definite on R3. So, L is concave on R®. Therefore we conclude that

the constraint optimization problem attains a global minimum at both these locations.

EXERCISE 4.11 Find all local maxima of next constrained optimization problems.
a. Optimize f(x,y,2) = —6z +y+ 2z s.t. y < 2% and z < 3.
b. Optimize f(z,y,2) = ryz s.t. y < 23 and » < 2°.

ANSWER 4.11
a. We follow Algorithm 4.20 to find the solution of the problem.

Step 1. Let gy (2,9, 2) :=y — 23 and go(x,y,2) := z — 2. Then f and g; € C*, i = 1,2.

Step 2. Dg; = [-322 1 0] and Dg, = [—322 0 1]. Note that if g; is binding Dg; # 0. Similarly, if g»
is binding, Dg, # 0. If both constraints are simultaneously binding, one easily verifies Dg has
always full row rank. So, there are no candidate solutions here.

Step 3. Let L(z,y, A1, A2) = =6z +y + 2 — A\ (y — 23) — Aa(2 — 23).

Step 4. Then next conditions must be satisfied:

i) —643\22 +3X2% =0; ii) 1 — A\, =0; iii) 1 — Xy = 0;
iv) Aigi=0,i=1,2; v)g; <Oandvi) \; >0, i =1,2.

From ii) and iii) we have \; = 1, ¢ = 1,2. Substitution of this into i) and next evaluation
of the other conditions yields next candidate solutions: (z,y,z,A1,A2) = (1,1,1,1,1) and
(z,y,2,\1,\2) = (—1,—-1,-1,1,1).
Clearly, neither of these candidates yields a global maxima of the problem, since the objective
function attains a larger value at, for example (z, y, z) = (10,1000, 1000). To determine whether a
local maximum occurs at the candidate solutions, we consider Theorem 4.19.
To that end consider L(x,y,2,1,1) = 223 — 62. Note that both constraints are binding. Therefore

matrix
1 1

B= 1 0] [-sa2] | =] 32
0 1 —3z2 3z
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With matrix B as above one easily verifies that BTHL(x,y,2,1,1,1)B = 12x. Therefore
BTHL(1,1,1,1,1)B > 0and BTHL(-1,—1,—1,1,1)B < 0. So the problem has a local maximum
at (—1—,—1,—1) and has not a local maximum at (1,1, 1).

. First, consider the first part of Algorithm 4.20 to find candidate solutions of the problem.

Step 1. Let g1(x,vy,2) := y — 2 and ga(x,y, 2) := z — 2. Then f and g; € C!, i = 1,2.

Step 2. Dg; = [-32% 1 0] and Dg, = [-3x2 0 1]. Note that if g; is binding, Dg; # 0. Similarly,
if g is binding, Dg, # 0. If both constraints are simultaneously binding, one easily verifies Dg
has always full row rank. So, there are no candidate solutions here.

Step 3. Let L(z,y, A1, X\2) = zyz — M (y — 23) — Aa(z — 23).

Step 4. Then next conditions must be satisfied:

i) yz + 3\z? 4 322 = 0; i) zz — Ay = 0; iii) zy — Ao = 0;
IV) )\zgz :0, 1=1,2; V) gi < 0andv1) A >0,1= 1,2

To solve this set of equations consider next 3 possibilities:
1. No constraint is binding. Then X; = 0. This yields (x,y,z, A\1,A2) = (%,0,0,0,0), where
Z > 0, as candidate solutions.
2. precisely one constraint is binding.
1. g; is binding, i.e., y = 2®. Then X\ = 0. This yields (x,y, 2, A1, A\2) = (%,0,0,0,0), where
z >0, and (z,y, z, A1, A2) = (0,0, 2,0,0,0,0), where z < 0, as candidate solutions.
2. go is binding, i.e., z = z3. Then \; = 0. This yields (z,y, 2, \1, \2) = (Z,0,0,0,0), where
z >0, and (z,y, 2, A1, A2) = (0,7,0,0,0,0,0), where § < 0, as candidate solutions.
3. Both constraints are binding. This yields (x,y, z, A1, A2) = (0,0,0,0,0).
To determine, next, whether a local maximum occurs at the candidate solutions we consider The-
orem 4.19.

To that end consider L(z,y, z,0,0) = zyz. Elementary calculations show

0 2z y

HL=| 2 0 =z

y x 0
1 1
If both constraints are binding, at (0,0,0), B = 1 0 ! —322 =10
- l 0 1 1 [ 342 1 0

Then BTHL(0,0,0,0,0)B = 0. So the theorem does not provide a conclusive answer. However,
if we evaluate the objective function along the curve (e, 3, €3) we see that for € > 0, the objective
values are larger than zero. So, the problem has not a local maximum at (0, 0, 0).

Next consider the candidates obtained in case g; is binding and g- not.

First consider the candidate solutions: (z,vy,2) = (z,0,0), where z > 0. As Dg; = [—322 1 0], we
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have that Dg;(Z,0,0) = [-3z2 1 0] with Z > 0. Note that unfortunately Dg;, = 0. However, for
example, D¢y, # 0. Therefore, we apply the Implicit Function Theorem with respect to the first
variable rather than the third, which yields

Evaluated at (z,0,0), BTHLB equals |
X
Since this matrix is indefinite (and thus not negative semi-definite), it follows that none of these
points provides a local maximum.
Next consider the candidate solutions: (z,y,z) = (0,0, z), where z < 0. As Dg; = [-32% 1 0],
we have that Dg,(0,0,2,0,0) = [0 1 0]. Again, unfortunately, Dg,. = 0. However, Dg;, # 0.
Therefore, we apply the Implicit Function Theorem with respect to the second variable rather than
the third, which yields

oy

Il
oS O =
= o O

Evaluated at (0,0, z), BT HLB equals

1

NE

Since this matrix is negative semi-definite, the theorem does not allow us to conclude whether these
candidate solutions are local maxima. A more detailed inspection is needed. To that end consider
the parameterized curve (z,y,z) = (e, —¢,Z), with e > 0, in the constraint set. The objective
function takes strictly positive values along this curve. Hence, the optimization problem has not a
local maximum at (0, 0, z).

Next consider the case g5 is binding and g; not.

We have already seen that the candidate solutions (z,y, z) = (Z,0,0), where Z > 0, do not provide

local maxima. We therefore consider the candidate solutions (x,y, z) = (0, ,0), where § < 0.
Since Dgs = [—322 0 1], it follows that Dg»(0,%,0) = [0 0 1]. Hence

w

I
o O =
S = O

Evaluated at (0,y,0), BT HLB equals

Since this matrix is negative semi-definite, the theorem does not allow us to conclude whether
these candidate solutions yield local maxima. A more detailed analysis is therefore required. To
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FIGURE 4.1 - S = {(z,y) | 2 — y*> < 0.}

this end, consider the parameterized curve (z,y, z) = (€, 3, —€), with € > 0, in the constraint set.
The objective function takes strictly positive values along this curve. Therefore (0,%,0) do not
provide a local maximum.

Finally, if no constraint is binding we found the candidate solutions: (z,y,z) = (Z,0,0), where
Z > 0, from which we already showed they are not local maxima.

So the problem has no local maxima.

EXERCISE 4.12
Determine the tangent and linearized cone for next sets at the indicated point a, respectively.

a.
b.

C.

S =A{(z,y) ||z| <1land |y| <1} at (1,1).
S ={(z,y) l2? +y* < 1} at (1,0).
S ={(x,y) |2* — y*> <0} at (0,0).

d. S ={(z,y,2) [log(1 + 2> + y* + 2*) <log4); stz + 3z t sz Tz > Lo +y+2<3 2>

1; 2] <2} at (0,0).

ANSWER 4.12

a.

0
Note that Dg(1,1) = R which is invertible and therefore has full row rank. Hence, by
Theorem 4.43, it follows that Ts(1,1) = T Lg(1,1).

Next, TLg(1,1) = {u | D(z)u < 0and D(y)u < 0} evaluated at (z,y) = (1,1). Consequently,
TLs(1,1) = {(u1,u2) | [1 0Ju < 0and [0 1]u < 0} = {(u1,u2)T |u; < 0and uy < 0}.

. Observe that Dg(1,0) = 2 { 1 0 }, which has full row rank. Therefore, by Theorem 4.43, it fol-

lows that Ts(1,1) = T'Lg(1,1).
Next, TLs(1,0) = {u | D(z? + y*)u < 0} evaluated at (x,y) = (1,0). Hence, TLg(1,0) =
{(u1,u2) | 2[1 0)u <0} = {(u1,u2)T |us <0}

. We illustrated S in Figure 4.1.
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From this one easily verifies that T5(0,0) = S.

Next, TLs(0,0) = {u | D(z* — y*)u < 0} evaluated at (z,y) = (0,0). Hence, TLs(0,0) =
{(u1,u2) | 2[0 0Ju < 0} = R

Observe that Dg(0,0) = 2[0 0], which does not have full row rank.

d. Note that all constraints except |z| < 2 are binding. Define

1 1 1
= log(1 2 2 2): = — — — .
gl(x,y,z) g( +x +y +z )7 92(33?3/72:) 2+ 2+y 2+Z7
93(z,y,2) = z+y+~zandgs(z,y,z2) = —z.

2x 2y 2z 1 1 1
1+z24y?+22 1+z24y?+22  1+z24y2+22 2 2 2
1 1 1 1011
Then, Dg(z,y, z) = (2+2)? (2+y)* (2+2)? .So, Dg(1,1,1)=| 9 9 9
9(x,y, 2) ) ) ) 9(1,1,1) L1
1 0 0 ~1 0 0

Observe that for v := [I — 2 0]7 we have Dg(1,1,1)u < 0. Hence, by Theorem 4.43 (item 3), it
follows that Ts(1,1,1) =TLg(1,1,1).
Next, TLs(1,1,1) = {u | Dg(1,1,1)u < 0} = {[us ug ug]” | [1 1 1Ju < 0 and u; > 0}.

Advanced, Deepening and Broadening Exercises

EXERCISE 4.13 (Reformulating optimization problems into the standard framework)

In this exercise a number of optimization problems are considered that can be reformulated into the
standard framework.

Reformulate next problems as a (mixed) constrained maximization problem (4.11).

a. Maximize f(z) subject to max,{g1(z), g2(z)} < a.

b. Maximize f(x) subject to |g1(z)| + |g2(x)| < a.

c. Minimize f(x) where f(x) = max,{¢1(z), g2(x)}.

d. Minimize the Euclidean distance between two sets given by S; = {z |g;(z) < b;}, i = 1,2.

ANSWER 4.13

a. Maximize f(z) subject to g;(x) < a and g(z) < a.

b. Maximize f(z) subject to g1 (z)+g2(x) < a, —g1(z)+92(2) < a, g1(z) —g2(2) < a, —g1 () —g2(2) <
a.

c. Find ¢ that maximizes —¢ subject to g1 (z) < ¢ and go(x) < t.

d. Minimize f(z) = />.; (@i — y;)? subject to g1 (z) < by and g2(y) < by. Or, determine —¢ that

n

maximizes ¢t := —,/> " ;(z; — y;)? subject to g1 (x) < by and g2(y) < bs.

» 200 «



Constrained Optimization: Inequality Constraints

EXERCISE 4.14 (Solving an inequality constrained optimization problem as an equality constrained op-

timization problem)

In this exercise you are asked to show that an optimization problem subject to inequality constraints

can be solved also as an equality constrained optimization problem by the introduction of so-called

slack variables. For simplicity you are asked to prove this result if there is only one inequality restric-

tion.

Assume f(z), g(z) : R" — R are continuous on an open set S C R". Consider the set C' := {x €

R™ | g(z) < b, z € S} and C := {(z,5) € R"™ | g(x) + s> = b, z € S}. Assume a € C. Let

fi(z,s) := f(z) for all s.

a. Show that s(x) := /b — g(z) is a continuous function on C.

b. Assume f(x) has a local maximum at + = a on C. Show that f;(z,s) has a local maximum at
(z,5) = (a,/b— g(a)) on Cy.

c. Assume fi(z,s) has a local maximum at (z, s) = (a, /b — g(a)) on C;. Show that f(x) has a local
maximum at x = a on C.

d.Is (z,s) = (a,/b — g(a)) on C; the only location where f;(z,s) = f(a)? Comment on this.

ANSWER 4.14

a. Note that b — g(x) > 0 on SN C. As g(z) is continuous, b — g(x) is also continuous, and therefore
its square root, s(x), is continuous as well.

b. Sine f(z) has a local maximum at z = a on C, by definition f(z) < f(a) for all z in the intersection
of C' with some ball B centered at a with radius e.
Now, consider an arbitrary element (z,s) in the intersection of C; with a ball B; centered at

(a, /b — g(a)) with radius e. Then (z, s) satisfies

Ve -2+ (- Vi gl <e

Which implies that x € B.
Furthermore, since (z,s) € (4, it follows that g(z) < b. Hence, € C. Therefore, x lies in the
intersection C' N B, where by assumption f(z) < f(a).

c. Since f;(z, s) has a local maximum at (a, /b — g(a)) on Cy, by definition f(z) < f(a) for all (x, s)
in the intersection of C; and some ball B; centered at (a, /b — g(a)) with radius ;.
Recall from item a that s(x) = /b — g(z) is continuous. In particular, this implies that for every
€2 > 0 there exists a ball Bs, centered at ¢ with radius d,, such that for all x € B,

[s(a) — s(z)| < e€a.

Now consider an arbitrary x in the intersection of C' with a ball B, centered at a with radius 0,
where €5 and 09 satisfy es + do < §;1. Then, x satisfies ||z — a|| < d2 and g(x) < b. From the latter
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inequality it follows that there exists s(z) := /b — g(z) such that
g() + 8*(x) = b.

As noted above, s(x) is continuous and, since ||z — al| < s, it follows that |s(z) — s(a)] < ea.
Consequently,

V(e —a)? + (s(x) - 5(a))? < 82 +e2 < 0.

Hence (z, s(z)) € By N Cy, which implies that f(z) < f(a).
d. No, also f1(a, —+/b— g(a)) = f(a). In fact one can show, similarly as above, that also f;(z, s) has
a local maximum at (a, —/b — g(a)). So, f1 has at least two locations where it attains the same

maximum value.

EXERCISE 4.15 (Proof Lemma 4.7)

Assume g(z) : R™ — R is continuous differentiable on an open set S C R™ containing a. Consider

the set C = {x € R" | g(x) < b} and assume g(a) = b. Prove that

1. Dg,(a)u > 0 for any direction  pointing into C. Hint: Consider §(¢) = g(a + tu) for appropriate
t>0.

2. Dg,(a)u < 0 for any direction u pointing outside C.

3. Dg(a) is perpendicular to the tangent plane of the graph of g(x) at z = a.

ANSWER 4.15

a. Let u be any direction such that, for ¢, sufficiently small and all 0 < ¢ < ¢y, we have z(t) = a+tu €
C. Then define §(t) := (g(x(t)), which satisfies g(t) < b forall 0 <t < ¢; and §(0) = b.
Note that g(¢) is continuously differentiable on (0, ¢y). Moreover, §(¢) attains a maximum at ¢ = 0.
By the chain rule,

7 (t) = Dg(x(t))a (t) = Dg(x(t))u.
Since §(t) has a maximum at ¢ = 0, there exists 0 < t; < t, such that §'(t) > 0 for all € (0,).
Because §(t) is continuous, it follows that lim, o § (t) > 0. Hence, Dg(a)u > 0.
b. Similar to item a. Consider g(t) := g(z(t) where z(t) = a4+ tu € C = {x | g(z) > b}. Note that
g(t) has a minimum at ¢ = 0.

c. The tangent plane to the graph of g(z) at = a is given by

{z | Dg(a)(x — a) = 0}.

Equivalently, the condition Dg(a)(x — a) = 0 can be interpreted as stating that every vector = — a,
with z lying on the tangent plane, has innerproduct zero with the vector Dg” (a). In other words,
vector Dg”'(a) is orthogonal to every direction vector in the tangent plane of g at + = a. Hence,

Dg7 (a) is perpendicular to the tangent plane of g at x = a.
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EXERCISE 4.16 (Proof Theorem 4.19)
Consider the assumptions and notation in Theorem 4.19.

a.

Show that f(a) will be a local maximum of the constrained optimization problem to maximize f(x)
subject to the constraint set defined by S. = {z € R" | g1(z) = 51}, where b, = [by - bm,]T, if the

advertized constrained Hessian matrix is negative definite.

. Use item a. and Corollary 3.39 to show that a necessary condition for existence of a local max-

imum at a for the constraint optimization problem (4.8) is that d(v) = vTHL(a)v < 0 for all
ve{v]|Dg(a)v =0}

. Show that the constraint optimization problem (4.8) has a maximum at = a under the stated

assumptions. Hint: Introduce slack variables into the problem (see Exercise 4.14) to rewrite the
problem as an equality constraint problem. Next, use Theorem 3.38 to conclude.

ANSWER 4.16

a.

By assumption, (a, A1, -, A\, ,0,- - ,0) satisfies the (KKT) conditions of the original constraint
optimization problem (4.8), where g; contains the binding constraints and ¢, the non-binding
constraints.

Now, (with a slight abuse of notation) consider the Lagrange function
Le:= f(x) =Y milgi(x) —bi)
i=1

associated with the maximization of f(x) over the constrained set S.. One can easily verify that

(x,1) := (a,A1, -+, \m,) satisfies the (KKT) conditions for this problem and that « is a regular
point.
Note that the Hessian associated with this problem, HL.(z, A1, , A, ), coincides with HL(x).
Since

d(v) = vIHL(a)v < 0,

for all v # 0 satisfying Dg; (a)v = 0, it follows that
VI HL (a, A1, s A, )v < 0

for this same set of vectors. By Theorem 3.38, this implies that f(x) has a strict local maximum at

aon S..

. Consider the constrained optimization problem of maximizing f(z) over the set S., where g; (x) =

b1. Recall from the proof of item a. that (a, A1, -+, A\, ) satisfy the (KKT) conditions associated
with this problem, and that « is a regular point for this constrained optimization problem.
Furthermore, we observed that H L(z) coincides with the Hessian H L (z, A1, - , A, ). By Corol-
lary 3.39, a necessary condition for f to have a maximum on the constrained set S. is that

d(v) =vTHL.w <0forallv € { v| Dg(a)v = 0}.
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Consequently, it also holds that d(v) = v" HL(a)v < 0 for all v € { v | Dgy(a)v = 0}.

c. Consider the constrained optimization problem of maximizing f(z) on the set S, where the first m;
constraints are binding, ¢, (z) = b;, and the remaining constraints are non-binding. By assumption
the original problem (4.8) has a solution at « = « if and only if the problem of maximizing f(z)

over the set
Sei = {z | g1(z) = b1, ga(z) < ba}

has a maximum at « = a.

From Exercise 4.14, f(x) will have a local maximum on this set S; if the function f;(x, s) := f(z)
has a local maximum for the corresponding equality constrained problem where, for every non-
binding constraint 4, a slack variable s; is introduced. That is, we consider maximizing fi(z, s)

over the set
{(z,8) ]| gi(x)=b;, i =1, - ,ml,gi(x)—&—s? =b,i=mi+1,---,m}.

The associated Lagrange function for this equality-constrained problem is

Liz s, 0) = f@) = 3 Mlgi) —b) = > Nlgile) + 52 — by).
=1

i=m,+1
Let
Gi(z,s) :==gi(x), i=1,--- ,my and §;(z,s) := gi(x) + 2, i =my +1,--- ,m.

Then

D 0

Dya,s) = | DM

Dgs(a) diag(2s;(a))
Since b; — g;(a) > 0, i = my + 1,--- ,m, we have s;(a) # 0 for these i. By assumption, Dg;(a)
has full row rank, which immediately implies that Dg(a,5) also has full row rank, where 5 :=
($m,+1(a), -, sm(a)). Therefore, (a, 5) is a regular point for this equality-constraint optimization
problem.

By assumption the (KKT) conditions for the original problem (4.8) are satisfied. That is, with

m

Lce(x7 /\) = f(x) - Z)‘l(gz('r) - bl)a
we have

Df(a)zz/_\zDgz(a), 5\1:0, z:m1+1, ,m, and/_\i ZO, Zzl, , M.

i=1
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Now, consider the Lagrange conditions for the equality-constrained problem:

lal, = Df(x)—i/\iDgi(x)_ i AiDgi(x) = 0;

i=m,+1
1-bLs,L = 72)\1‘81':(), z:m1+1, ,m
It is straightforward to verify that x := a; s; := g;(a) — b;, i =my +1,--- ,my;and \; == \;, i =
1,- -+ ,m, satisfy conditions 1.a and 1.b.

By Theorem 3.38 (a,5) will be a local maximum if BT HL(z,s, \)B is negative definite at (a, 5),

_ H — S \;Hg; 0
where HL(x,s,\) = [ J@) = 2im 9:(@) 0 and B represents the nulspace of Dg(a, 3),

0

specifically

By

I
[ —|diag(25,)] ' (Dg2(a)B1)

—(Dyg1(a)) "' Dyg1(a)

, Where B =

A direct calculation shows that
BTHL(z,s,\) = B (Hf(x Z/\ Hg;(z
Hence, BT HL(x, s, \)B is negative definite at (a, 3) if and only if
BY (Hf(x Z AiHgi(z
is negative definite at z = a.

In conclusion, the constraint maximization problem (4.8) has a local maximum at a regular point
x = a if, the first-order (KKT) conditions are satisfied and

BT (Hf(z Z)\ Hgi(z

is negative definite at = = a.

EXERCISE 4.17 (Reformulation Chebyshev distance problem as a Linear Programming Problem)

The Chebyshev distance between 2 vectors x and y is defined as the maximum number of the absolute

difference between entries of both vectors, i.e. max; |z; — y;|. In this exercise you are asked to show

that the problem to find a vector in a convex polyhedron S that has a minimal Chebyshev distance to

a given vector ¢ € R™ (not in S) can be reformulated as a linear programming problem.
a. Let t > 0. Show that |z; — y;| < tiff. x; —y; <tand x; —y; > —t.
b. Show that max; |(E2 — y1| <t lff.’EZ —t < Yi and —x; —t < —Yi, 1= 1, e, M
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c. Assume the convex polyhedron S is described by the intersection of the half spaces a? = < b;. Show
that the problem to find min,c g max; |s; — ¢;| (with ¢ ¢ S) is equivalent with the linear program to
find max, ; —t subject to the inequality constraints alz —t < b; +¢; and —alz —t < —b; — ¢;, i =
1,---,n.

d. Consider 3 data points (z1,y1) = (0, —1), (x2,y2) = (1,2) and (x3,y3) = (2, 3). Determine param-
eters « and 3 that make the line y = o + S as "close” to the points as possible in the sense of

Chebyshev’s distance. Verify your result.

ANSWER 4.17

a. Assume |z; — y;| < t. Then, if z; — y; > 0 clearly x; — y; < ¢. In case x; — y; < 0 it follows that
—x; +y; < t. Hence, both inequalities apply.
Conversely, if both inequalities hold, it immediately follows that |z; — y;| < ¢.

b. From item a., it follows that max; |z; — b;| < tiff. ; —b; < ¢ and x; —b; > —t for all i. Rearranging
these inequalities then gives the stated result.

c. Since ¢ ¢ S, the minimum distance from c to S is achieved on the boundary of S; that is, at a point
s € S where al'z = b;, fori=1,--- ,m.

By item b., letting x; := al x and y; := b; + ¢;, for a fixed t > 0 we have max; |z; — y;| < ¢t iff
T T C_
a;x—t<bt+cand —a;z—t<-b;—c¢, i=1,---,n.

Therefore, to find a point s € S that minimizes the distance to ¢, we must solve

rr%z;)é—tsubjecttoa?x—t <b; +¢; and —aZTa:—t < -bj—c;,i=1,---,n.
"E7 -
d. If the data points lay exactly on a line, the parameters « and 8 would satisfy the equations o = —1,

a+ f =2and a + 28 = 3. Equivalently, in matrix form, this can be written as

Ala BT =[-123]", where A=[111;012]".

Thus, our goal is to determine z = [a (8]T such that the Chebyshev distance between Az and
b=[-123]T is minimized.
By item c., this can be reformulated as the problem of maximizing f(x,t) = —t subject to the

constraints a) 1 —t < —1;b) —x1 —t < 1L; Q) x1 + 22—t < 2;d) —x1 —22 —t < =2; €)
T1 + 229 —t<3andf) —x; — 2z, —t < 3.
Clearly, by Weierstrass’ theorem, this problem has a solution. The with this problem corresponding

Lagrange function is

L($7t,)\) = —t—)\l(xl—t+1)—>\2(—x1—t—1)—)\3(1‘1 +1’2—t—2)—)\4(—$1—$2—t+2)
7A5($1+$27t73)7>\6(7$17$27t+3).
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From which we derive the necessary conditions:

6
1.3) Z)\iil; b))\g*)\1+)\47/\3+>\67)\5:(); C))\47)\3+)\6*/\5:0;

=

23)A1($17t+1):0; b))\Q(*l’lft*].):O; C) )\3(1’1+$27t72):0;
) 4( Il—,rg—t+2):0, e))\5(x1+2:c2—t—3):OD/\6(—x1—2172—154—3):0.

3.a) \; > 0and b) all constraints must be satisfied.
First, note that constraints 1.b) and 1.c) can be rewritten equivalently as:
].b/) )\1 = )\2 and 1.C/) )\4 — )\3 + >\6 — )\5 =0.

l.Casel: vy —t+1=0andz; +t+1=0.
Then it follows that z; = —1 and ¢ = 0. From this we obtain from constraints c¢) and d) that
2o = 3. But this violates constraint e).
2.Case2: z1 —t+1=0and x; +t+1>0.
Thenwe havet =1+ 27 Z0and Ay = Ay = 0.
1. if 21 + o — t — 2 = 0 it follows that x5 = 3. Which again violates constraint €).
2.ifxy + 29 —t — 2 # 0 we have A3 = 0. So, \s = Ag + Xg.
1.if A =0 it follows \; =0, ¢ = 1,--- , 6. Which violates condition 1.a)
2. if A5 #£ 0, it follows that zo = 2. If Ag # 0 it follows 1 = —1, which violates ¢ # 0. So, Ay >
0 and A = 0. This results in the solution: A = (0,0,0, 3, ,0) with (¢, z1,22) = (3, -1,2).
In a similar way, one can examine the other two remaining cases, ; —t+1 > 0 with +t+1 =0

and z; —t 4+ 1 > 0 with 27 + t + 1 = 0, respectively, which yield the same solution.

Observe that with y = —1 + 2z we have at z; = 0, y; = —3; atzy = 1, y» = 2; and at
z3 = 2, y3 = 2. The Chebyshev distance between (—1,2,3) and (—3, 3, 7) is indeed 3.

EXERCISE 4.18 (Optimization problem equivalence under change of variables)

Consider the maximization of f(x) subject to the constraints g;(x) < b;, i = 1,--- ,k, and h;(z) =

cj, j=1,---,m,onaset C' C R".

Assume ¢(z) = [¢1() - ¢, (z)]T is a mapping from D C R™ to R™ which maps no two elements

of its domain to a single value in its range (one-to-one mapping). Moreover assume ¢(z) is such that

C C ¢(D).

a. Show that above optimization problem has a solution at «* iff. with f(z) = f(¢(2)), §:(z) =
9i(¢(2)) and h;(z) := hi(4(z)), the maximization of f(z) subject to the constraints §;(z) < b;, i =

,k, and ﬁj(z) =¢;, j =1,---,m, has a solution at some point z*. What is the relationship

between the solution of both problems and between z* and z*?

b. Use the approach sketched in item a. to find the maximum of f(z1,x2) = ax$ + In(x2) subject to

2 In(x9) < 4. Here a, o and x; are strictly positive numbers.
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ANSWER 4.18
a. By assumption, for every « € C there exists a z € D such that = ¢(z). In particular, for z* there
exists a z* with z* = ¢(z*). If f attains its maximum on the constraint set at z*, then by definition,

f(z) < f(z*) for all z in the constraint set.

That is, there exists a set D; C IR™ such that for all z € D;,

f(9(2)) < F(¢(27)), 9(¢(2)) < bi, and h(¢(2)) = ¢;.

Moreover, since ¢ is a one-to-one mapping, there are no other points outside D, satisfying the

constraints. In other words, the constraint optimization problem of maximizing
f(2) subject to gi(z) < b;, i=1,--- ,k, and hj(z) =c¢j, j=1,--- ,m,

has a solution at some point z*.
The converse follows in a similar manner. That is, if $~! denotes the inverse of ¢ on D, then
2* = ¢~1(2*) and the maximum value of the (equivalent) optimization problem is f(z*).

b. Consider ¢(x1,z2) = [z{* In(z2)]7. One directly verifies that for every (21, z2) € R? with 2; > 0,
¢(x1,22) = [21, 22] has a unique solution with z; > 0. So, ¢ is an invertible mapping on the positive
quadrant in R2.

The corresponding equivalent optimization problem is to maximize f (21, 22) = az + 22 subject to
the constraint z1z, < 4 (with z; > 0).

The corresponding Lagrange function for this problem is: L(z1,22) = az1 + 22 — A(z122 — 4).
From this we obtain the necessary conditions:

la)a—A22=0; b) 1 —Az1 =0; 2) A(2120 —4) =0; 3.a) A > 0and b) 2125 < 4.

From 1.b) we obtain A = }1 # 0. So, by 2), 2129 = 4. Together with conditions 1 we obtain
29 = azy, With z; = %
Note that the conditions for applying Weierstrass’ theorem are satisfied. Consequently, the maxi-

o
mum value of the problem is 4,/a, which is attained at (z1,3) = ((%) eV,

EXERCISE 4.19 (Geometric programming)

In this exercise we consider the so-called Geometric programming problem. In this problem objective
and constraint functions are described by so-called posynomial functions. Using a transformation this
problem can be rewritten as a convex optimization problem. You are asked to complete the details
to reformulate this geometric programming problem as a convex optimization problem. Extensions
and more information on this problem can be found in, e.g., [5][Chapter 4.5].

Consider the monomial p;(z) := a;x{" * --- % %, where a; > 0, ; > 0 and a;; € R. Then
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flx):= Zle p;i(x) is called a posynomial .
Let f(x) and g;(z) be posynomials and b; strictly positive numbers. The geometric programming
problem is defined as:

min f(x), subject to the constraints g;(x) < b;.
x

a. Let y; := In(z;). Use this transformation (see Exercise 4.18), to formulate the corresponding
equivalent optimization problem of maximizing f(y) := — Zle Pi(y) subject to g;(y) < b;. Here,
with a; == [0 - )T and B; := In(a;), pi(y) = e vH5,

b. Show that Dp;(y) = o pi(y) and Hpi(y) = cua pi(y).

c. Show that f(y) is a concave function and g;(y) are convex functions.

% subjecttox; > 1, i = 1,2. You

may use a result from next chapter that the necessary KKT conditions are in this case sufficient too.

d. Use above approach to find the maximum of f(z1,25) =

ANSWER 4.19
a. With y; := In(z;), ¢(z) = [e*™, -+ , e*~] maps the positive orthant in R™ one-to-one to itself. Using
this transformation, by Exercise 4.18, we obtain the equivalent optimization problem: p;(z) :=

@GS K ok a0 = @) gy pnitn = eutitertanyntin(e) e ¥B: | where o; =
[a1; -+ ani]T and B; = In(a;).

b. Straightforward differentiation shows this result.

c. From item b. it follows that

k k
H(=f(w) = Y Hily) = Y csal 5iw).

As a;al is a positive semi-definite matrix and p;(y) > 0 for all y it follows that H(—f(y)) is a
positive semi-definite matrix for all y. That is, —f (y) is convex and, therefore, f (y) is concave on
its domain. Similarly it follows that §;(y) are convex functions on the domain.

d. With y; = In(z;) the equivalent convex optimization problem is

max f(yhyQ) — 6*291 4+ 2" Y17Y2 672?/1*21/2 Subject to gi(ylay2> — Y > ]_7 i = ]_’ 2.
The with this problem associated Lagrange function is

L(yl, Y2, )\1, )\2) = 6_2y1 + Qe N7V + e—2y1—2y2 + )\1(6y1 — ].) + )\g(eyz - ].)
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From which we obtain the necessary conditions

la) —2e 2 —2e VY 9722 L\ et = (; 1) —2e VY2 — 222 N\pe¥e = ()

2.a) A(e” —1)=0; 2.b) Aa(e”? —1)=0; 3.2 N\; >0,i=1,2; ande¥ >1,i=1,2.

From items 1. and 3.a) it is obvious that A\; > 0, ¢ = 1,2. So, by item 2, ¥ = 1, ¢ = 1,2. That is,
y; = 0, i = 1, 2. Since this is a convex optimization problem (and Slater’s condition is met) it follows
(see next chapter) that this point yields the maximum of the problem. Or, at x; = 1, i = 1,2. the

problem attains its maximum.

EXERCISE 4.20 (Linear-fractional programming)

Consider the problem to maximize the ratio of two affine functions over a constraint set described by
linear inequalities. In this exercise you are asked to show that this problem can be reformulated as a
linear programming problem.

Let f(x) = Z;iii and g;(z) = ¢z, j =1,--- ,k, where a;, ¢; e R" and d;, b; € R, i = 1,2; j =
1,-- k.

Then, the linear-fractional optimization problem is formalized as the maximization of f(z) on the
nonempty set defined by C = {x € R" | g;(x) <bj, j=1,--- ,k, and alz + dy > 0}.

a. Show that if % is a solution for the linear-fractional optimization problem, with § := m and
2= m, (9, 2) is a solution to the quasi linear programming problem:
max, . af y + diz subject to ¢y —b;z <0, j=1,--- ,k, a3y +dpz =1and z > 0.
b. Show that if (g, 2) is a solution to the quasi linear programming problem:
max, . ai y + diz subject to ¢y — bjz < 0, j = 1,--- ,k, aJy + d2z = 1 and z > 0, the linear-
fractional programming problem has the solution & = 4.
c. Let (g, 2) be a solution to the quasi linear programming problem:
max, . af y + diz subject to ¢y — bz <0, j=1,--- ,k, ady + doz =1 and z > 0.
Show that (g, £) also solves the linear programming problem:
max, . ai y +dyz subjectto ¢ y —b;z <0, j=1,--- ,k, a3 y+doz = 1 and z > 0. Hint: show this

by assuming this is not the case.

d. Assume the constrained set in the linear-fractional programming problem is bounded.

Show that the linear-fractional programming problem has a solution iff. the linear programming
problem formulated in item c. has a solution.

Show that if, moreover, in this case dy # 0 the solution of this linear programming problem can be
found by determining the maximum w.r.t. y of the linear program (af — Z—;aZT)y + % subject to the
constraints 4-(1 —a3y) > 0 and (c] + Z—;ag)y < Z—;, j=1, k.

e. Consider a company producing 2 products. Assume its production of product i is ;. The profit of
product  is 2x; and 3z, respectively. Whereas the cost of producing product i is z; +2 and 2z + 3,
respectively. The production constraints are z; > 0 and 7 + 2 < 10. Assume the company wants
to maximize its efficiency expressed as the ratio of total profit divided by total cost. Formulate
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the corresponding linear-fractional programming problem, and solve it using the above introduced

equivalent linear programming problem.

ANSWER 4.20

a. Assume that 7 is a solution for the linear-fractional optimization problem. Then

f(#) > f(z) for all z satisfying g;(z) < b; and a3 x + dy > 0.

1

and zZ = m.

Lety := It follows immediately that the constraint set C' can be described

a;xm+d2
in terms of (y, z) as
{(y,2) | 2> 0, ay+ dyz = 1 and c?y < bfz}
Now define
z . 1
= w——and 1= .
a5 T+ do a5 &+ do
Then
f@,2)=alg+diz2> fy,2) = aly+dyzforall (y,2) € C.

b. By assumption, for all (y, z) in the constraint set we have

a{@ +diz2> a?y +diz.

Since aly + dyz = 1 for all (y, 2) in the constraint set, it follows that

aTi+dy2
aQTgQ + dgé

aly+diz
aly+dyz

>

Now let z := ¥ and # := £. An elementary rearrangement of the above inequality yields
z z

a{fc + d1 G;{Jﬁ + d1
agi" + ds agsc +dsy’
for all z satisfying ¢] « < b;, j =1,--- ,k, and a3 = + dy > 0.

c. Assume that (g, 2) solves the linear programming problem under the restriction z > 0. Suppose
there exists a point (yo, 7o) such that f(yo, z0) > f(¢, 2) when we consider the enlarged constraint

set where z > 0. Now consider the convex combination

(Yx, 20) = AMyo, 20) + (1 = A) (9, 2).
Then

chyA = ch()\yo +(1-=Ng) = )\cJTyo +(1— )\)chg} <bj; atyn +dozy = 1and z), > 0if A > 0.
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If zg > 0, then (yo, 20) would belong to the feasible set of the Ip-problem where z > 0. But this
would contradict the optimality of (g, 2).
However, if 2o = 0, then for sufficiently small A > 0 we have

Flyr.2n) > f(9,2),

while (y», z)) belongs to the feasible set of the lp-problem with z > 0. This again contradicts the

optimality of (g, 2).

Therefore, our assumption that there exists a point (yo, zo) such that f(yo, z0) > f(9,2) must be

false.

d. ” = ” This implication follows from the previous item c.

” « 7 Assume that the maximum is attained at (§,2) = (§,0). Then ¢/j < 0 and a3y = 1.
However, it is easy to verify that for any A > 0, the point Ay also belongs to the constraint set C.
This contradicts the assumption that C' is bounded. Hence, the maximum can not be attained with
z = 0; that is 2 > 0. By item b., this implies that the linear-fractional programming problem has a
solution.

The equivalent LP problem is obtained immediately by substituting z = d%(l — al'y) into the
extended LP problem.

e. The linear-fractional programming problem is to maximize, w.r.t. z; and x»

2x1 4 3x2

————— subjecttoz; >0, i =1,2, and < 10.
xr1 + 229+ 5 ) Ti = L Tyt 22 S

The corresponding linear programming problem is to maximize w.r.t. y;, y2 and z
fy1,y2,2) = 2y1 + 3ys subjectto y; +y2 — 102 <0, y; >0, i =1,2,41 +2y2 + 52 =1 and z > 0.
Equivalently, this can be written as the maximization of

f(y1,y2) = 2y1 + 3y2 subject to y; > 0,4 =1,2, 3y; +5y2 < 2and 1 —y; — 2y, > 0.

Note that the constraint y; + 2y, < 1 is redundant in this case. Simple calculations show that the
maximum is attained at (y1, y2) = (3,0).

Thus, 2 = 1=, and consequently (z1,22) = (10,0) solves the linear-fractional programming prob-
lem.

EXERCISE 4.21 (Proof Proposition 4.3)

In this exercise we provide a proof for Proposition 4.3. Let f(s) be differentiable on an open set
S c R" and x € S. Then, f is differentiable in z in the direction u. Furthermore, the directional
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derivative of f in a in the direction u, denoted by D, f(x), equals

Do f(x) = Df(z) * HuLH

Here, ||u|| denotes the length of the vector u = [uy, -+ ,u,]T: /u? + - u2.

a.

b

C.

Consider a fixed vector z in the interior of the domain of f and some fixed direction vector v € R".
Show that there exist a § > 0 such that for all scalars ¢ € (-9, ), = + tu belongs to the interior of
the domain of f.

Show that the scalar function F'(t) := f(g(t)), where g(t) := x + tu, is differentiable for ¢t € (-9, ).
F(#)=F(0)

Show that the derivative of the section function at point = equals lim; g Tl

d. Show that D, f(x) = Df(x) el

Ju]]

ANSWER 4.21

a.

. By item b, for all ¢¢ in a neighborhood of ¢, = 0, the difference quotient

As z is in the interior of the domain of f, by definition there exists a u such that all y satisfying
|l — y|| < p, belong to the interior of the domain of f. So, with ¢ := ”‘T‘H, we have that for all
t e (—=6,0) y =z + tu satisfy ||z — y|| = |[tu]] = t||u]| < p.

. g(t) is differentiable. f is differentiable at every ¢ € (—¢,4) at g(¢). So, by the chain rule of

differentiation, F(t) is differentiable at every ¢ € (-6, ). Moreover, F' (t) = Df(g(t))u.

. The section function around point z is given by f(x + tu), where ¢ € (—d,J). Consequently, the

difference quotient of the section function at z relative to the point = + tu for ¢ > 0, is

fx +tu) — f(x)
gl

bl

where the denominator represents the distance between the points x + tu and z).

By definition, the directional derivative of f at z in the direction u is obtained by taking the limit
of this difference quotient if ¢ > 0 approaches zero.

w has a limit if
t approaches zero. In particular, for ¢, = 0, it follows that the difference quotient w has
a limit if ¢ approaches zero. By item b, this limit equals D f(g(0))u = D f(z)u. It follows that the
difference quotient W also has a limit if ¢ approaches zero namely £ ﬁfﬁl)“

Therefore, the directional derivative of f at z in the direction u exists and equals

Df(z)u
[lull

EXERCISE 4.22 (Exercise where KKT conditions don’t reduce the set of potential solutions)

Consider the problem to minimize f(z,y) = 2% + y? subject to the constraints + > 0; y > 0 and

zy = 0.

a.

b.

C.

Show that all points where zy = 0 are obtained as potential candidates for a solution of the problem
in Step 2 of Algorithm 4.20.
Show, using Fritz-John’s theorem, that all points (z, y) where zy = 0 qualify as a candidate solution.

Solve the minimization problem.
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ANSWER 4.22
a. To find all candidate solutions we proceed along the lines of Algorithm 4.20.

Step 1. Note that with g (x,y) := —2z, g2(z,y) := —y and h(z,y) := xy all functions f, ¢;, g» and
h are continuous differentiable.

Step 2. Consider, see Remark 4.28, matrix

The rank of this matrix equals the rank of matrix

1 0 0 -1 0 -z 0
010|G=]0 -1 0 -y
y x 1 0 —2y —zy

Clearly, this lastmentioned matrix has not full row rank iff. zy = 0.
Consequently, all points where zy = 0 qualify as a candidate solution for the problem.
b. Consider

L(z,y, X0, A1, A2, 1) i= —Xo(2® + y°) 4+ A1z + Aoy — pay.

By Fritz-John’s theorem, if the problem attains a maximum, then the following system of
(in)equalities holds:

1.4) =2 oz + A1 — py = 0; 1i) — 2Xoy + Ao — px = 0;
2.0) Mz =05 ii) Ay = 0;
3.) & > 0; ii) y > 0, iii) zy = 0 and iv) Ao € {0,1}, A; >0, i = 1,2;
4. (Ao, A1, A2) # (0,0,0).

Assume )\og = 0. Then by 1. A\ = uy and Ao = uz. One easily verifies that now all points
(z,y) # (0,0) with either = 0 or y = 0 satisfy 1-4.
Next, consider (z,y, Ao, A1, A2) = (0,0,1,0,0). One easily verifies that this point also satisfies all
conditions 1-4.
Thus, Fritz-John’s theorem also implies that all points satisfying xy = 0 are candidate solutions to
the problem.

c. So, apparently at any point of the constraint set the minimum may occur.
From zy = 0, we have that either x = 0 or y = 0. If z = 0, the problem reduces to the problem to
minimize y? subject to the constraint y > 0. This yields (z,y) = (0,0) as the candidate solution.
Similarly, if y = 0, we obtain (z,y) = (0,0) as the candidate solution. Since f(x,y) > 0, it is clear
that (0, 0) solves the problem.
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EXERCISE 4.23 (Optimization over the nonnegative orthant)

Let f : R™ — R be continuous differentiable. Consider the problem to maximize f(z) on the non-
negative orthant, i.e., on the constraint set {x € R" | z; >0, i =1,--- ,n}.

Show that at a maximum location a next conditions apply:

1.D;f(a)<0,i=1,---,n; 2.a;D;f(a) =0; and 3. a; >0, i =1,--- ,n.

ANSWER 4.23 We proceed along the lines of Algorithm 4.20.

Step 1. Note that with g;(z) := —z; all functions f and g; are continuous differentiable.

Step 2. Consider matrix G := [Dg(z) | diag(g:(z))] = [-I | diag(x;)].
Note that matrix G has always full row rank. So, all potential maximum locations are found as
solutions from the KKT conditions formalized below in Step 3.

Step 3. Let L(z, A1, , A\m) 1= f(2) + 2im ) Nz

Step 4. Then, by Kuhn-Tucker’s theorem, at a maximum location a of the problem next 3 conditions

are satisfied:
1. [D1L(a,\)--- DpL(a,\)] = 0; 2. \;a; =0; 3.a; > 0and \; > 0.

Condition 1 reduces to D;f(a) + A\; = 0. Since A; > 0, we conclude from this that D, f(a) < 0.
Moreover, we obtain from this equality that A; = —D; f(a). So, by condition 2. it follows then that
Dif(a)ai =0.

EXERCISE 4.24 (Barrier Interior-Point Method to solve numerically a constrained optimization problem)
In this exercise we discuss a numerical approach, the so-called Barrier Method, to find the solution of
a constrained optimization problem (under the assumption a solution exists).

Consider the problem to find the maximum of f : R™ — R subject to g(x) < b.

a. Let I(z) : R — R be the function that attains an arbitrarily small value ” — 00” if x > 0 and a
value 0 if 2 < 0. Assume there is just one constraint. (this can be generalized simply to the case
that there are m constraints). Show that the constrained optimization problem has a solution iff.
fi(z) == f(z) + I(g(x) — b) has a maximum (this result can be generalized simply to the case that
there are m constraints).

b. Let t > 0. Consider the function I;(x) = 11In(—z) for z < 0. Plot I, (), Lio(x) and I;o(x) in one
graph. What can you say about I;(x) in relationship with I(z).

c. Consider the necessary conditions for the constrained maximization problem. Furthermore con-
sider for a fixed ¢ > 0, the first-order conditions for a maximum of the function f,(z) := f(z) +
37 In(b; — gi(x)) on the constrained set S := {z | gi(z) < b;, i = 1,---,m}. Assume that
for all ¢ > 0 this unconstrained optimization problem has a unique solution z*(¢). Show that if
x*(t) converges, for t — oo, this converged solution solves the KKT conditions of the constrained
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to rewrite the first-order conditions in the

maximization problem. Hint: use \;(t) := +

unconstrained optimization problem.

d. Consider the constrained maximization problem and the associated Lagrange function L(z, \) =
f(z) = > Ai(gi(x) — b;). Show that for all X\ > 0, L(z,A) > f(z) and miny>¢ L(z, \) = f(z).
Conclude from this that f(z*) = max,ecs miny>o L(z, A) @).

Show that with \; := \i(t) := § 5= (z=qy> ¢ (¢) is a stationary point of L(z, A(t)).
Assume L(z, A(t)) has its unique maximum at «*(¢) (ii). Use (i) and (ii) to conclude that f(a*) <

Flat (1) + .

e. Consider, for a fixed ¢ > 0, the function f,(z) := f(x) + 137 In(b; — g;(x)) on the constrained
set S:={z|gi(z) <b;, i=1,---,m}.
Assume f;(x) has a unique maximum at z*(¢) for all + > 0 and we want to approximate the maxi-
mum of our constrainted optimization problem with an error of at most ¢ > 0. Use item d to show
that if we choose ¢t > ™ we achieve this goal.

f. Consider for a fixed ¢ > 0 the Newton-Raphson procedure (see Exercise 2.48) to approximate the
maximum location z*(t) of fi(x).

IN41 = TN — Hft_l(xN)DﬂT(xN), Tg=7T € S,

Show that

Df(r) = Df(x)~ 3+ Dg(x) and
i=1 "

t — gi(x)
Hfia) = Hf@) = 3Gy Dol 0)Doo) + s Ha(@),

g. Since it is usually difficult to find for a large value of ¢ the maximum location z*(t) of f,(x) one uses
often a recursive procedure to find this location. One, often used, approach is to first approximate
x*(t) for a smaller value of ¢ (e.g. ¢ = 1) and next use this approximation z*(¢) as an initialization
point to approximate z*(t) for a larger value than ¢. This process is then repeated until ¢ > =,
where ¢ is the maximal allowed error towards the sought-after maximum f(x*). Implement this
method starting with ¢ = 1 and doubling this value each iteration (using the Newton-Raphson
procedure outlined in item f) to find the maximum of f(z,y, z) = —2% — ¥ — 22 on the constraint
set S = {(z,9,2) |22 + y*> < 16 and z* + 22 < 25}. Observe that with ¢ = 200 we approximate the

maximum of —e—* within a distance of 0.01.
ANSWER 4.24

a. Note that f;(z) coincides with f(z) for all z satisfying the constraint g(z) < b and f;(z) = —o0
elsewhere.
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FIGURE 4.2 - [;, j = 1,10, 100.

b. Observe that if ¢ gets larger, I, approaches the function which is almost zero for z € (—a, 0), where
a is large, and which diverges to ” — oo” for values of = very close to zero. Note that for every ¢,
I;(x) is infinitely many times differentiable for all 2 < 0.

c. If, for a fixed ¢, «*(¢) is a solution for the unconstrained optimization problem the first-order con-

ditions are

Dgz(l‘*(t)) =0, where gz(m*(t» < bi7 i=1---,m.

D" (0) = DI 0) =3 3 iy

The KKT conditions for the constrained maximization problem are, with

m

L(z,\) := f(x) - Z)\i(gi(l“) — b;)

1. D, L(z*,\) = Df(z") — Z)\ing;(x*) =0; 2. X\i(gi(z™) —b;)) =0; 3. A; > 0and g;(z*) < b;.
i=1
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Now, let \;(¢) := %m in the unconstrained optimization problem.

Then the first-order condition is equivalent with
* o * * 1
L Df(z*(t) = Y_ Mi(t)Dgi(x*(t)) = 05 2. Ni(t)(b; — gi(2* (1) = =
i=1

3. )\l(t) > (0 and gi(l‘*(t) — b,) < 0.

From this it follows that, if 2*(¢) converges as ¢t — oo, the limit satisfies the first-order optimality
conditions of the constrained optimization problem.
d. Since g;(z) <, for all \; > 0 we have —\;(g;(x) — b;) > 0. Therefore,

m

L(z,\) = f(z) — Z Ai(gi(z) —b;) > f(x) and r/\n>i%1L(x, A) = f(z)( by choosing A\; = 0).
i=1 =
So, with 2* = argmax,cg f(x), we have f(z*) = max,ecg miny>o L(z, A).
Next choose, for a fixed t, \; = \i(t) := § ;—; =y in L(z, ). That is, consider L(z, A(t)). Then
DL, (x*(t),A(t)) = 0 (see item c.).
Assuming L(z, A(t)) has a unique maximum at z*(¢), we have:

f(z®) = maxminL(z,\) <maxL(z,A(t)) = f(z*(t)) — Z)\i(t)(gi(x*(t)) —b;)

€S A>0 zeS
« m
= S+

e. From item d we have that f(z*) — f(2*(t)) < 3. So, if we want this error to be smaller than ¢, we
should choose ¢ such that % <.

f. Straightforward differentiation of f,(x) and its derivative yields the advertized result.

g. With f(x,y,2) = —22 —e¥ — 22; g1 (2,9, 2) := 2% + y? and go(z,y, 2) := 2* + 22 we have

Df =[—2x —e¥ —22]; Dg; = [2x 2y 0] and Dgy = [42® 0 22].

Therefore,
—2 0 2 0 0 1222 0 0
Hf = 0 —e¥ 0 s Hgp = 0 2 0 ;andH92= 0 0 0
0 —2 0 0 O 0 0 2
Consequently,
D) = DR -3 D)
= ’ tizlbi_gi(x) T
1 1 1 1

= [-2z —e¥ —2z]— -

— 222y 0] — —
t16—(a:2—|—y2)[x y0)

3
195 = (2 +22)[4x 0 2z],
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and

1

- 1 &
fi(z) f(x) ; ;( (b; — gi(z))2 9; (x)Dgi(z) + b; — gi() 9i(x))
-2 0 0 ) ) 422 4xy O
= _eY _Z 2
0 e 0 (16— (21 7)) dey 4y O
0 -2 0 0 0
162° 0 8z3z
1 ! 0 0 0
t (25 — (z* + 22))2
8x3z 0 422
2 00 1222 0 0
BN S 0 2 0|— EN S 0 00
t 16 — (22 + y?) t 25 — (x* + 22)
0 0 O 0 2

Next, use for t = 1,2, 4, 16, .., 256, the iteration scheme
ey =an — Hf an)Dff (xn), 2o =7 € 5,

until the distance between 2 successive iterations is smaller than, e.g., 0.01. For t = 1 you may use,

e.g., ¥ = [1 1 1]7 to start the procedure.

EXERCISE 4.25 (Proof Theorem 4.35)
Consider the constrained maximization problem (4.1), where f, g;, i =1,--- ,k, € C'. Assume that
the problem has a solution at s = a and all constraints g;, ¢« = 1,--- , k;, are binding at this point

while the remaining constraints are non-binding. Let
L(s, 05 A1y 5 Ak) i= Ao f(8) = A(g1(s) —b1) — - — Ai(gr(s) — br)

denote the Lagrange function associated with this problem.

Below, you are asked to show - using Minkowski’s? separation theorem - that, for the Lagrangian
function defined above, the necessary conditions stated in Theorem 4.35 apply.

Minkowski’s separation theorem states that if 7Z;, i = 1,2, are two disjoint nonempty convex subsets

of R™, then there exists a hyperplane a”'z = b that seperates both sets. That is,
a’z <b, forallz € Z; and a¥z > b, forall z € Zs.

(see also Lemma 5.7, where you are asked to prove a special case of this result).

2 Minkowski was a Polish mathematician who lived from 1864-1909
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a. Show that there does not exist a vector d € R" such that the inequalities D f(a)d > 0 and Dg;(a)d <
0,i=1,---,kq, hold simultaneously.
b. Define the sets

7y :={z|[-Df"(a) Dg{(a) -+ Dgf,(a))"z,2 € R"}
and
Z2 = {ZGRkl-’_l ‘ Zi <0, Z:L 7k1+1}

Show that both sets are convex.

c. Use Minkowski’s separating hyperplane theorem to show that there exists a vector a > 0, with
a # 0, such that a”z = 0 for all z € Z;.

d. Show that, for the Lagrangian function defined above, the necessary conditions stated in Theorem

4.35 apply.

ANSWER 4.25

a. Recall that the directional derivative of g; in the direction d is given by D,g;(a) = Dg;(a)d.
Since, by assumption, Dg;(a)d < 0, the vector d points into the interior of the set g;(z) < 0.
Because [ attains a maximum at x = « on the constraint set, it follows that for any direction d

satisfying Dg;(a)d <0, i = 1,--- , k1, we must have f(x) < f(a) along that direction. Hence, the
directional derivative of f in the direction d satisfies D f(a)d < 0.
In other words, there exists no direction d such that Dg;(a)d < 0, i = 1,--- , k;, and simultaneously
Df(a)d > 0.

b. Let A € [0,1].
Note that Z is the image of a linear subspace. Let A := [-Df”(a) Dg{ (a) --- Dg[ (a)]". Then,

with z; = Ax;, i = 1,2, also Az; + (1 — A)zo = A(Azy + (1 — A)z2) belongs to Z;. Therefore, 7 is
a convex set.
Furthermore, if z; € Z5, i = 1,2, then it is clear that every component of z := Az; + (1 — A)zq is
also negative. Thus, z € Z5. So, Z, is a convex set too.

c. Byitem a, all vectors z € Z; satisfy z > 0. Clearly, all z € Z, satisfy z < 0. As both sets are convex,
Minkowski’s separating hyperplane theorem implies that there exists a vector a # 0 such that

a’z2>0forallz € Z, and a”z <0 forall z € Z,.

From the condition a” z < 0 for all z € Z,, and in particular for the vectors
e; =1[0,---,0,—1,0,---,0]7, it follows that every entry of the vector a must be nonnegative. That
is, a > 0.

Furthermore, from the definition of 7, we observe that if z € Z;, then also —z € Z;. Consequently,
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for any z € Z;, we have both a2 > 0 and a”(—2) > 0, which implies a”z = 0 for all z € Z;. In

other words, there exists a vector a > 0, with a # 0, such that a”’2z = 0 for all z € Z;.

.Let a := [ag, a1, - ,ay,] # 0, with a; > 0. From item ¢, we have a” Az = 0, for all z € R". In

particular evaluating this expression at the vectors e; = [0,---,0,1,0,---,0]T yields a” A = 0.

That is, there exist nonnegative constants, not all zero, such that
apDf(a) —a1Dgi(a) — -+ — ag, Dgg, = 0.

Next, choose \; = a;, i = 0,--- , k1, and set \; = 0 for the non-binding constraints. With these
choices of ); it follows that all four conditions in Theorem 4.35 are satisfied.

EXERCISE 4.26 (Proof Theorem 4.45)
In this exercise we provide a proof for Theorem 4.45 using Farkas’ lemma.

Farkas’ lemma states next result.

Let A € R™*™ and b € R"™. Then exactly one of the next two assertions holds:

1. There exists an x € R™ such that Az = b and = > 0.
2. There exists a y € R"™ such that ATy < 0 and b7y > 0.

. Assume B € R**™ and the dimension of the null space NV'(B) of matrix B is s. Show that d € N'(B)

iff. there exists a v € R* such that d = Hu, where H € R™*® is a full column rank matrix.

. Assume the conditions of Theorem 4.45 are satisfied. Show that there exist matrices A;, B; and a

vector ¢ such that for all d satisfying A;d < 0 and B;d = 0 we have ¢’'d < 0.

. Use item a and Farkas’ lemma to show that under the conditions of Theorem 4.45 there exist a

matrix AT := A; H and vector % := ¢ H such that Az = b and = > 0.

. Use the fundamental theorem of linear algebra, that the null space NV (B) of matrix B is orthogonal

to the row space R(B”), to obtain from item c the result that there exist \; > 0, i = 1,--- ,k; and
Wi, 1 =1,---  m, such that D f(a) = Zf;l XiDgi(a) + Y"1, p;Dhi(a).

. Show that under the conditions of Theorem 4.45 the conditions (KKTM) apply.

ANSWER 4.26

a.

Note that the null space of any matrix constitutes a linear subspace. Since the dimension of the
null space N'(B) of matrix B is by assumption s, there exist s basis vectors that span this subspace.
Consider the matrix H that has as its columns these s basis vectors. Then the advertized result
follows. Note that H € R"™**.

. Since the conditions of the theorem are met, we know that the set of all tangent directions is given

by
S:={d| Dg;(a)d <0,i=1,--- k1, and Dh;(a)d =0, i =1,--- ;m.}

That is, with A, := [Dg{ (a) --- Dgi (a)]" and By := [Dh{ (a) --- Dh (a)]”,
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By Theorem 4.39, setting ¢ := D f” (a), we have ¢c’'d < 0 forall d € S.
c. From item a, we know that a vector d satisfies Bid = 0 iff d = Hzx for some vector z, where the
matrix H spans the null space of B;. Define

S={z| A Hz=: Az < 0}.

Then, for all x satisfying Az < 0, we have ¢” Hxz < 0. Or, setting b’ := ¢T H, it follows that for all
x with Az < 0, the inequality 6"z < 0 holds.

By Farkas’ lemma, we can therefore conclude that, under the conditions stated in the theorem,
there exists a matrix A” = A, H, a vector b = ¢ H, and a nonnegative vector x such that Az = b.

d. From item c, we know that there exists a vector x > 0 such that
HTAjx = H” ¢, or equivalently , H (Ayx — ¢) = 0.

This implies that A,z —c lies in the null space of H”'. By the fundamental theorem of linear algebra,
it follows that there exists a vector v such that A;z — ¢ = Byv. Defining A := z and p := —v, we
obtain ¢ = A1\ + Byu.

e. Basically this result follows from item d. Choosing additionally \; =0, i = k141, -+ , k, one easily
verifies all (KKTM) conditions are met.

EXERCISE 4.27 (Linear independence constraint qualification implies fulfilment Mangasarian-Fromovitz
constraint qualification)

Show that if the Linear independence constraint qualification is satisfied in Theorem 4.43,
also the Mangasarian-Fromovitz constraint qualification is met. Hint: consider the equation
Dgy(a)=[-1--- =10 --- 0]T.

ANSWER 4.27

By assumption, the matrix Dg;(a) has full row rank. This implies (see linear algebra) that, for any
vector b, the equation Dg; (a)u = b has a solution, for instance u = Dg¥ (a)(Dg,(a)Dg¥ (a))~1b.
Now take b := [-1 --- — 10 --- 0]T. Then there exists a vector u such that Dg;(a)u < 0 and
Dh(a) = 0. These are precisely the conditions required by the Mangasarian-Fromovitz constraint
qualification.

Problems with an Economic Content

EXERCISE 4.28 (consumer choice problem)

Consider a consumer who can buy basic consumption goods and luxury goods. The price of the
consumption good is p; and that of the luxury good p;. The minimum amount of consumption goods
he needs for living is m,. His total budget he can spend on the goods is b. Utility he obtains from
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buying an amount of = and y of the consumption and luxury goods is U(x, y). Both products have the

property that if one gets too much of it, utility from it declines.

a.
b.

C.

Formulate the constrained optimization problem for this consumer.
Show the problem has no solution if the budget b is smaller than p;m;.
Assume the consumer is insatiable for either one of both goods. Show the problem attains its

maximum either at (m;, %), at (p%, 0) or at the point (z, 2 =2%) where z solves the equation
n_ U

P2 u, -
Explain under which conditions the solution (m, %) occurs.

. Next assume the consumer’s utility from both products declines after a certain threshold (z, §) has

occurred. That is: U(z,y) < U(z, ) for all positive values of = and y.

Consider a poor consumer which budget, b, is insufficient to realize this optimum.

Calculate by how much his income should be raised to maximize his utility.

Another way to realize this maximum is that government lowers the prices of consumer goods.
Indicate how one can calculate this new price which makes the consumer can realize this optimum

utility.

ANSWER 4.28

a.

b.
c.

The maximization problem is: maz, ,U(x,y) subject to the constraints p1z + poy < b, x > my,
y > 0.

If b < pymy, the constraint set is empty. So there exists no solution.

The constraint set is compact, so the maximum is attained either at an interior point or on the
boundary of the set. Since the consumer is insatiable in at least one of the two goods - say, the
basic consumption good - this implies that the condition U, (z, y) = 0 has no solution. Hence, there
is no interior optimum.

Moreover, because the consumer is insatiable in this good, the optimum is also not attained at the
corner point (mq,0).

Therefore, maximum utility must be achieved on the budgetline, i.e., where pyx + poy = b. This
reduces the problem to maximizing

b— b
bopzy b

U(z,
P2 D1

The maximum is thus attained either at (m;, bpizml) at (p%, 0) or at a point where U (z, =2 =P22) has
a stationary point. This occurs when

dU b—prx / / —P1
—U(x, ——) =U,(z,y) +U,(z,y) — = 0.
LU T = U@y 4 U (o) L

If the corner solution (m;, %) arises, it indicates that the consumer has a strong preference
for the luxury good.
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d. An increase in income of p;Z 4 po7 — b would achieve this.
Alternatively, the government could adjust the price p; of the consumption good so that the new
price plV satisfies U(z, b_]f#) =U(z,9).

EXERCISE 4.29 (optimal fertilization)
Consider a farmer who wants to grow two crops a year on his land of L acres. The growth curve of his

crops is approximately given by the logistic curves f;(s) = where f; is the maximum yield

that can be realized per acre for crop 7, « = 1,2. The farmer can use a different fertilizer for each
crop to increase its yield. If he uses an amount of x; per time unit of the fertilizer, the growth of the
crop increases by a fraction of 0;x;, @ = 1, 2. Every year he can cultivate his land for an uninterrupted
period of at most 7" time units. All prices the farmer has to pay for his fertilizer, p; (per unit), and the
prices he gets on the market for his crop, r; (per unit), are fixed. Assume the farmer has a maximum
budget b per year he wants to spend on fertilizer and he wants to maximize his income.

a. Show that the optimization problem the farmer is confronted with can be formulated as the
maximization w.r.t. the variables s, and z;, ¢ = 1,2, of the function: =(sq,s2,z1,22) =
1+ 51371)%1/7“1 + (14 529&2)%&“2 — s1prx1L — (s2 — s1)pex2L subject to
0<s1 <sp<T;sip1xi L+ (s2 — s1)pexel < band x; > 0.

b. Let o; := &;f;ri, i = 1,2. Show that if (s1,s,71,25) solve the problem, there must exist
(s1,83,x1,22) and A;, ¢ = 1,--- , 6, satisfying next equations:
. e—(s1-10
1.1) alm(i +x1)+ A — A3 — (14 Xg)pra1 = 05

e—(s3—10)

i) OQW(% +22) + A2 — Az — (1 + Xg)paz2 = 0;
111) ((1 + )\6)51 — >\4)(]_ + 67(51710)) — Q.

P’
iV) ((1 + )\6)83 — )\5)(1 + 67(53710)) = %;
2. With g1 1= —s1; g2 1= —83; 93 := 81 + 83 — T g4 := —x1; g5 := —x2; and ge = sip1z1L +

sgpoxol — b, \jg; =0, i=1,---,6;
3.\ >0andg; <0,i=1,--- 6.
Moreover, in that case s, = s3 + s1.
c. Show from conditions 1.iii) and iv) that the farmer will always grow both crops.
d. Show that if the farmer does not use fertilizer to increase the revenue for either one of his crops,
to harvest optimally he should use the whole season T to grow his crops.
e. Show that if a point (51, 53, 71, Z2) in the interior of the constrained set and \;, i = 1,--- , 6, satisfy

the necessary conditions in item b., the profit of the farmer is: L(3 +e{1(2‘“’) + 5 +€{2<§§_10) ).

f. Show that for the farmer it is always optimal to use either the whole growth season T to grow his
crops and/or to spend his complete budget for fertilization. Hint: show that if an interior solution
satisfies the necessary conditions one can always find a point in the constrained set where profit is
higher.

g. A numerical case study. Consider p; = 1, ps = %, 51 = 0.01, 6o = 0.015, T = 30, b = 2.5 = 10%,
L =10, f; = 1500, fo = 1300, r; = 1.0067 and 7, = 1.0498.

Use above items b-f and, e.g. Matlab, to verify next (approximate) results.
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i) Show that (s1, s3,21,22) = (15,13,11.16,107.19) is an interior solution that satisfies the neces-
sary conditions.

ii) Show that if the budget restriction is not binding next candidate solutions result:
(s1,s3,21,22) = (17,13,0, 104.8) with (A1, Az, As, Aa, As, Ag) = (0,0,1.37,1.91,0,0).
(s1,83,21,22) = (15,15,1.074,0) with (A1, A2, A3, A1, A5, Ag) = (0,0,9.073,0,1.444,0).

iii)Show that if not the whole growth season is used next (approximate) candidate solution
results: (sq,s3, @1, 22) = (14.9764,12.9527,11.4345,119.8507) with (A1, A2, Ag, Mg, As, Ag) =
(0,0,0,0,0,0.0014).

iv)Show that if as well the whole budget for fertilization is used as crops are grown for the
whole growth season (s1,ss,z1,22) = (12.9171,17.0829,193.5419,0) and (s1, s3,21,22) =
(17.084,12.916, 0, 129.0389) result as candidate solutions.

v) Show that in the optimal situation the farmer should spend all his budget for fertilization on the
first crop for approximately 13 time units and next use the rest of the growth season to grow his

second crop.

ANSWER 4.29
a. The revenu from crop i, using an amount x; of fertilizer per acre when the crop has grown for s
time periods, is given by

i i =1,2.

The cost of fertilizer per acre over this period is: sp;z;.
Letting s; denote the time at which crop ¢ is harvested, we then obtain the stated problem formu-
lation.
b. Define
5
L(s1, 82,21, 2, A1, -+ 75\5,)\6) 1= m(s1, 82,21, %2) — Zj\igi — A6J6-
i=1

Then, the following are the necessary (KKT) conditions for this problem.

L e—(s]—lo) 1 6_(82_31_10) 1 5\1 5\2
.1) alm(a“rml)_aQ (1+e*(52*51710))2($+x2)+f_ f_
(1+ Xg)(pr1 — p2w2) = 0;
—(s2—s1—10) 1 5\ 5\

. e 2 3 _ 0.
i) a2 (1 + e—(a—s1-10))2 (g +22)+ L L (1+ Ao)pama = 0;
5\4 (s — aq
iii) (14 Xg)s1 — —=)(1 4 e =710y = L.

) (( 6)51 p4L)( ) ”

. 5\5 —(Sy—5,— Qo
iv) (14 Xg)(s2 — s1) — —=)(1 4 e~ 2757100y = =,
) (( 6)(s2 — 51) p5L)( ) .
2. With gy := —5s1; g2 := —83; g3:= 8o — T'; g4 := —x1; g5 := —xo; and
g6 = Slplle + (82 - 81)p2x2L - b7 )\lgl = 07 1= 17 U 767

3. XN>0andg; <0,:=1,---,6.
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i S
or for i = 4,5, and then

By introducing s3 := s — s1, defining A; := % fori =1,2,3, and \; :=
adding conditions 1.i) and 1.ii) we obtain the stated conditions.

c. If s; = 0 for i = 1,3, we obtain a contradiction in conditions 1.iii) and 1.iv), since \; > 0 for
i = 4,5. Therefore, it must be that s; > 0 and s3 = sy — s; > 0. From this, we conclude that the
farmer will also cultivate the second crop.

d. If, for example, x; = 0, then condition 1.i) implies that A3 > 0. Hence, the constraint g3 must be

binding.
e. Since, by assumption, 5; > 0 and #; > 0, it follows from the necessary conditions that \; = 0 for
i1 =1,---,6. Hence, by conditions 1.iii) and 1.iv),
81(1 + 6_(81_10)) = % and 83(1 + 6_(83_10)) = %
p1 D2

Substituting this into the profit 7 := 7 (81, 32, Z1, Z2) yields:

_ . S , fo o
I— (1 + 511‘1)er1 + (1 + 52)$2mLT2 — Slplle — S3p2x2L
o flﬁ f27“2 _ aq _ _ (%) _
= o e TN e S B e — )
flﬁ f2T2
_ )

1+ e (57100 7 14 e=(5-10)

f. In item c, it was already shown that in the optimal situation the farmer will cultivate both crops,
ie., 5, > 0.
In item d, it was shown that if no fertilizer is applied to either crop, the farmer will use the full
growth period for cultivation.
Thus, the only remaining case to analyze is whether a maximum can occur in the interior of the
constrained set. Suppose (51, 53,71, Z>) lies in the interior of the constrained set and )\; = 0 for

1 =1,---,06, satisfying the necessary conditions from item b. From item e, the profit in that case is
_ JF17‘1 JFQTQ
= L(1 + e—(5:-10) + 14 e—(5:—10) )
Following item e, the profit at an arbitrary point is
f17”1 JF2T2 aq Q2
(1 T —(si-10) + 14 o—(—10) + xl(l o—(10) 51p1) +$2(m — 83p2)).

Now, consider f;(s) = — sp; for i = 1,2. We know that f1(51) = f2(S3) = 0. Next, choose

s; := 5; +As with As positive but small (so that the constraint on g is still satisfied) and set z; = 0.
Then (s1, s2,x1, x2) belongs to the constrained set. It can be easily verified that the profit at this
point is higher than 7.

Since the constrained set is compact and the profit function is continuous, Weierstrass’ theorem

guarantees that a maximum exists. As we have just shown, this maximum cannot occur at an
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interior point of the constrained set satisfying the necessary conditions. Therefore, at the optimum,

either g3 and/or g must be binding.

g. Note from item c, that in the optimal situation A; = 0 for i = 1, 2.

i) Verify (numerically) that with \; = 0, ¢ = 1,---,6 the advertized solution satisfies approxi-
mately the necessary conditions. Note that 7 = 27972 in this case.

ii) If the budget constraint is not binding we have A¢ = 0 and, by item f, s; + s3 = T. By item d
either 1 > 0 or z» > 0. Elaborating these cases yields the advertized results with 7 = 18087
and 7 = 28555, respectively.

iii) If the time constraint g3 is not binding it follows that A3 = 0 and, by item f, the budget constraint
is binding. That is: syp1x1L + s3paxe L = b. Furthermore, it is clear from conditions 1 and 2
that always z; > 0, ¢ = 1,2. So: Ay = A5 = 0. From condition 3 and 4 we have: 1+
Xe =

X

Substitution of this into conditions 1 and 2 yields then

10—s3

s _ ay
sip1(14et0=s1) T s3py(l+4et0-s3)”

10—s1
— si1€ — Sz€
1= 5ar(osmen ) and 22 = 5t ey

So, by numerically solving the set of equations:

82p1L610751 SszLel(?fsg . .
3 and 2. 5 0+(0—se™ 1)) T 5,0t (1—ss)e™ ) — b, we obtain the

1 231 e Qi
*osipi(1+el0—en) s3p2(1+el0-s3
advertized solutions with = = 28002.

iv)With both g3 and gg binding it is clear we cannot have simultaneously z; =0, i = 1, 2.
If x5 = 0 it follows that ;1 > 0, so A\; = 0. After substitution of 1 + \g from condition 3 and A3
from condition 2 into condition 1, we find s; as the solution solving this equation. A5 follows then
finally from condition 4. We find then the approximate solution (12.9171, 17.0829, 193.5419, 0)
with A3 = 1.1436, A5 = 5.3097 and A\g = 0.1090. This results in 7 = 30688.
Similarly we find with z; = 0, the approximate solution (17.084,12.916,0, 129.0389) with A3 =
1.2639, A4 = 2.0363 and \g = 0.0024. This results in 7 = 28093.
Finally, with z; > 0, ¢ = 1,2, \; = 0, i = 4,5. By substitution of \g from condition 3 into
condition 4 and using g3, we obtain an equation in s;. After solving this equation we can then
determine next from conditions 1, 2 and the budget constraint z;, x> and \3. We find approxi-
mately s; = 15.8542 and s; = 9.734. However in both cases this results in A¢ < 0. So, we don’t
get any additional candidate solutions.

v) Since the constraint set is compact and the profit function continuous we know from Weierstrass’
theorem that the problem has a solution. Evaluation of profit at the candidate solutions shows
that maximum profit occurs at (s1, s3, z1,22) = (12.9171,17.0829, 193.5419, 0).

EXERCISE 4.30 (green farming)

Consider a farmer who grows an amount « of a product using traditional farming and an amount y
using a more environmentally friendly way. He can grow at most a total amount ¢ of the product.
The price he can get on the market for his product using traditional farming is p; (z, y) and using the
environmentally friendly way is pa(x,y), where p;(z,y) < p2(x,y). The production cost are C;(x)

and C5(y), respectively, where C;(z) < Cs(z). All functions are assumed to be continuous.

» 227 «



Questions and Answers Introduction to Optimization for Economists

. Assume the farmer wants to maximize his profit. Formulate the optimization problem and show

the problem has a solution.

. Formulate the KKT conditions.

c. Consider the case p;(z,y) = o; — (x +y) and C;(z) = Biz + i, @ = 1,2, where the constants «;, 5;

and ~; are all nonnegative and satisfy a; < g, 81 < 2, 71 < 2 and 1 — a1 # P2 — .
Show that the problem has no interior solution.

. Show that under the assumption that (%52:)2 = 4, — ~,, i = 1,2, the constraint qualification is

2
met.

. Show from the KKT conditions that, under the parametric assumptions stated in items c and d,

if the farmer decides to produce he will always specialize in the production of either one of both
products. Show he will specialize in the environmentally friendly way iff. as — a1 > 82 — 1.

Assume the farmer grows the product using traditional farming and the government wants the
farmer to grow it in the environmentally way. Indicate how the government might achieve this

goal.

ANSWER 4.30

a.

The farmer wants to maximize profit 7(x,y) := zp1(z,y) + yp2(x,y) — C1(z) — Ca(y), subject to
the constraints x > 0,y > 0, z + y < ¢ and 7 (z,y) > 0.

Note that the profit function 7 (x, y) is continuous. Furthermore, the constraint set is compact. So,
by Weierstrass’ theorem the problem has a solution.

. Consider L(z,y, A1, A2, Az, Aq) := (1 + Ag)w(z,y) — Ai(x +y — ¢) + Aoz + Asy.

Then the KKT conditions are:

D (14 A1) (p1+ 2Py + ypye — C1) — AL+ Ag = 0
i) (14 Aa)(apy, + P2 + ypay, — Ca) — A1+ Az = 0;
iiA(c— 2z —y) =0; Aox = 0; Agy = 0; Ay = 0;

Vir+y<cz>0y>0;7r>0and\; >0,i=1,---,4.
. Note that 7, = —2(z 4+ y) + a1 — 31 and w;/ = —2(x+y) + as — fa. So, © (z,y) = [0 0] has no
solutions.
1
-1 0 o . . .
.Dg = 0 e From this it is directly clear that if one constraint is binding, the constraint
e

qualification is met. In case two constraints are simulataneously binding the constraint qualification
is not met if, e.g., x = 0 and 7 = 0 together with w; = 0 would apply. However, elaborating this
case shows that due to the parametric assumption (O”T_ﬁzf # 41 — 72, this cannot occur. Similar
one shows that the case y = 0, 7 = 0 together 7, = 0 has no solution either.

. By items c and d we have that the solution is attained at the boundary of the feasible solution set.

The KKT conditions are:
D1+ M)(a1—P1—2x—2y) — A1 + A2 =0;
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i) (1+ X)) (g — B2 — 22 —2y) — Ay + A3 = 0;
iiDA(c— 2 —y) =0; Aax = 0; A3y = 0; Ay = 0;
iVir+y<czr>0y>0;7>0and A\, >0,i=1,---,4.

From items i) and ii), we have
20+ M) (x+y) = (a1 = L)1+ A1) = A1+ Xo = (a2 — B2) (1 + Ag) — A + As.
From this, it follows that:
(1 = B1)(1+ A1) + A2 = (a2 — B2)(1 4+ Ag) + As.

Or, equivalently,
A2 = A3+ (g — g + B1 — B2) (1 + \g).

Since as — a3 + 1 — B2 # 0 and Ay > 0, we conclude that Ay # As.

Therefore, either x = 0 and y # 0, x # 0 and y = 0 or x = y = 0. Note that the last case
corresponds to the farmer producing nothing.

Furthermore, if production occurs, Ay > 0 (which implies x = 0) iff. ap — a; + 81 — B2 > 0, which
confirms the claim.

. For example, the government could increase the difference between as and «; by providing a
subsidy on the price of the environmentally produced product and/or by taxing the traditionally
produced product.

Additionally, the government could tax the inputs required for traditional farming and/or subsidize
those needed for environmentally friendly production, thereby reducing the gap between 3, and

fr-
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CHAPTER 5

Constrained Optimization:
The Convex and Linear Case

5.1 Convex sets and their relationship with convex functions

EXERCISE 5.1 (Proof Lemma 5.2)
Let S,T C R™ be convex. Show that S N T is either empty or convex.

ANSWER 5.1
If the intersection is not empty, we may assume that it contains at least two points, s and ¢ (otherwise
the intersection is trivially a convex set). Since s and ¢ belong to S we know that the line connecting
them belongs also to S. Similarly, since s and ¢ belong to 7" we know that the line connecting them
belongs to T too. That is, the line connecting s and ¢ belongs to both S and T'. So to the intersection
of both sets.

EXERCISE 5.2 (Proof Lemma )
Let S C R™ be convex and g : S — R be a convex function and b € R. Consider G := SN {x €
R™ | g(x) < b}. Show that G is either empty or convex.

ANSWER 5.2
Assume G # (). Let z1,x2 € G. Then g(z;) < b, i = 1, 2. But then also

glaz; + (1 — a)ze) < ag(zr) + (1 — a)g(xs) <ab+ (1 —a)b=h.

That is, for arbitrary a € [0, 1], az; + (1 — a)x2 € G. That is, G is convex.
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5.2 Convex Programming and Saddle-Point Equilibria

EXERCISE 5.3 Consider the problem to minimize f(z,y) = (z+1)%+(y+1)2, subject to the constraints

(r—1)2 < 4,and y > 0.

a. Is the constraint set compact?

b. Solve the problem using Corollary 5.11.

c. Show that the Lagrangian L(z,y, A1, \2) := —(z +1)2 — (y + 1)2 = M\ ((z — 1)2 — 4) + Mgy has a
saddle-point equilibrium at ((z,y), (A1, A2)) = ((—1,0), (0,2)).

ANSWER 5.3
a. Note that (0, a), with @ arbitrarily large, belongs to the constraint set. So this set is not compact.
b. Let f(z,y) := —(z+ 1) — (y + 1)?; g1(z,y) := (x — 1)? — 4 and g2(x,y) := —y. Then

Df =[-2(x+1), —2(y+1)]and Hf = [ ’02 _02 ]

H f is negative semi-definite on its domain. So, f is a concave function. Furthermore,

H—2OandH—00
g1 0 0 g2 0 o0l

which both are positive semi-definite. So, both ¢g; and g2 are convex functions.

Finally, for example at (0, 1), we have ¢;(0,1) < 0 and g2(0,1) < 0. Hence, Slater’s condition is
satisfied. Therefore, by Corollary 5.11, all solutions to the problem are given by those that satisfy
the Kuhn-Tucker conditions (1-3).

So, consider the with this problem associated Lagrange function:

L(z,y, M1, A2) i= —(z +1)% = (y+ 1) = M\ ((z — 1)? —4) + M\ay.

The with this problem associated Kuhn-Tucker conditions (1-3) are:
1. [D1L(z,y,\) DoL(z,y,\)] = [-2(x + 1) =2\ (z — 1), =2(y+ 1)+ A2] = [0 0];
2.4) M ((x —1)2 —4) = 0 and ii) Aoy = 0;
3.4) (x—1)2<4;di)y>0;and \; >0, i =1,2.

From Ay = 2(y + 1) > 2, it follows from item 2.ii) that y = 0. Consequently, A\ = 2.

Next, suppose that g; is not binding, so that \; = 0. Then, by item 1., we obtain z = —1, which
contradicts the assumption that g; is not binding.

Hence, g; must be binding. This implies that either x = —1 or = 4. From item 1., we find that in
the first case \; = 0, while in the second case \; = —2.

Therefore, the only solution to the problem is (z,y) = (—1,0).
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c. Let L(z,y,A\1,A2) = —(z + 1) — (y + 1) = A\ ((z — 1) — 4) + A\ay. Then
L(2,4,0,2) = —(z+ 1) = (y+ 1>+ 2y = —(z+ 1) —¢y* =1 < —1 = L(-1,0,0,2).

On the other hand, L(—1,0, A1, A\2) = —1 > L(-1,0,0,2).

EXERCISE 5.4 Use Theorem 5.13 to solve the next constrained optimization problems.

a. Maximize U(x,y) = = + In(1 + y), subject to the constraints z +2y >4, z > 0 and y > 0.

b. Minimize ﬁ(:m y) =z — In(1 + y), subject to the constraints = + 2y > 4, x > 0 and 0 < y < 10.

c. Show that the Lagrangian L(x,y, A) := —z 4+ In(1 4+ y) — A1 (4 — 2 — 2y) + Aoz + A3y — Aa(y — 10),
associated with the problem considered in item b., has a saddle-point at ((z,y), (A1, A2, A3, A1) =
((0,10),(0,1,0, )).

ANSWER 5.4

a. Note that

1
DU =[1 1

]and HU =
Y

0 0 1
) .
0~

Clearly, the Hessian HU is negative semi-definite on its domain, and thus U is a concave function.
Moreover, all constraints are linear. Therefore, by Theorem 5.13, the problem has a solution iff. the
Kuhn-Tucker conditions (1-3) are satisfied, or equivalently, if the corresponding Lagrange function
has a saddle-point.

Therefore, consider

L(z,y,\) =2 +In(1+y) — A4 — 2 — 2y) + Aoz + A3y.

The problem has a solution only if the next system of equations admits a solution on the domain

DL:[l—f—)\l—‘r)\g

+2A1 + A3] = [0 0].

1+y
However, this system has no solution. Therefore, the problem has no solution.
b. To minimize U we consider the maximization of U (z,y) := —U(z, ). Note that
1 0 0
DU =[-1 |and HU =
14y ___1
(1+y)?

Clearly, the Hessian HU is negative semi-definite on its domain, and thus U is a concave function.
Moreover, all constraints are linear. Therefore, by Theorem 5.13, the problem has a solution iff.
the Kuhn-Tucker conditions (1-3) are satisfied.
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Therefore, consider
L(z,y,\) = —z+In(14+y) — A\(4 —x — 2y) + Aoz + A3y — Aa(y — 10).

Then, the problem has a solution iff. the next system of equations admits a solution:
L DL =[-14 A+ X2 735 + 2\ + A3 — M) = [00];
2.1) M4 —x —2y) = 0; 1) Aoz = 0; 4i4) Agy = 0; iv) \g(y — 10) = 0;
3D4—2—-2y<0;4i)x>0; i)y >0; iv) y <10; v) A; > 0.
Case 1: Assume \{ = 0:
From DL, = 0, it follows that A, = 1. Then, by 2.ii), we obtain x = 0. From DL, = 0,
we have \; > 0, which implies y = 10. Moreover, by 3.i), ¥ > 2, so A3 = 0. Therefore,
(z,9, A1, A2, A3, A\q) = (0,10,0,1,0, ﬁ) is a solution to the problem.
Case 2: Assume A\ > 0:
Then z + 2y = 4 and, since \y > 0, y = 10. Which yields # = —16, which violates 3.ii).
c. L(0,10, A1, A2, Az, Ag) = In(11) + 16A; + 10\3 > In(11) on its domain.
Furthermore, L(z,y,0,1,0, ) = In(1 + y) — 7 (y — 10). Then, L'(z,4,0,1,0) = [0 0] iff. y =
10. Furthermore, L(z,y,0, 1,0) is concave (consider H L and notice this matrix is negative semi-
definite). So, L(z,y,0,1,0) has a maximum at (0, 10).

5.3 Linear Programming and its Dual Problem

EXERCISE 5.5 Rewrite next linear programming problems into the standard form and next solve them.

a. Maximize f(z,y) = x+ 3y, subject to the constraints z < 4,y < 4,2x+y < 9,x+2y <9, z+y < 6,
x> 0andy > 0.

b. Minimize f(x,y) = 6x + y, subject to the constraints = + y > 1, z + 100y > 100, 100z + y > 100,
x>0andy > 0.

c. Maximize U(x,y) = x + y, subject to the constraints « + 3y < 10,3z +y < 10,2c + 2y <8 x >0
and y > 0. Solve the problem first by using Theorem 5.14. Next, solve the problem using Corollary
5.15.

d. Maximize f(x,y) = x — y subject to the constraints  + 3y < 40,3z +y <16,z +y < 15z > 1
and y > 10.

ANSWER 5.5

0
1
1 | and bT =[44996].
2

1
0
a. Define L(z,\,p) = cTo — N (Az — b) + pTa, with e =[13]; A= | 2
1
1
(

1
The cornerpoints of the constraint set are: (0,0), (0,4), (4,0), (4,1), (1,4) and (3,3). The values
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of the objective function f at these points are: 0, 12, 4, 7, 13 and 12, respectively. Note that the
constraint set is compact. Therefore the maximum is attained at (x,y) = (1, 4).

b. After reformulating the problem into a maximization problem subject to ” < ” inequality con-
straints, corresponding Lagrange function L(x, A, u) is:

-1 -1
Lele = M (Ax —b) + ple, withe' =[-6 —1]; A=| -1 —100 |; " =[-4 —100 — 100].
—-100 -1
The cornerpoints of the constraint set are: (100,0), (0,100), (82,355) and (335, 50).
The values of the objective function f at these points are: 600, 100, 6 * % + 3% and % + 6 * 3%,

respectively. Thus, the minimum value is attained at (x,y) = (0,100). Note that the constraint set
is not compact. Therefore, we verify whether the three conditions mentioned in Theorem 5.14 are
satisfied at this point. Observe that the constraints z = 0 and x + 100y > 10 are binding at this
point, while the other constraints are not. Hence, us = A\ = A3 = 0. Using this, it follows readily
that, with A\, = 0.01 and p; = 5.99, next three conditions are met.
i ¢ =ATA+uT =0;
ii. \j(aTx—b;)=0,i=1,23,and p;z; =0, i =1,2;
iii.A>0; > 0; Az <band z > 0.
Therefore, the problem is solved at (z,y) = (0, 100).

c. Consider

1 3
Lz, \p) =cTe = NT(Az —b) + Tz, withe? =[11); A=| 3 1 |;b" =[10108].
2 2

By Theorem 5.14, this LP problem has a maximum at z if and only if there exist \, u and x satisfying
next three conditions:
i = ATA+ " =0;
ii. \;j(afx—b;)=0,i=1,2,3,and ;z; =0, i = 1,2;
iiiA>0; u>0; Axr <band z > 0.
That is, iff next set of (in)equalities has a solution.
. a)l— A —3\ —2\3+pu1 =0andb) 1 — 3\ — Ao — 2X\3 + p2 = 0;
ii. a) A (x+3y—10) =0,b) A\2(3z +y —10) =0, c) A3(2x+2y —8) =0and p;z; =0, i = 1,2;
fii\ >0 i=1,2,3 ;>0 i=1224+3y<10,32+y < 10,2242y <8andz; >0, i = 1,2.
To solve this set of (in)equalities we proceed as follows:
1. precisely one constraint is binding.
1. 2 =0, Ay = Ao = \3 = uy = 0. Substitution of this into item i. yields a contradiction.
2.y =0, \y = A2 = A\3 = pp = 0. Substitution of this into item i. yields a contradiction.
3. x4+ 3y =10, Ay = A3 = 1 = uo = 0. Substitution of this into item i. yields a contradiction.
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4.3z +y =10, A\; = A3 = p1 = ug = 0. Substitution of this into item i. yields a contradiction.
5.2¢ + 2y = 8, A\ = X\a = pu1 = pe = 0. Substitution of this into item i. yields A3 = %
Substitution of y = 4 — x into the inequalities = + 3y < 10, 3z + y < 10 shows that all points
(z,4—2,0,0,%,0,0) with 1 < x < 3 satisfy items i-ii.
2. precisely two constraints are binding. Here we obtain the additional two solutions (z,y) = (1, 3)
and (z,y) = (3,1).
Hence, all points (z,4 — z) with 1 < z < 3 are solutions to the problem.
Another way to solve this problem is to evaluate the objective function U at the corner points:
(0,0), (0,42), (12,0), (3,1) and (1,3). The corresponding objective values are 0, 12, 19 4 and 4,
respectively.
Since the constraint set is compact, Weierstrass’s theorem guarantees that a solution exists. Notice
that the maximum value is attained at two corner points simultaneously. Therefore, by Corol-
lary 5.15, the maximum is also attained at all points on the line segment connecting these two

cornerpoints.

. Let

g1(x,y) == x + 3y, ga2(x,y) := 3z +y and g3(z,y) ;== +y.

Next, consider the linear transformation of the variables: z; := 2 — 1 and 25 := y — 10. Then, with
x:=z1 +1and y := 25 + 10, the LP problem in (z, y) coordinates is equivalent to the following LP

problem in (21, 22) coordinates.
Maximize f(z1,22) =21 — 22— 9
subject to
g1(21,22) := 21 + 320 < 9,92(21,22) := 321 + 20 <3, 93(21,22) := 21 + 20 < 4,2, >0, i =1,2.

The feasible set is described by ga2(21,22) < 4 and z; > 0 for ¢« = 1,2. This set is compact. The
corner points of this feasible set are: (0,0), (0,3) and (1,0). The corresponding objective values
are: —9, —12 and —S8, respectively. Hence, the maximum is attained at (21, z2) = (1,0). Therefore,
the LP problem has a unique solution at (z,y) = (2, 10).

EXERCISE 5.6 Formulate the corresponding dual linear programming problems of next LP problems.

Next solve both these dual and LP problems.

a.

Maximize U(x,y) = = + y, subject to the constraints z + 3y < 10, 3z +y < 10,2z +2y <8z >0
and y > 0.

. Maximize f(z,y,2) = ¢ — y + z, subject to the constraintsx +y + 2 < 1,2 >0,y > 0and z > 0.

c. Minimize f(x,y,2) =  + y + 2z, subject to the constraints z +y > 1,y + 2z > 2, x + z > 3 and

r+y+2z>3.
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ANSWER 5.6

a. Using the notation of the standard LP formulation, we have
1 3
c"'=[11,A=|3 1| andb” =[10108].
2 2

Thus, the dual LP problem is to minimize b7 ), subject to
ATX > cand A > 0.

The corner points of the feasible set are found by setting three of the five inequalities to equality and
then checking whether all constraints are satisfied. This procedure yields the following candidate
corner points (Ay, Az, Az):

1 1 1
(0,0,0), (0,0, 5). (0,1,0), (0, 3,0). (1,0,0) and (5,0,0).

However, checking feasibility shows that (0,0,0), (0, +,0) and (3,0, 0) do not satisfy all constraints.

Hence, the actual corner points are
1
(0,0, 5), (0,1,0) and (1,0,0).

It is straightforward to verify that the minimum value of the dual objective function is attained at
(0,0, %) Moreover, larger values are obtained in the interior of the feasible set. Therefore, the dual
problem has a unique solution at (A1, A2, A3) = (0,0, ).
Substituting this result into the KKT conditions for the original LP problem shows that the maximum
of the primal problem is attained at all points (z,4 — x) with = € [2, 3].

b. Using the notation of the standard LP formulation, we have

=N =11 A=[1 1 1], andb=11]
Thus, the dual LP problem is to minimize b7 )\, subject to
ATX > ¢, and X > 0.

The corner points of the feasible set are (0,0,0), (1,0,0) and (0,1,0) and (0,0,1). Note that the
constraint set is compact. Evaluating the objective function at these corner points shows that the
LP problem attains a maximum value of 1 at all points on the line segment connecting (1,0,0) and
(0,0,1).

Clearly, the minimum of the dual LP problem is attained at \ = 1.

Observe that b\ = 1 = ¢’z for any point z on the line segment between (1,0, 0) and (0,0, 1).
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c. First, we rewrite the problem in standard form. Let
x1:=1—-x—y, x9:=2—y—zandxz3:=3 —z — 2.
Then
1 1 1
T = 5(—x1—|—m2—x3—|—2), Yy = 5(—371 — 9+ x3)and z = 5(331 — o — w3+ 4).

The objective function can then be rewritten as

1
f(x17w27m3) = 5(961 +x9 + 23 — 6)
to be maximized subject to the constraints
x; > 0fori=1,2,3, and gy (z1,x2, x3) := T3 + 23 < 2.

Note that the maximizer of this problem coincides with that of

1
flx1,x0,23) = 5(351 + xo + x3)

over the same feasible set. Hence, the standard LP problem is to maximize

T

1
c’'z, where ¢! = Z[111] and #7 = [z x5 3],

2
subject to
Az <2, with A=[011] and b = [2].

The corresponding dual LP problem is to minimize

b, subject to ATX>cand A > 0.

Clearly, this dual problem has no solution. Therefore, the original LP problem also has no solution.

Mixed Exercises

EXERCISE 5.7 Let b € R. Use Lemma 5.4 to show that next sets GG are convex.
a. G :={x € R" | a’z < b}, where a € R", a # 0.

b. G :={(v,y) € RZ, | £ < b}, where b > 0.

c. G:={(z,y) € R?| log(e® + ¢e¥) < b}.

d.G:={(z,y,2) e R}, | 5 <1, y*<9and /z > 4}.
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ANSWER 5.7
a. Consider g(z) := a’z. g(z) is a convex function. So, by Lemma 5.4, the level set G is a convex set.
b. Consider g(z,y) := %2 for z > 0 and y > 0. Note that the positive quadrant C is a convex set.
Indeed, if z,y € C, then for any « € (0, 1), the point z := ax + (1 — @)y > 0, so z € C as well.
Next, observe that
. 2 2 _ 2
g’:%ﬂ‘ fzﬁ]anng: l 2 ]
y? y®
Thus, the Hessian Hg is positive semi-definite on C, which implies that g(z,y) is convex on C.
Consequently, by Lemma 5.4, the level set GG is a convex set.
c. Consider g(z,y) := log(e” + €¥). Then
T 1 e”e? __e%e?
g/ - [eﬁcc:l— ey exi/ey} and Hg = l (e—z_e‘;eeu”)z (szfyy ] :
(e+en)?  (enten)?
Thus, the Hessian Hg is positive semi-definite, which implies that g(z, y) is convex. Consequently,
by Lemma 5.4, the level set GG is a convex set.
d. Consider

1
91(z,y,2) == —, g2(2, 9, 2) == y® and g3(z,v, 2) ;== —v/z forz >0, y > 0 and z > 0.
x

As in item b, the set where all coordinates are positive is convex.

Moreover, straightforward differentiation shows that the Hessians Hg;, for i = 1,2, 3, are positive
semi-definite on this set. Hence, each g;, i = 1,2, 3, is convex on this domain.

Therefore, by Lemma 5.4, all corresponding level sets are convex. Since their intersection is clearly
nonempty, it follows from Proposition 5.5 that the set G is convex.

EXERCISE 5.8 Solve next constrained optimization problems.

S0 D A0 T

—

—.

. Maximize f(z,y,z) =z 4+y+zst.a+y<l,y+z<2,24+2<3,z>0,y>0and z > 0.
. Minimize f(z,y) = e~ @t¥) s.t. 2 < 4 +y.

. Maximize f(z,y,2) =z4+y—zst.a+y+z>1,x4+4y<52>0,y>0and z > 0.

. Minimize f(z,y,z) = e +y%, s.t. 22 +y? + 22 <land z +y + 22 < 3.

. Maximize f(z,y) = —(z —1)2 = (y—1)?on C := {(x,y) |z >0, y >0} s.t. z +y < 1.

Reconsider the maximization problem in item c, but now on the set C' := {(z,y) | < 0, y < 0}.

. Minimize f(z,y) = (r — 1)+ (y — 1)? s.t. # +y > 3 and 2% + 3> < 9.
. Maximize f(z,y) =y —xzs.t. x+2y >5,2x+y>4andy+ = < 4.

Minimize f(z,y,2) =2z +y+zst. In(z+y+z2)>1landx+y+ 2z > 0.

. Maximize f(z1, 22, 23,24,25) = 1 + 202 — 323 + 424 — 525 S.t. brg — 4xs + 3w3 — 224 — w5 < 10,

1 +x2+ T3+ 24+ 25 <2and z; > 0.
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ANSWER 5.8

a. Note that the constraint set is compact. Since f is continuous, the problem therefore has a solution.
According to Algorithm 5.16, we can find this solution by evaluating f at the corner points. These
corner points are obtained by considering the intersection of any three binding constraints. For
example, setting x = 0, y = 0 and z = 0 yields the corner point (0,0, 0). Setting z = 0, y = 0 and
x + z = 2 yields (0,0, 2), and so on.
Proceeding in this way yields the following six corner points:

(0,0,0), (0,0,2), (0,1,0), (1,0,0), (0,1,1) and (1,0,2).

It is straightforward to verify that f attains its maximum value at (1,0, 2).

b. The problem is equivalent to maximizing
f(z,y) = —e~ @) subject to z — y < 4.

It is straightforward to verify that the Hessian H f is negative semi-definite, so f is concave. More-
over, g(z,y) = x — y is convex, and the constraint set has an interior point. Therefore, by Corollary
5.11, the problem has a solution iff. the KKT conditions are satisfied.
With L(z,y, \) := —e~(*+¥) — \(2 — y — 4), we obtain DL = [e~(®+¥) — \| ¢~(*+¥) 1 \]. Thus, the
system DL = [0 0] has no solution. Consequently, the problem has no solution.

c. Note that the constraint set is not compact, since z > 0 can take arbitrarily large values. According
to Algorithm 5.16, we find the solution - if it exists - by evaluating f at the corner points.
These corner points are obtained by considering the intersection point of any three binding con-
straints. For example, setting x = 0, y = 0 and z = 0 yields (0,0,0) while setting x = 0, y = 0
and z + y + z = 1 yields (0,0, 1), and so on. This procedure results in the following four 4 corner
points:

(0,0,0), (0,0,1), (0,1,0) and (1,0,0).

It is clear that f attains a maximum value of 1 at (0, 1,0) and (1, 0,0). Hence, all points on the line
segment connecting these two points are candidate solutions.
To verify whether these points are indeed optimal, we check the conditions of Theorem 5.14. With

-1 -1

=111 1], A:=
1 4

—1
] and b’ := [-1 5],
0

we must verify whether the following two conditions hold at any point (6,1 — 6,0), 0 <6 <1 on
the line segment: there exist A > 0 and x > 0 such that

i)l —MA+p" =0andii) \y(z+y+2—1)=0, \a(z+4y) =0and pyx = poy = pzz = 0.
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At any point on the line segment, the constraint = + y + z > 1 is binding, while the constraint
x 4 4y < 5 is not. Hence, from ii), Ao = u1 = o =0for 6 € (0,1).
Substiting into i) gives:

-1 -1 -1

.4 o |Tloml=D000)

[1111»101[

It is easily verified that this condition holds for A\; = 1 and u3 = 0. A similar verification shows
that conditions i) and ii) also hold at the corner points (1, 0,0) and (0, 1, 0).

Therefore, all points on the line segment between (1, 0,0) and (0, 1, 0) solve the problem.

. It is straightforward to verify that this is a convex optimization problem and that the constraint set
has an interior point. By Corollary 5.11, the problem has a solution at some point (z, 7, z) iff the
KKT conditions are satisfied at that point.

Thus, (z,y, z) € C solves the problem iff. it satisfies the following conditions, with

L(z,y, 2, M, A0) = —e” — 9% =M (22 + 97+ 22— 1) = Moz +y+ 22— 3):

i) D,L=D,L=DzL=0;

AN (22 +y?—1) =0, a(z+y+22—3)=0and

iida?+y2<l,z+y+22<0and ); >0fori=1,2.
Note that

DJL = —¢% — 2A1$ — AQ’ DyL = —2y(1 + )\1) — /\2 and DZL = —22’()\1 + AQ)

From D, L = 0 it follows that either \; = Ay = 0 or 2 = 0. From D,L = 0 we see that \; = 0 is
not possible. Hence, z = 0, A\; > 0 and, consequently, 2% + 3> = 1.

If Ay = 0, then from D, L = 0 it follows that y = 0, so z? = 1. Using D, L = 0, we obtain z = —1
and \; = 1e~'. Since = +y + 2% < 3, the point (—1,0,0) is feasible and yields a solution.

If Ay > 0, then it follows that = + y = 3, which is incompatible with 22 4 y? = 1.

. Note that this is a convex optimization problem. By Theorem 5.13, the problem has a solution at
some point (7, y) iff the KKT conditions are satisfied at that point.

Thus, (Z,y) € C solves the problem iff. it satisfies the following conditions, with
L(z,y,A) = —(z - 1) = (y = 1) = Nz +y — 1) :

i) DL =DyL =0;
iDMaz+y—1)=0andiii) z+y <1land XA > 0.
Note that
D,L=-2(x—1)—Xand D,L = —-2(y —1) — A.
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Hence, condition i) holds iff x = y and A = —2(z — 1).
From condition ii), either A\ = 0 or z +y = 1. If A = 0, then = = y = 1, which violates condition
iii). Therefore, we obtain the unique solution (z,y,\) = (3, 3, 1).

f. We obtain the same conditions as in item ¢, but we now need to check whether this set of conditions
has a solution within C. It is easy to verify that no such solution exists. Therefore, by Theorem
5.13, we conclude that the problem has no solution.

Notice, however, that the problem does have a supremum at (z,y) = (0,0) (for example, consider
the optimization problem with constraints < 0, y < 0 and C' = R?).

g. Note that this is a convex optimization problem. Moreover, the constraint set has an interior point
(for example (2, 2) satisfies both constraints strictly). Therefore, Slater’s condition holds, and by
Corollary 5.11, the problem has a solution at some point (z, ) iff. the KKT conditions are satisfied
at that point.

Thus, (Z,7) € C solves the problem iff. it satisfies the following, with

L(z,y,A) = —( = 1) = (y = 1> + M(w+y = 3) = dala® +y° — ) :

i) DoL = DyL = 0;
i) A\ (x+y—3)=0and \y(2? +y? —9) = 0 and
iz +y>3,22+y*><9and \; > 0fori=1,2.
Note that
DyL =-2(x—1)+ X —2X sz and DyL = —2(y — 1) + A\ — 2)\ay.

To solve this set of equations consider next 3 possibilities:
1. No constraint is binding. Then A\; = Ay = 0, which gives (z,y) = (1, 1), but this is not feasible.
2. Precisely one constraint is binding.
l.x+y = 3. Then Ay = 0. From i), x = y and \; = 2(x — 1). Substituting into the other
conditions gives the candidate solution (z,y, A1, A2) = (2, 3,1,0).
2.2° +y* = 9. Then \; = 0. From i), z = y and (1 + \g)z = 1, giving (z,y) = (
However, this results in Ay < 0, which violates iii).

ii)
V2 Vi)

3. Both constraints are binding. Then (z,y) = (0, 3). But this gives A; < 0, which also violates iii).
Hence, the minimum is attained at (z,y) = (3, 2).

h. This is a linear programming problem. Moreover, the constraint set is compact. To find the max-
imum, we evaluate the objective function at the corner-points (1,2), (0,4) and (3,1). The cor-
responding function values are: 1, 4 and -2, respectively. Hence, the LP problem has a unique
solution at (z,y) = (0,4).

i. Note that —f(z,y, z) is concave, and both constraint functions g; := —In(l + 2 + y + 2) and
g2(z,y,2) == —x —y — z are convex. Moreover, the constraint set has an interior point. Hence, by

Corollary 5.11, the problem has a solution iff. the KKT conditions are satisfied. With

L(z,y,A) i= =2z +y+2) + M(n(l + 2 +y+2) = 1) + Xz +y + 2),
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we obtain

)\1 )\1 Al

DL=[-24+—"— 4 X, 1+ —T Xy, ~ 1 —
1+z+y+z l1+z+y+z 1+z+y+z

+ A,

Obviously, the system DL = [0 0 0] has no solutions. Consequently, the problem has no solution.

j. This is an LP-problem with

5 —4 3 -2 -1

c=[12-34 -57 A=
1 1 1 1

,and b = [10 2],

Clearly, the constraint set is compact, so the problem has a solution.
The corresponding dual LP-problem is to minimize

fo(A1, A2) = 101 + 2\
subject to
SA1+A2>1, — 4N+ XA >2, 30+ X2 > -3, =2 1 + A >4and — A + A2 > 5.
In fact the feasible set is determined by the 3 inequalities
A >0, Ay >2+4X and Ay > 4+ 2).

Since the LP-problem has a solution, we know that the solution of the dual LP-problem is attained
at least at one corner point. The corner points of the feasible set are (0,4) and (1, 6). Evaluating fp
at these points shows that the minimum is attained at (0, 4), with value 8. Hence, the dual problem
has a unique solution at (0, 4).

The Lagrange function of the primal LP-problem is
L:=c"e = N'(Azx —b) + p .
From the KKT conditions, substituting A7 = [0 4], we obtain
w1 =3, 2 =2, u3 =7, pg =0 and ps = 9.

Thus, z; = 0 for i = 1,2, 3,5. Since the optimal value of f is 8, it follows that x, = 2. Therefore,
the unique solution of the LP-problem is attained at (0, 0,0, 2, 0).

EXERCISE 5.9 Show there exists a A € (0, 1) such that Aln(z) < (1 — A)(z — 1) for all z > 0.
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ANSWER 5.9 Note that both f;(z) := In(z) and f2(x) := 1 — z are concave for z > 0. Moreover, the
set S={z>0| fi(z) > 0and fo(z) > 0} is empty.

Therefore, by Lemma 5.8, there exists a A € (0,1) such that Af;(z) + (1 — \) fa(z) <0, for all z > 0.
This implies the stated result.

EXERCISE 5.10 Assume a, b, ¢, ¢co € R are some given constants. Consider the maximization of
2 .
\/x1 + x5 subject to the constraints max{z;,22} < a and ;—; <b,x; >c; >0, i=1,2. Show that if

above optimization problem has a solution, its solution will provide a global maximum.

ANSWER 5.10 According to Theorem 5.6, any solution to the problem is a global maximum if we can
show that the problem is a convex programming problem. To establish this, first consider f(x1,z2) :=
V/T1 + zo. A straightforward calculation shows that

” -1 1 1
f_(fE1+I2) [1 1‘|

Hence, — f” is positive semi-definite, which implies that the objective function f is concave.

e

Clearly, the linear functions g;(z1,x2) := —x; for i = 1,2, are convex.
Next consider g3(x1,z2) := o Straightforward calculations yield

Lo

/ 21‘1 SC% » 2 _2;81
g3 = [— — —3| and therefore g; = by o |
T2 x5 =2z o

2 ”
Note that both f—z and % are positive on the domain. Moreover, the determinant of g5 equals zero.
p 2
Hence, g3 is also convex function on its domain.
Finally, consider g4(x1, z2) := max{x1, z2 }. To show that this function is convex, we use the definition

of convexity. Let x = (z1,72)T, y = (y1,y2)7, and X € [0, 1]. Then,

ga(Ax + (1= Ny) = max{iz; + (1 — Nyi, Aza+ (1 — N)ya}
Amax{zy,z2} + (1 — A\) max{y;, y=}
Aga(z) + (1 — A)ga(y).

IN

Thus, the objective function is concave and all constraint functions are convex. Therefore, the problem

is a convex programming problem.

EXERCISE 5.11 Consider the problem to minimize f(z,y) = 2? + 42 — 22y + y* — 4y subject to the
constraints z > 0; y > 0 and (z — 3)? + (y — 3)? > 4.

a. Show the constraint set is not compact.

b. Show that this is not a convex optimization problem.

c. Show, using Fritz-John’s theorem, that the problem has an infinite number of global minima.
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d. Show that the problem has no local minima.

ANSWER 5.11

a. For arbitrarily large values of a and b, all constraints are satisfied at the point (a, b). Therefore, the
feasible set is unbounded and, consequently, not compact.

b. g3(z,y) == —(x — 3)® — (y — 3)? + 4 is not convex (in fact it is concave).

c. Let f(z,y) i= —2% —da+ 22y — y* +4y; g1(x,y) == —x; ga(2,y) := —y and g3(z,y) := —(z —3)* —
(y —3)* + 4.
By inspecting the partial derivatives of f and the functions g;, it is straightforward to verify that all
functions are continuously differentiable.
Consider the Lagrange function

L(2,9, Mo, A1, Aoy Az) = Ao(—22 — 4o + 22y — y* + 4y) + Mz + doy + A3((z — 3)2 + (y — 3)* — 4).

By Theorem 4.32, candidate optimal solutions must satisfy:
1. [D1L(z,y,A) DoL(z,y,N)] = [Mo(—22 — 4+ 2y) + A1 +2X3(x — 3), M2z — 2y +4) + A2 +
2X3(y — 3)] = [0, 0;
2.4) M = 0;44) Aoy = 0; and A\3((z — 3)%2 + (y — 3)2 — 4) = 0;
3.i) x> 0;4i) y > 0; i) (x—3)2+ (y—3)2>4andiv) \; >0, i = 1,2, 3;
4. (Ao, A1, A2, A3) # (0,0,0,0), where Ao € {0,1}.
To solve this system, we distinguish two cases.
Case 1: \g = 1.
1. No constraint is binding.
Then \; = 0 for ¢ = 1,2,3. From item 1. we obtain y = x + 2. Thus, for z > 0 and
(z — 3)? + (x — 1)? > 4 we obtain feasible solutions. This holds when either 0 < z < 1 or
x > 3. Hence (x,2 + z,1,0,0,0,0), with either 0 < 2 < 1 or z > 3, are candidate solutions.
2. Exactly one constraint is binding:
1. g1 = 0. Thatis: x = 0 and A\ = A3 = 0. Then, by item 1, y = 2 and \; = 0. This point
satisfies all constraints, so (0,2, 1,0,0,0,0) is a candidate.
2. 9o = 0. Thatis: y = 0 and A\; = A3 = 0. Then, by item 1, x = —2, which violates the
constraint on g;.
3. g3 = 0. Thatis: (z — 3)? + (y — 3)2 =4 and \; = Ay = 0. Adding both derivatives in item
1 shows A3(z +y — 6) = 0.
1. If z + y — 6 = 0, substitution into g3 = 0 gives either z = 3 + v/2 or z = 3 — /2. This
leads to the points (3 +v/2,3 —v/2,1,0,0,2 ++/2) and (3 — v/2,3 +1/2,1,0,0,2 — v/2),
both of which are feasible.
2. If A3 = 0, we obtain the candidate solutions (3,5, 1,0,0,0,0) and (1,3, 1,0,0,0,0).
3. Exactly two constraints are binding:

The only feasible solution (x, y) = (0,0) does not satisfy the necessary conditions.
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Case 2: \g = 0:
This case always leads to an inconsistent system, and hence no feasible solutions arise.

So, the candidate solutions are

(-1',2-‘-1‘,1,0,0,0,0)7 Wlthoéxg lor-rZ3,(3+\/573—\/5,1,0,072+\/§)7and
(3—v2,34+v2,1,0,0,2+ 2).

To determine whether one of these candidates yields the solution of the problem, we consider
L(z,y,1,0,0,0,0) = —2° — 4z + 22y — y* + 4y.

Straightforward calculations show

DL(z,y,1,0,0,0,0) = [-2z — 4 + 2y, 22 — 2y + 4]and HL(z,y,1,0,0,0,0) = [ _22 22 1 .

This Hessian matrix is negative semi-definite, so the function L(z,y,1,0,0,0,0) is concave.
By Proposition 4.11, the problem attains a global minimum at all points (z,2+ z,1,0,0,0,0), with
0 <z <1orxz > 3. At these points, the value of f equals —4.
Finally, for the remaining candidates (3++/2,3—+/2,1,0,0,2++/2) and (3 —v/2,3++/2,1,0,0,2 —
V/2) the value of the objective function is f(3 4+ v/2,3 —v/2) = 8(1 +v/2) and f(3 — V2,3 +/2) =
8(1 — +/2), respectively. Hence, these points do not yield a global minimum.

d. To determine whether f has a local minimum at the two points (3 +1/2,3 —/2,1,0,0,2++/2) and
(3—+2,3++2,1,0,0,2 — /2) we apply Theorem 4.19.
To this end, first note that both g; and g, are non-binding at these points, whereas g3 is binding.
Moreover, Dgs = [-2(x — 3), —2(y — 3)]. Hence, Dg3(3 + v/2,3 — v/2) = [-2v/2, 2V/2]. Following

the notation in Theorem 4.19 we next consider:

L = HLB+V2,3-+2,1,0,0,2+V2)
| 22X+ 2 2X0 C24+2v2 2
2X0 —2Xo + 23 2 242v2 |
Consequently, with B := [1, 7%],
. 2422 2
BLBT =[11] T2v2 [11* >o.
2 2+ 22
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Thus, by Theorem 4.19, f does not attain a local minimum at (3 + V2,3 - \/ﬁ)
Next, consider the point (3 — v/2,3 + v/2). At this point,

‘Z/ = HL(3_\/§’3+\/§71107072_\/§)
_ —2X0 + 2)3 20 | 2-2v2 2
20 —2Xo + 2)3 2 2-2v2 |
H R Dyg:x(3*\/§,3+\/§)
Hence, with B :=[1, —m],
- 2-2V2 2
BLBT =[11] V2 117 > o0.
2 2—-2v2

Therefore, again by Theorem 4.19, f does not have a local minimum at (3 — v/2, 3 + v/2).

Advanced, Deepening and Broadening Exercises

EXERCISE 5.12 (Importance differentiability assumptions)

This exercise demonstrates that in Step 1 of Algorithm 4.9 it is important to include any points where

either f or g are not differentiable too in the search for potential optima.

Consider the maximization of f(r) = v/1 — 22, = € [-1, 1] subject to g(z) = x — 1 > 0.

a. Use the theory presented in this section to show that this problem has a maximum at z = 1.

b.Let X = [-1,1] and A = {A | A > 0}. Show that the with this problem corresponding Lagrange
function L(z, \) := v/1 — 22 — A\(1 — z) has not a saddle point at (1, \), whatever A > 0 is, on the
set X x A.

c. Compare the result obtained in item b. with Theorem 5.13. Conclude.

ANSWER 5.12
a. Following Algorithm 4.9, we find the candidate solutions as follows.
Step 1. Note, f and g are twice differentiable on the open convex set (—1, 1), but f is not differen-
tiable at 22 = 1. Asz > 1, x = 1 is a candidate point for an extremum.
Step 2. ¢ = 1. So there is no extra candidate.
Step 3. L(z) =v1—22 -~ A1 —z)onx € (—1,1).
Step 4. Find all points satisfying:

1.—2  tA=0,2A1-2)=0, and3.2 > 1and A > 0.

V1—a22

From 2. it follows that A = 0. From 1 it follows then that 2 = 0, which violates 3. So, we find

no additional candidate points for an extremum.
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So, the only candidate solution is « = 1. Clearly = = 1 solves the problem.

b. With L(z,\) = V1 — 22 — X\(1 — x), we have L(1,\) = 0 for all A > 0. Now suppose A > 0. Then it
is clear that the inequality L(z, \) < L(1,\) = 0 does not hold for all # € [—1,0). In the case A = 0,
it follows that the inequality L(z,\) < L(1,)) = 0 does not hold for all z € (—1,1). Therefore,
L(z, \) does not have a saddle-point on X x A at (1, \), for any A > 0.

c. The only condition that fails in Theorem 5.13 is that f is not differentiable on an open set X. In
this case, the set X is closed, and at the boundary points x = 41, the derivative of f cannot be
defined in an appropriate sense - namely, there is no open neighborhood around these points on
which the derivative of f can be properly defined.

From item b., we see that the result stated in the theorem does not hold. Hence, the requirement

that f be differentiable on an open set X is essential to the theorem to apply.

EXERCISE 5.13 (A function is convex iff its epigraph is a convex set).

Consider the set of points located above the graph of a function f : R™ — R. This set is called the

epigraph of f. Formal: epi f := {(x,7) | # € domain f and f(z) < ~}.

a. Determine epi f if f(x) = 2% with z € (0, 2).

b. Let S C R" be a convex set and f : S — RR. Show that f(z) is convex on S if and only if its
epigraph on S is a convex set.

c. Formulate a similar result for function g if ¢ is concave.

ANSWER 5.13

a.epi f = {(x,7) |y > 2% with0 <z < 2}.

b.” = ” Assume (z,~,) and (y,v,) belong to epi f. Then f(z) < v, and f(y) < .
Since f is convex, it follows that for all « € [0, 1],

flaz+ (1 —a)y) <af(z)+ (1 —a)f(y)
Hence, f(az + (1 — a)y) < avy, + (1 — a)y,, which implies that
(ax+ (1 — )y, v, + (1 —a)yy) € epi f.

Equivalently, o(z, ;) + (1 — «)(y,vy) € epi f.
7 < ” Assume (z, f(x)) and (y, f(y)) belong to epi f. Then for all « € [0, 1],

OZ(ZL', f(l.)) + (1 - Oé)(y, f(y)) € epl fa

which implies f(az + (1 — a)y) < af(z) + (1 —a)f(y).
c. gisconcave «» f := —gis convex « epi f is convex <+ the set {(z,v) | # € domain g and —g(x) < 7}
is convex <> {(x,7v) | ¢ € domain g and g(z) > —~} is convex <> {(z,—7) | # € domain g and

g(x) > v} is convex < {(x,7) | € domain g and g(x) > v} is convex.
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In other words, g is concave if and only if the set {(x, ) | € domain g and g(x) > ~} is convex.

That is, the set of points lying below the graph of g is convex.

EXERCISE 5.14 (Separating Hyperplane Theorem)

Let S C R"™ be a closed convex set. Let y ¢ S. Below you are asked to show that there exists a plane

H: {ze€R"|ax; + -+ ayz, = b} that separates y and S. That is, there is a plane H such that

y is located to one side of H and S to the other side. Without loss of generality we will assume that

n=2.

a. Lety = (0,0) and S = {(z1,x2) | #2 > 2% + 1}. Construct geometrically a line that separates y and
S.

b. Consider the distance function d(z) = ||z — y||, where = € S. Motivate why d(z) is a continuous
function on S.

c. Consider a closed ball B with center y and finite radius r, B = {(x1,72) | (x1—y1)*+(z2—y2)? < r},
where r is such that I := BN S is nonempty. Show that I is a compact set.

d. Show that d(z) attains a global minimum on I. Let xy be the argument where d(z) attains this
minimum.

e. Leta:=xy —yand b:= a”zy. Show that a”y < b and oz = b.

f. Letx € S. Let () := Az + (1 — A)zo, A € [0,1]. Note that, since S is convex, z(\) € S, for all
A € [0, 1]. Motivate why ||z(\) —y||> > |lzo — y||?, for all X € [0, 1]. Use this inequality to show that
(z —20)" (x0 —y) 2 0.

g. Use item e. to conclude that a”z > b, for all z € S.

h. Assume 0 ¢ S. Show there exists a vector a € R™ and b > 0 such that a”2 > b, forall x € S.

ANSWER 5.14

b. The function d(z) = (z — y)T (z — y) is quadratic in x, and therefore continuous.

c. The set I is bounded since B is bounded. Moreover, both S and B are closed, hence I is closed.
Therefore, I is compact.

d. The function d(x) is continuous on the compact set /. Hence, by Weierstrass’ theorem, d(z) attains
a global minimum on /.

T

e. Wehave a”’y—b = a” (y—x¢) = —a’a < 0. Moreover, a” z = b follows directly from the definition.

f. Since d(zo) < d(z) for all € S, it follows that
lz(X) = ylI* > [lzo — yl* for all A € [0,1].

That is, |Az + (1 — N)xo — y||* > ||zo — y||?, or equivalently, ||A(x — xo) + zo — y||* > ||z0 — y||*
Expanding and simplifying yields \?||z — x¢]|? + 2\(2 — 29) T (g — y) > 0, or

Az = @ol* + 2(z — 20)" (20 — y)) > 0.

Since this inequality holds for all A € [0, 1], it follows that 2(z — z¢)% (z¢ — y) > 0.
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g.

We obtain, by item f,

alz —b=a"z —a"zo=a" (x — 20) = (0 — v)T (x — z0) > 0.

h. Taking y = 0, it follows from item e. that a := 2o # 0 and b := a”zg = 2’z > 0. The result then

follows from item g.

EXERCISE 5.15 (Proof Lemma 5.8).
In this exercise you are asked to provide a proof for Lemma 5.8. Use the notation from this Lemma
5.8.

a.

Define for z € X, theset Z, := {z € R™ | fi(x) > z;, i = 1,--- ,m}. Let Z := Upex Z,. Show
that 0 ¢ Z.

. Show that Z is a convex set.

c. Show that with z € Z, also for every ¢ > 0, z — ¢ € Z. Also show that if ¢; is defined by ¢; :=

fi(x) — z; — 0;, for arbitrary 6; > 0, Z:=z2+¢c € Z.

. Use Lemma 5.7 to conclude that there exists a p < 0, p # 0, such that p”z > 0 for all z € Z.
e. Let \; :=

ﬁ. Use item c to conclude that there existsa A € A, A # 0, such that >/ | \; f;(z) <

0, forall z € X.

ANSWER 5.15

a.

By assumption the set S = {« | f;(z) >0, i =1,--- ,m} is empty. Or, stated differently, for every
fixedz e X,0¢ Z,. So, 0 & Z too.

. Let z,z € Z. Then, with X € [0, 1], there exist 2 and 7 in Z such that

Azi + (L =Nz < Afi(z) + 1 =N fi(@) < filhx + (1 = N)T).

Hence, Az + (1 = N)Z € Zy,4(1-2)z-

.Withze Z, :={z e R™| fi(x) > z;, i=1,--- ,m} and € > 0 it follows that also f;(z) — (z; —¢€;) >

0,7=1,---,m. Thatis, also z — € € Z,.
Similarly it follows that with Z as defined, f;(z) — 2; = fi(z) — (z; — &, — &;) = §; > 0.

. Since 0 ¢ Z and Z is convex, by Lemma 5.7 there exists p # 0 such that p”z > p”0 = 0 for all

z € Z.

Now assume p; > 0 for some ¢ and z € Z. Then there exists a x € X such that z € Z,. Now
consider entry z; of z. From the definition of Z, := {z € R" | fi(z) > z;, i = 1,--- ,m} it is clear
that then also for every z; < z;, Z := (21, -+ ,2i—1,Zi, Zi+1," ' »2m) € Z. But then there exists a
z € Z such that p” Z < 0. Which violates our observation that p”z >= 0 for all z € Z. So, p; must
be nonpositive.
%, it follows from item d that A7z < 0 for all z € Z. Now, let z € Z,. Then by
definition of Z,, we have that f;(z) — z; =: ¢; > 0. By item c we have that for arbitrary § > 0 then
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also z, where %; = f;(z) — 2z; — 6; € Z. So, for arbitrary § > 0, we have 0 > \T2 = \T(f — 2 —0) >
AT f — AT§. From which we conclude that 0 < AT f.

EXERCISE 5.16 (counterexample of Theorem 5.10 if Slater’s condition fails).

Consider the maximization of f(z) = x subject to g(z) = —z? > 0.

a. Use the theory presented in this section to show that this problem has a maximum at « = 0.

b. Show that the with this problem corresponding Lagrange function L(x,\) = = — Az? has not a
saddle point at (0, \), whatever \ > 0 is.

ANSWER 5.16
a. Consider Algorithm 4.9 to determine candidate solutions for the problem:
Step 1. Note that both f and g are twice differentiable.
Step 2. Since ¢ = —2x, we have g (z) = 0 at z = 0. Moreover, g(0) = 0. Hence, z = 0 is a
candidate point for an extremum.
Step 3. Consider L(z) := x — Az2.
Step 4. Determine all points satisfying:

1.1-2\z=0, 2. \2?=0, and 3. 22 <0, A > 0.

From 2., it follows that either x = 0 or A\ = 0. However, both cases violate condition 1. Therefore,
no additional candidate points for an extremum are found.
Hence, the only candidate solution is « = 0, which clearly solves the problem.
b. Note that L(0,\) =0 < 0 = L(0,A) forall \, A € A = {\| A > 0}. However, for every A € A with
A >0,
L(z,\) = 2(1 — Ax) >0
for example at z = ;5. Whereas for A = 0 we have, for example, L(1,0) > 0. Thus, for any X € A,
there exists a x such that L(z, A) > L(0, \).

EXERCISE 5.17 (Any saddle-point of Lagrange function solves KKT conditions)

Assume f and g; are all differentiable on an open set X C R™. Let A := {A e R™ | A\; > 0}.

Show that if the Lagrange function L(x,\) = f(z) — A'(g(x) — b) has a saddle point equilibrium at
(z,)\) € X x A, (z, \) satisfy the necessary conditions 1-3 of the Kuhn-Tucker Theorem 4.15.

ANSWER 5.17

From the inequality L(x,\) < L(z, A) for all z € X, it follows that L(z, \) attains a global maximum
at x = z. Since L(z, )) is differentiable on X, we obtain
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Thus, condition 1 of Theorem 4.15 is satisfied.
Furthermore, by item ii) of Theorem 5.9, condition 2 of Theorem 4.15 is also satisfied.
Finally, the fact that A7 (g(z) — b) = 0, together with the inequality L(Z,\) < L(z,\), for all A € A,
implies that
M(g(z) —b) < 0forall X € A.

Hence, ¢;(Z) — b; < 0, which establishes condition 3 of Theorem 4.15.

EXERCISE 5.18 (Slater’s constraint qualification in convex programming problems)

Assume the concave function f and convex functions g; are all differentiable on an open convex set

X CR™

a. Let (z, \) satisfy the necessary conditions 1-3 of the Kuhn-Tucker Theorem 4.15. Show that the
corresponding Lagrange function L(z,\) = f(x) — AT (g(z) —b) then has a saddle point equilibrium
at (z, ).

b. Assume Slater’s condition (5.1) applies. Use Exercise 5.17 to show that the constrained optimiza-
tion problem (4.8) has a solution if and only if conditions 1-3 of Theorem 4.15 apply. (Notice the
rank condition in Theorem 4.15 is dismissed here.)

ANSWER 5.18

a. First notice that since g;(x) is convex, b; — g;(x) is a concave function. Therefore

L(z,X) = f(z) = AT(g(x) = b) = f(z) + AT (b~ g(x))

is concave, because AT (b— g(r)) is a nonnegative linear combination of concave functions and f(x)
itself is concave.
Since, by assumption, L, (%, \) = 0, the concavity of L(x, \) implies that L(z, \) attains a global
maximum at Z. Hence,

L(z,\) < L(7,\) forallz € X.

On the other hand, from the facts that AT (g(z) — b) = 0, ¢;(Z) — b; < 0 and \; > 0, it follows
directly that
L(z,)\) < L(z,)) forall A € A.

b. Assume the constrained optimization problem (4.8) has a solution. Then, under the stated as-
sumptions, Theorem 5.10 guarantees that the Lagrange function L(x, \) possesses a saddle point.
By Exercise 5.17, this in turn implies that conditions 1-3 of Theorem 4.15 are satisfied.
Conversely, suppose that conditions 1-3 of Theorem 4.15 hold. Then, by item a., the Lagrange
function L(x, A) has a saddle point. By item i) of Theorem 5.9, this implies that the constrained

optimization problem has a solution.
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EXERCISE 5.19 (Proof Theorem 5.9)

Adopt the notation used in Theorem 5.9.

a. Consider the inequality L(z,\) < L(Z,)\). Show that, since this equality holds YA € A, we can
conclude that ¢(z) < b.

b. Use item a. to show that AT (g(z) — b) = 0.

c. Use item b. and the fact that L(z,\) < L(Z,)\), Vo € X, to show that Z solves the constraint

optimization problem.

ANSWER 5.19
a. Since L(7,\) < L(z, ) for all X € A, it follows immediately that

M (g(z) —b) < AT(g(z) — b) forall A € A.

Now, suppose there exists an index ¢ such that g;(Z) —b; > 0. By choosing \; arbitrarily large while
setting \; = 0, for all j # i, we could make AT (g(z) — b)) > AT (g(z) — b), which contradicts the
previous inequality. Therefore it must hold that

9i(Z) — b; <0 for all .

In other words Z satisfies the constraints.
b. Since, by item a. g;(z) — b; < 0 for all 4, it follows that

M(g(z) —b) < 0forall X € A.

As, by item a., the inequality A\” (g(Z) — b) < AT(g(Z) — b) holds VA € A it follows, by taking A = 0,
that
M (9(z) —b) > 0.

Combining these two results, we conclude that AT (g(z) — b) = 0.
c. From the inequality L(x, \) < L(Z,\) and the fact that AT (g(Z) — b) = 0, it immediately follows
that
f(z) = X'(g(x) —b) < f(Z) forall z € X.

In particular, for any x € X that satisfies g;(z) — b; < 0 for all 7, we have

f(@) = f(z) > =AT(g(x) = b) > 0,

since \ > 0. Or, equivalently, f(Z) > f(x), for all z € X satisfying g;(z) — b; < 0 for all i.
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EXERCISE 5.20 (Proof Theorem 5.10)
Adopt the notation used in Theorem 5.10. Assume in the items a-d below that all assumptions in the

theorem apply except Slater’s condition.

a.

Show that the intersection of the sets {x € X | f(z) — f(Z) > 0} and {x € X | b; — g;(x) > 0}, i =
1,---,m is empty.

. Use Lemma 5.8 to show that there exist coefficients \; > 0, i = 0, 1,--- ,m, not all zero, such that

M(f(z) = f(@) - it Ni(gi(z) —b;) <0, forallz € X.

. Use item b. to show that there exist coefficients \; > 0, i = 0,1, - - - ,m, not all zero, such that with

Lo(z,\) :== Ao f (2) =31, Xigi(z) —bi), Lo(z,A) < Lo(Z, A) if Z solves the constraint optimization

problem.

. Use item b. to show that >, A\;(gi(Z) — b;) =0

e. Use item b. to show by contradiction that, if Slater’s condition holds, Ay # 0.

f. Assume Slater’s condition applies. Show that in that case the Lagrange function L(x, \) := f(z) —

> Xigi(z) — b;) has a saddle point at (z, \), for some \ € A.

ANSWER 5.20

a.

This follows directly from the fact that f has a maximum at Z on the constraint set {z € X | g;(z) <
b}, i=1,---,m

b. Let

C.

fo(@) = f(z) - f(z) and fi(z) := bi — gi(w) fori =1, ,m.

Then f;, i =0,1,--- ,m, are concave on the convex set X. Furthermore, by item a., the set
S:={zreX|fo(x)>0and fi(z) >0, i=1,---,m}

is empty. Therefore, also the set S := {x € X | f;(z) > 04 =0,--- ,m} is empty.
Consequently, by Lemma 5.8, the advertized result follows.

From item b., we have

m

Aof (@) = ) Ailgi(z) = bi) < Xof(Z) < Aof Z (9:(7)

i=1

In other words, Lo(x, \) < Lo(Z, ).

d. From item b., we have

H |

Xo(f(z) Zx gi(z )< 0forall z € X.

By setting = = Z in this inequality we obtain Y, A\;(g;(Z) — b;) > 0.
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On the other hand, since \; > 0 and ¢;(Z) < b;, i = 1,--- ,m, it also holds that

i i(9:(T) — b;) <0.

Combining these two observations we conclude that >;", \;(¢;(Z) — b;) = 0, which proves the
stated result.
. Assume )\ = 0 and that Slater’s condition holds at some point # € X; that is, g;(2) < b; for all
t=1,---,m.

From item b., we have

Xi(gi() — bi) > 0.

AMS

i=1

However, since not all \; are zero, Slater’s condition implies that for at least one index 1,
S\Z(gl(i‘) — bz) < 0.

Hence, also Y"1, A\;(gi(#) — b;) < 0, which contradicts the previous inequality.
Therefore, the assumption that )\, is false, and the conclusion follows.

. Since Ao # 0 (see item e.), it follows directly from item c. that by defining ); := 2+, we have
L(z,)) < L(z, ).

Moreover, from item d. and the fact that for any A € A, A\;(g;(Z) — b;) > 0, it follows that

m m

- Z)\i(gi(f) —b;) > f(x) - Z;\i(gi(i‘) -

or, equivalently, L(z, ) < L(z, \).

EXERCISE 5.21 (Concave function on a convex set has at most one (global) maximum)

Consider a concave function f(x) defined on a convex set C.

a. Show that if f(x) attains a maximum at Z, f(Z) is a global maximum for f on S.

b. Assume f is strictly concave on C. Show that if f has a global maximum at z, there is no other

point in C where this maximum is attained.

ANSWER 5.21

a. Assume that there exists ¢ € C such that f(c¢) > f(z). Consider the line segment
c+(1—-0)z, 0<0<1.

Since C' is convex, every point on this line segment belongs to C.
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Now fix 6 € (0, 1) and define ¢ := fc + (1 — ¢)Z. Since f is concave, it follows that

ft)=0f(c)+ (1 =0)f(z) > 0f(x) + (1 - 0)f(z) = f(2).

Thus, in every neighborhood of z, there exists a point in C' at which f attains a higher value. This
contradicts the assumption that f has a maximum at Z. Therefore, the assumption that there exists
¢ € C such that f(c) > f(Z) must be false.

b. Assume that the maximum it attained at both Z and s. Then, as in item a., define

t:=0s+(1-6)z, 0 (0,1).
By concavity of f, we obtain
f)>0f(s)+ (1 -0)f(x) =0f(z)+ (1 -0)f(7) = ().

This contradicts the assumption that f attains a global maximum at Z. Hence, the assumption must
be false. That is, there is no other point in C where the maximum is attained.

EXERCISE 5.22 (First-order criterion for a maximum if concave function is differentiable)

Assume the concave function f is differentiable on the convex set C. Below you are asked to show

that f has a maximum at z on C iff Df7(z)(x —z) < Oforall x € C.

a. Use the first order characterization of a concave function to show that if Df7(z)(z — z) < 0, for
all z € C, f has a maximum at Z on C.

b. Again, use the first order characterization of a concave function to show that if f has a maximum
at 7 on C, DfT(z)(xz — Z) can never be positive for some z € C.

c. Give a geometric interpretation of the condition D f7(z)(x —z) < 0 forall x € C.

ANSWER 5.22
a. Recall from Chapter 3 that f is concave on C iff.

f(y) < f(@)+ DfT(x)(y — x) for all z,y € C.
Since DfT(z)(y — ) < 0 for all y € C, it follows from the concavity of f that
fly) < f(@)+ DT (2)(y — 2) < f(z) forally € C.

Thus, f attains a global maximum at z.

b. Again, since f is concave on C, we have

f(y) < f(x)+ DfT(x)(y — z) forall 2,y € C.
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Now suppose D fT(z)(y — &) > 0 for some j € C. Define
s =Ay+ (1-XNz, Ae[0,1].

Since C is convex, it follows that s € C. Moreover,

df (s)
dA

— Df(s)(7—7) >0

in a neighborhood of A = 0. Thus, f increases from f(Z) when moving away from Z in the direction
of i, which contradicts the assumption that f attains a maximum at z.
c¢. The condition
DfT(z)(x —z) < 0forallz € C

can be rewritten as
DfT(z)x < DfT(7)z forall z € C.

In other words (see the Separating Hyperplane Theorem, Lemma 5.7), there exists a point z € C
such that all points in C lie on one side of the hyperplane defined by the derivative of f at z.

EXERCISE 5.23 (Proof Theorem 5.13)

Adopt the notation used in Theorem 5.13. Let g;(x) := a x — b, with a; € R"™, b; € R, with a; # 0,
i=1,--.,n

a. Consider item b. from Exercise 5.20. Show that choosing Ay = 0 here yields a contradiction.

b. Follow the lines of the proof of Exercise 5.20 to conclude that the Lagrange function L(z, \) :=

f(x) =3, Ai(gi(z) — b;) has a saddle point at (z, A), for some A € A.

ANSWER 5.23
a. By item b. of Exercise 5.20, there exist coefficients \; > 0, i = 0,1, --- ,m, not all zero, such that

Mo(f(z) = £(2) =Y Nila]z—b;) <0, forallz € X, (5.1)
=1
Now suppose that \q = 0 in (5.1). Then it follows that

Z alz —b;) > 0forall z € X.

Since alz —b; <0and \; >0, i = 1,--- ,m, we must have

Ni(aFz —b;) =0, forallz € X, i=1,--- ,m.
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Recall that at least one coefficient ); is strictly positive. Without loss of generality, assume this

holds for « = 1. Then it follows that
aix—b =0, forallz € X.

Since X is an open subset of R", this implies that a; = 0 and b; = 0, which contradicts the
assumption that g; is a nontrivial linear function.
Therefore, the assumption that Ao = 0 must be false.

b. As in the proof of Exercise 5.20, item f., we conclude from item b. of that exercise that

m m

Xof(l‘) — Z ;\l(alTac — bl) < S\Of(j;) < S\Of(j;) — Z ;\ACL;‘FJ? — bl)

The last inequality follows from the facts that \; > 0 and alz — b; < 0. Thus, defining N = f;\—;,

we obtain

L(z,)\) < L(z, \).

Similarly, following the argument in item f., we conclude that L(z, \) < L(z, \) for all A € A.

EXERCISE 5.24 (Equivalent necessary and sufficient conditions for solving LP problem)
In this exercise you are asked to prove next equivalent statement for Theorem 5.14 for the LP problem
(5.2).
The LP problem (5.2) has a maximum at z if and only if next conditions apply:
i T —MA<0; (T = ATA)z =0;
ii. \j(aTz—b;)=0,i=1,---,m;
iii.A > 0; Az < band z > 0.
Prove this result using Theorem 5.14.

ANSWER 5.24
= From Theorem 5.14, item i., it follows immediately (since p > 0) that

= A\TA<o.

Moreover, by postmultiplying the equality ¢ — AT A + p7 = 0 with , and using item ii of Theorem
5.14, we obtain
(' = MNA)z=0.

< From the first condition i., it follows that there exists a vector u” > 0 such that

= \TA4+ " =0,
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Postmultiplying this equality by x yields (¢ — AT A + pT)x = 0. Since (¢ — AT A)z = 0, it follows
that "z = 0. Because, both 1 and x are nonnegative, it follows that yu;x; = 0 for all 4.

EXERCISE 5.25 In this exercise you are asked to show that the function values of an affine function

monotonically increase if one evaluates them on a line.

a. Show that one can parameterize a line [ in R™ as: I(t) = u + tv, where v, v € R™ and ¢ € R.

b. Show, using item a., that the function values of the affine function f(x) = a”z+b, witha € R", b €
IR, either remain constant, strictly increase or strictly decrease if one considers them on the line

I(t), where t increases.

ANSWER 5.25

a. Consider a line / in R™, and let ¢ and d be two points on this line.
Define u := ¢’ and v := d” — ¢T. Then u is a vector that points to the line and v is a vector parallel
to the line. Hence, every point on the line can be expressed as u + tv for some ¢ € R.

b. Any point z on the line [ can be written, as shown in item a., as

z(t) = u + tv.

Hence
fz@) =adTz(t)+b=a"(u+tv)+b=a"u+b+a’vt.

Thus, f is a linear function of t. Consequently, depending on the sign of a”v, the values of f either

remain constant, increase strictly monotonically, or decrease strictly monotonically as ¢ increases.

EXERCISE 5.26 (Proof items a-c of Corollary 5.15)

Consider the LP problem (5.2). Show next properties hold.

a. Show, using Theorem 5.14, that a solution cannot occur at the interior of the constraint set. There-
fore, if the LP has a solution, it is attained at the border of the constraint set.

b. If the LP problem is solved at z and z then it is also solved at any point on the line segment between
Z and z. Hint: consider the parameterization of an arbitrary point on the line segment and show
this point belongs to the constraint set and the objective value attained at this point is everywhere
the same. More general, if the LP problem has a solution at n different points, then the LP problem
is also solved at any point in the convex hull of these points.

c. The LP problem has either no, a unique or an infinite number of solutions.

ANSWER 5.26
a. Assume that the LP problem has an interior solution. Then, by items ii. and iii. of Theorem 5.14,
we have A = y = 0. Substituting this into item i. of the theorem then leads to a contradiction (note

that, by assumption, ¢ # 0).
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b.

C.

Assume that all conditions in Theorem 5.14 are satisfied at (z, A, i) and (&, \, i). Let & := 72 +
(1 —7)&, with 7 € (0,1) be an arbitrary point on the line segment connecting = and #. Then

Ar =7A7+ (1 —-1)A2 <7b+ (1 —7)b=0.

Moreover,

Finally,

T T T

By assumption, ¢’z = ¢’ %, and therefore ¢’ = ¢’ z.

It follows that all points on the line segment lie within the feasible set, and the objective function
takes the same maximal value at each of these points. Hence, every point on the line segment is
also an optimal solution to the LP problem.

The general case follows by the same argument.

This follows immediately from item b.

EXERCISE 5.27 (Proof item d of Corollary 5.15)

In this exercise you are asked to provide a proof for the last statement d. made in Corollary 5.15. That

is, in case the LP problem has a solution there will be at least one corner point where this solution is

attained.

To prove this assertion assume Z, not a corner point, is a solution for the LP problem.

a.

Assume n — 1 independent constraints are binding at . Show that the line defined by these n — 1
binding constraints intersects another constraint g, () which is independent from these n — 1
binding constraints.

. Use Exercise 5.25 to show that item a. implies that there is a corner point where the LP attains its

maximum.

. Prove statement d. in Corollary 5.15 by proceeding by induction along the lines of items a. and b.

above.

ANSWER 5.27

a.

All points simultaneously satisfying the n — 1 independent binding constraints form a line /(z) in
R™. Since every line in IR™ intersects at least one of the hyperplanes z; = 0 for ¢ = 1,--- |n, it
follows that I(z) intersects one of these binding constraints, say, 1 = 0, at a point Z.

If  does not lie in the feasible set, then /(x) must have crossed the boundary of the feasible set at
an earlier point.; in other words, another constraint became active beforehand. Consequently, {(x)
intersects the boundary of the feasible set at some corner point c.

. Since 7 is, by assumption, a point on I(z) that is not a corner point of the feasible set, it follows from

Exercise 5.25 that the objective function must be constant along this line. Otherwise this would

» 260 «



Constrained Optimization: The Convex and Linear Case

contradict the fact that the objective function attains a maximum at Z over the feasible set. In
particular, it then follows that the objective function also attains this maximum value at the corner
point c.

c. If 7 lies on a boundary of the feasible set where exactly ¢ constraints, with 0 < ¢ < n — 1, are
binding, it follows by a similar argument that the objective function must attain its maximum at all
points on this boundary. Likewise, as before, this boundary set must intersect another constraint,
meaning that the maximum is also attained on the restricted set where i + 1 constraints are active.

By applying induction, the final result then follows.

EXERCISE 5.28 (Max-Min (in)equality and saddle-point existence)

Let X CR"and Y C R™ and f: X xY — RR. Assume all maxima and minima mentioned below

exist (otherwise one may consider suprema and infima in items a. and b.).

a. Show that f := max,cx min ey f(r,y) < mingey max,ey f(z,y) =: f.

b. Let Z € argmax,cx minycy f(z,y) and § € argmin,cy max,cx f(z,y). Show that for all z € X
f(z,9) < f(z,9) < f(z,y) for all y € Y if and only if f = f. That is, f has a saddle-point
equilibrium iff. a max-min equality holds.

c. Show that if f(z,y) € C? and f(z,y) is strictly convex in one variable and strictly concave in the

other variable the max-min equality holds.

ANSWER 5.28
a. For a fixed € X, define L(x) := minyey f(z,y). Then, for all y € Y, we have L(z) < f(z,y).
Consequently, forally € Y,

< .
max L(z) < max f(z,y)

In other words, for all y € Y, f < max,cx f(z,y). In particular, this inequality holds for the value
of y that provides the minimum on the right-hand side, i.e. the y that minimizes max,cx f(z,y).
Therefore, we conclude f < f.

b. ” = ” Assume that (Z, ) provides a saddle-point as stated. Then,

f= nlelgrrleaxf(x y) < maxf(x 7)< f(z,7) < mmf(x y) = meaxmmf(m y)="*.

Since, by item a., we always have f > f, it follows that f = f.
< ” Let T and y be as stated. Following the argument in item a., we have

f = maxmin min f(z,

I e ey f(x y) vey f(iU y)
< <m 7) = minm = f.
> f(xay) > xé‘)}({f(l‘ay) yelxl} xe%)((f(x’y) f
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By assumption, equality holds, so we conclude that

grggf(x,y) = f(#,9) = max f(z,7).
From this, it follows that for all y € Y, f(Z,y) > f(Z,7) > f(z,7) forall z € X.

c. Since by assumption, the minimum of f(z,y) exists for all z, it follows that for a fixed z, this
minimum satisfies %@i = 0. Let g(«) denote this minimum value. By assumption, the maximum of

f(z,y(z)) also exists. Therefore,
df (x,y(x))

dx =0

Note that

W = %(%?(l‘)) + %(a:,g(m))g’(m).

From this, we conclude that if max,cx minycy f(z,y) is attained at some point (z, 7), then both

g(:ﬁ,gj) =0 an

of
oy 45,

@) =0,

Furthermore, due to the strict concavity/convexity assumptions on f, the Hessian H f(x,y) is
strictly indefinite (f,, is negative definite and fyy is positive definite, or vice versa). This im-
plies, in particular, that the stationary point (z,y) is a saddle-point of f. Hence, by item b., the
max-min equality holds.

EXERCISE 5.29 (Duality gap Lagrange dual function)

Assume Problem (4.8) has a solution f(z*) = p. Consider for each A > 0 and « € C the with
problem (4.8) associated Lagrange function L(z, \) := f(x) — AT (g(z) — b). Let for each fixed A > 0
Lp(A) :=sup,cc L(z,A). Let d :=infy>o Lp(N).

Show that p < d. Hint: use Exercise 5.28.

ANSWER 5.29
For a fixed \ > 0, define L(z, \) := f(z) — AT (g(z) — b).
First, recall from Remark 5.18 that

= inL(x,\).
p= XLz

By Exercise 5.28, we have

maxmin L(z, \) < minmax L(x, \),
zeC A>0 A>0 z€C

from which it follows that

< mi =d.
p_TZH(}LD(/\) d
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EXERCISE 5.30 (Convexity Lagrange dual function)

Consider for each A > 0 and = € C the with problem (4.5) associated Lagrange function L(x, \) :=
f(x) — A(g(x) — b). Define for each fixed A\ > 0, Lp(\) := sup, L(x, ). In this exercise you are
asked to prove that this Lagrange dual function, Lp()), is convex.

a. Show that sup, . f(x) 4+ g(z) > sup . f(x) + sup,cp g9(x).
b. Show that LD(T)\l + (1 — T))\Q) > TLD()\l) + (1 — T)LD(/\Q).

ANSWER 5.30
a. Let f :=sup, .. f(z) and g := sup,. g(z). Then, forall z € C,

F+3>f@)+g(x)

In particular, it follows that f 4 g > sup,cc f(x) + g(x).
b. Using item a. we have:

Lp(thi+(1=1)X2) = ilelgf(x) = (TA1 4 (1= 7)A2)  (g(z — b))
= iggT(f(fﬂ) = A (9(x) = b)) + (L =7)(f(2) = A3 (9(=) = b))
> sup7(f(x) - M (g(z) = b)) + sup(1 —7)(f(x) - A3 (9(z) = b))
= 7sup /() - A (9(z) =)+ (1 —7) sup f(z) - Az (9(z) =)

= 7Lp(M)+ (1 —7)Lp(A2).

EXERCISE 5.31 (Lagrange dual function LP problem)
Consider the with the standard LP problem associated Lagrange function L(x, \, i) := ¢ o — AT (Az—
b) + pTx. Consider for fixed A > 0 and p > 0 the corresponding Lagrange dual function Lp (), i) :=
SUP,cr» L(Z, A, ).
VINIFATA —c—p=0

oo elsewhere
b. Show that infy>¢ >0 Lp (A, i) = infy>o b7 X subject to AT\ — ¢ > 0.

a. Show that Lp(\, p) = {

ANSWER 5.31
a. Define
Lz, M\ p) i=cTz = AT (Az —b) + pFo =b"TX — 2T (ATX —c— p).

This is a linear function of x, so its supremum is oo, unless A"\ — ¢ — y = 0. In that case L(x, \, j1)
reduces to the constant function b7 \.

b. Since p > 0, the stated result follows immediately from item a.
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EXERCISE 5.32 (A Quadratic programming problem with linear equality constraints)

Consider the problem to minimize f(z) = 27 Qx, where @ is a positive definite matrix, subject to the

linear constraints Az = b. Denote its solution by p.

a. Reformulate the problem into the standard form and show that the with this problem associated
Lagrange function is L(x, \, ) = —27Qz — AT (Ax — b) — u*'(b — Az) with A > 0 and p > 0.

b. Determine for fixed A > 0 and ¢ > 0 the with the standard form corresponding Lagrange dual
function Lp(A, i) := sup,cp» L(z, A\, ;). Show that the image of Lp(\, ) coincides with the
image of g(y) := Ty AQATy + yTb.

c. Assume matrix A has full row rank. Show that p > d, where d = b7 (AQA™)~'b.

ANSWER 5.32

a. The problem is equivalent to solving the maximization problem —z?' QX subject to the inequality
constraints Az — b < 0 and b — Az < 0. If the minimization problem has solution p, then the
solution to the corresponding maximization problem is —p.

The Lagrange function associated with this maximization problem is
Lz, M\ p) = —2TQx — N (Az — b) — T (b — Ax),
with A > 0 and p > 0.
b. Define
LD()‘>/1‘) = sup L('T7 )\“U/)
z€R"
Notice that L(x, A\, i) is a quadratic function, and since Q is positive definite, the supremum is
actually attained as a maximum at the stationary point of L. Since L, = —2Qz — AT(\ — ), the
stationary point is 2* = —2Q T AT(X — p).
Thus,
1 1
Lp(\p) = L(z*, \, p) = —Z(A —m)TAQ AT (N — ) + 5()\ —m)TAQ AT + (N — )b,
Equivalently, letting y := A — p, we have
Lp(Ap) =9g(y), y € R™
c. According to Remark 5.18, the maximum of —27 Qz subject to Az = b is bounded above by the

minimum of g(y). Since A has full row rank, the matrix AQA? is invertible (and positive definite).

Differentiating ¢(y) gives

dg(y) 1 T
2L = —AQA b.
dy 5 AQA Y +
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Hence, g attains its minimum at y* = —2(AQAT)~'b with g(y*) = —bT (AQAT) 0.
It follows that the negative of the maximum of —27 Qx subject to Az = b is at least b7 (AQAT)~ b,
that is, p > b7 (AQAT)~1b.

EXERCISE 5.33 (Quadratic programming problem )

The quadratic programming problem (qpp) is concisely stated as follows: find min,er- 327 Qz+ ¢z

subject to the linear constraints Az + b > 0 and = > 0, where z,b, ¢ € R", Q € R"*" is a symmetric

matrix, and the constraint set is nonempty.

a.
b.
c.

Show that the qpp has a solution if the constraint set is bounded.
Give an example of a gpp that has no solution.
Show that if @ is positive semi-definite any solution of the with this problem corresponding KKT

conditions provides a global minimum.

. Show that if the qpp has a solution, there exist z > 0, A\; > 0 and A\, > 0 that satisfy the set of

(in)equalities:
1. -Qz —qg+ ATA\ + X =0;
2.2>0, A1 >0, \a >0and Az +b>0;
3. M (Az +b) =0and Mz = 0.

. Show that the advertized necessary conditions in item d. can be reformulated as that there exists

a vector z > 0 such that with w := Cz +d > 0, wTz = 0, with C =

AT
@ A ]andd:[q].
A 0 b

ANSWER 5.33

a.

Since the feasible set is a polyhedron, it is a convex, closed, and, by assumption, bounded set.
Because the objective function is continuous, Weierstrass’ theorem guarantees that the problem
has a solution.

. Choose, e.g.,Q=—-1, A=1landg=b=0.

c. If Q is positive semi-definite, the objective function is convex. Therefore, by Theorem 5.13, the

KKT conditions are both necessary and sufficient for existence of a global minimum.

. Let L(z, A1, A2) := — 227 Qx — ¢ + ] (Az + b) + AJ z. The necessary conditions that result from

the KKT conditions are then:
1. —Qz — g+ ATX + X2 = 0;
2.2>0, A1 >0, \a >0and Ax + b > 0;
3. M (Az +b)=0and Mz = 0.

d. Let 27 := [T\ ] and wT = [(Qz + ¢ — AT)\)T (Az + b)T].

EXERCISE 5.34 (Equivalence linear complementarity problem and quadratic programming problem)

Consider the so-called linear complementarity problem (Icp) to find a vector x > 0 satisfying Az +b >
0 and 7 (Ax +b) = 0 (i.e.: either z; = 0 or (Az +b); = 0 for all i) (where z,b € R" and A € R"*™).
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Also, consider the with this problem associated so-called quadratic programming problem (qpp):

min,cr~ 27 (Az + b) subject to the linear constraints Az + b > 0 and 2 > 0.

a. Show that the solution of the linear complementarity problem (Icp) exists if and only if the quad-
ratic programming problem (qpp) has a solution and the minimum value is 0.

b. Show that for any square matrix A, 7 Az = ;27 (A + AT)z. (Hint: consider the transpose of the
scalar =T Ax).

c. Formulate sufficient conditions on matrix A under which the problem has a solution if b > 0.

ANSWER 5.34

a. Since in the LCP we are seeking a solution for which both = and Az + b are nonnegative, it follows
that the function f(z) = 27 (Az + b) > 0. Moreover, if a solution z* exists, f(z*) = 0 due to the
complementarity condition.
Conversely, if the quadratic optimization problem admits a solution z* > 0 such that Az* +b > 0
and f(z*) = 0, it follows that 2* satisfies the complementarity condition. Therefore, =* is a solution
to the LCP.

b. Since 27 Az is a scalar, 27 Az = (27 Ax)T = 2T AT 2. From this, the stated equality follows imme-
diately.

c. From item b., we observe that, w.l.0.g., we can consider the problem of minimizing

flz) = %xT(A + ATz + 27b.

By item a., we need to determine the conditions under which the minimum value of this problem

is zero. Note that f(0) = 0. Therefore, for a solution to exist, it suffices that the matrix A satisfies
2T (A+ AT)2z > 0 for all = > 0.

For example, this property holds if A + A7 is positive semi-definite. It also holds if A + AT has

only nonnegative entries.

Problems with an economic content

EXERCISE 5.35 (optimal consumption of products)

Consider the optimal consumption x and y of two products. Assume minimal consumption of product

i is ¢;, ©« = 1,2. The price of product i is p;,i = 1,2, and the maximum the consumer can spend is

b which exceeds pic¢; + pace. Assume utility derived from consumption of one unit of product i is

Siy, 1 =1,2.

a. Formulate the optimization problem. Show that it is optimal to consume the minimal amount of
product 1 and as much as possible from product 2 if > and the other way around if this last

inequality reverses.
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b. Assume next that the maximum available amount of product i is m; and that the excess of the
products not consumed must be recycled at a cost of d; (with d; < p;) per unit of product, i = 1, 2.
Assume the disutility derived of recycling a unit of product ¢ is ;.

Reformulate the optimization problem. Show that the problem has only a solution iff. the budget
b exceeds the cost of buying the minimal amount of the products (s)he needs and the cost of
recycling the rest of the products. Solve the problem under this premise. Show that again the
optimal solution is to spend as much as possible on one product and if the maximum quotum of
this product is reached, spend the rest of the budget on the other product. Introduce the ”shadow”
prices p; := p; — d; and “shadow” preferences 5; := s; + t;, ¢ = 1,2. Show that again the sign of

5

- 2—2 determines the location of the maximum.
1 2

ANSWER 5.35

a. The optimization problem is to maximize
U(x,y) := s1x + soy subject to x > ¢1, y > ¢ and p1z + poy < b.

Note that this is a LP problem defined over a compact domain.

The corner points of the feasible set are (c1, ¢2), (c1, bi}f’;“) and (b*;’fc"’ ,¢2). The maximum utility

is uniquely attained at (c¢q, b_;%;cl) iff.

b—pic b— pac
I’11>Sl DP2c2

s1c1 + 89 + s2C2,
D2 P1
or, equivalently,
52 S1
b—plcl—p262 — — —=)>0.
( ) P pl)

If < Sitis optimal to consume the minimal required amount of product 2 and spend the
remainder of the budget on product 1. If 22 = 2L, any point on the budget line p;x + poy < b
between the two points (c1, %) and (%7 ¢o) provides the maximum attainable utility.

b. The optimization problem is to maximize

U(zx,y) := s1x + soy — t1(my — ) — ta(me — ) subject to

<z <my, ca <y<ma, ;12 +poy+di(mi —x) +de(ma —z) <b

Again, this is a LP problem over a compact domain.
To ensure the feasible set is not empty, it is necessary and sufficient that the corner point (cq, ¢2)
satisfies the constraint pz 4 pay + di(m1 — x) + da(me — x) < b. That is

pic1 + paca +di(my —e1) + da(me —c2) < b
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Introduce the ”shadow” prices p; := p; — d;, i = 1,2, ”shadow” budget b := b — dym; — dams and
”shadow” preferences §; := s; + t;, ¢ = 1, 2. Next, we distinguish between four cases.
1.if m; > @ and msy > Y=P1% we have next 3 corner points (see item a.): (¢, ca), (c1, m)

- P2
and (b ”2‘:2,02).

2. ifmy > bp# and msy <

AN
Tr
S
5
o
1<

we have next 4 corner points: (¢, ¢2), (¢1,m2), (c1, %) and
(5_13277712
D1 ~ _ ~
3.if my < ”‘;’7”2 and mqy > b‘é’ilc‘ we have next 4 corner points: (c1,c2), (m1,c2), (M1, b_;&)
2 2
and (b=f2e 22 ).
4.if mp < b;’& and my < b‘%’%;cl we have next 5 corner points: (cy,cq), (my,c2), (c1,ma),
b m b—pom.
(mh 71)1 1) and (72? Z,mg).

In all cases the maximum is attained at either one of the two corners on the budgetline or, if the

7m2)~

objective value at both these points coincides, the whole line segment between these two corner
points on the budgetline. So, in the first case we arrive at the same conclusions as in item a., but
then with price, preference and budget variables replaced by their “shadow” versions. By a simple
inspection it follows that also in the other cases the sign of ‘;—i — ;—; determines the location of the

maximum.

EXERCISE 5.36 (optimal portfolio selection)
Consider an investor who has to make a decision on which fraction w;, from his capital X he should
invest in bonds, the fraction w, he should invest in stocks and the remaining fraction 1 — w, — ws he
should put on his savings account. For this portfolio the expected returns p are (1 — w, — ws)(1 +
)X 4+ wy(1 4 rp) X + ws(1 + rs) X and the associated variance 02 = (1 — wj — w;)?08 + wio? +wlo?.
Here r (0}), rp, (07) and r, (02) are the expected returns (variance) for his saving accounts, bonds
and stocks, respectively. Assume 7 < r, <75 and 0 < 0 < 02 < 02.
To make a choice in this decision problem the investor uses a utility function U(u,0) = p — ao?,
where o > 0 expresses his attitude towards risk, measured by o. His optimal portfolio is determined
as the fractions that maximize this utility. However, he does not want to invest more than a fraction
b into bonds, a fraction 5 into stocks (where b > 3) and the sum of these fractions should be at most
t,where t < b+ 3.
a. Formulate the optimization problem.
b. Show this is a convex optimization problem with linear constraints.
c. Show that the solution is attained at the interior of the constraint set iff. with d := (03 + 02)(08 +
o?) — 0§ next conditions apply:

i) 0<2a0d0?+ ((ry —r)o? — (rs — rp)03) X < 2adb;

ii) 2a020? + ((rs — r)oi + (rs — rp)0d) X < 2ads and

iiD2ac¢ (0 +02) + ((rp — r)o2 + (rs — r)od) X < 2adt.

Maximum utility is then attained at:

(wp,ws) = 2ad(2aooo +((ry — 7)o — (rs — rb)ag)X7 2a080§ + ((rs — T)UE + (rs — rb)og)X).
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d. Assume 0 < r < r,. Show that if the maximum occurs on the constraint set then it is at either one
of next locations:
(wp, ws) = (b, m((rS — )X + 2a0(1 —b))) provided ws; < t—band (r, — r)X — 2abo? +
2003(1 — b —ws) > 0.
(wp, ws) = (m((m —7)X + 2a02(1 — 5)), 5) provided w, <t —5and (rs — )X — 20502 +
2002 (1 — 5 —wyp) > 0.
(Wp, ws) = WM((@ —15)X + 2a02t, (rs — r5) X + 2a02t) provided wy, < b, ws < 5 and (ry, —
)X + 2a0¢(1 — 1) — 2a0iw, > 0.

e. Assume oy = 0. Show that at an interior solution the fractions of cash, bonds and stocks are:
I - BorX - BoEX, Bt and Bt X

Show that for large choices of « an interior solution occurs if r, > r. Provide an interpretation of

a.
f. Assume oy = 0; ¢ > 1 and « satisfies next inequalities: o > %Z”;J"X; a > %%X, and %(%%X+
b El b
1r,— 1ry— Lr.— : : . .
5 Taf’"X ) <a< g™ =X +3 Tang . Determine the optimal solution for the problem and interpret
it.

g. Assume o = 0. Show that no investment in bonds occurs and maximal investment in stocks iff.

rp, = r and the investor is risk seeking. Quantify the notion of risk seeking here.

ANSWER 5.36

a. The optimization problem is to maximize U (wy,w;) defined by

(1—wp —ws) (L +7)X +wp(1+75)X +ws(147)X — a((1 —wp — ws)?0p + wiop + w?o?)

S
subject to 0 < wp, < b, 0 < wy < 5and wy +w, < 1.

b. Introduce for notational convenience wq := 1 — wp — w,. Then

U = A+ X+Q+m)X, —(1+r)X+(1+4+7r)X] — 2a[—w003 + wbog, —woag + wsag]
and
U — _9 08 + of 08
o5 op+ol

One easily verifies that the Hessian matrix U is negative semi-definite. So, U is concave.
c. Let g1 (wp,ws) 1= wy — b; go(wp,ws) 1= ws — & g3(wh, ws) 1= wp + ws — &5 ga(wp, ws) := —wj and
g5 (wp, ws) = —ws.
Consider the Lagrange function L(wp,ws, A1, A2, A3, A4, A5) defined by
(1—wp —ws) A4+ m)X +wp(1+7)X +ws(1+7)X — a((1 —wy —ws)?08 + wior + w?o?)

S

“A(wp —b) — Aa(ws — 8) — A3(wp + ws — 1) + Agwp + Asws.

» 269 «



Questions and Answers Introduction to Optimization for Economists

According to Theorem 5.13, the solution of this optimization problem is obtained by solving the
KKT conditions:
L[—(14+n)X+Q+7r)X, —(14+7)X + (1 +75)X] —2a[-wood + wpo?, —wood +wso2]+[—A1 —
A3+ A4, —Aa — A3+ As] = [0, 0];
2. Nigi(wp,ws) =0, i=1,---,5;
3. gi(wp,ws) <0and \; > 0.
If all constraints are non-binding, all \; =0, i = 1,--- ,5. So, provided the constraints g; < 0 are

satisfied the solution is then obtained by solving:
Wp o
Ws

d. Consider the case in which exactly one constraint is binding. Under the assumption 0 < r < 7y, it

oj+op g

2 2 2
0o og + 05

2 Ty—T
o5+ 5 X
2 r.—T '
o5+ 5

From this, we obtain directly the stated result.

follows immediately from the first KKT condition that neither g4 nor g5 can be the uniquely binding
constraint.
1. Assume g; = 0. So, \; =0, i =2,3,4,5.

Then
- 1

(w, ws) = (b, W((% — )X +2a05(1 - b)))

is obtained provided ws < £ —band \; = (1, — )X — 2abo? + 2003 (1 — b — ws) > 0.
2. Assume g = 0. So, \; =0, 1 =1,3,4,5.

Then
1

m((’/’b - T)X + 2()(0'8(1 — 5))7 E)

(wo, ws) = (

is obtained provided w;, <t — 5and Ay = (15 — 1) X — 22502 + 2a03(1 — § — wp) > 0.
3. Assume g3 = 0. So, \; =0, i =1,2,4,5.

Then
1

2 2
W((“’ — 1) X + 2002, (1 — 1) X + 2002f)

(Wb’ WS) =

is obtained provided w, < b, ws < 3 and A3 = (1, — )X + 2a03(1 — ) — 2a02wy, > 0.
The case that precisely 2 constraints are binding occurs at the corner points and yields the adver-
tized solutions (only the two corner points on the line w, + w, = t yield a solution).
e. Substitution of oy = 0 into the result of item c. yields the stated result (notice the fraction of cash
is1—wp — ws).
For large values of «, we observe that most of the cash is allocated to the savings account. As «
increases, the investor allocates less to bonds and stocks. In other words, a higher « indicates that

the investor is more risk-averse and prefers to avoid risky positions.
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f. Under the specified conditions, the internal solution is realized, resulting in a negative allocation
to the savings account. That is, the investor is borrowing funds and investing them in bonds and
stocks.

g. Substituting (wp,ws) = (0,35) into the (necessary and sufficient!) KKT conditions from item c.
shows that they are satisfied iff. r, = r (with A\, = 0) and

re—T
a< =

N
W | =

2
O

EXERCISE 5.37 (production under delivery constraints)
Consider a price taking producer who manufactures 2 products. He has a contract to supply for
product ¢ a minimum of §;, ¢« = 1,2. The maximum amount of labor and capital he can get for the
total production of both goods is L and K, respectively. Assume the production functions of the goods
are specified by y; = K?ZL}_O", i =1,2, with o;; € (0,1). Assume the cost of labor and capital is per
unit w and r, respectively. Assume the producer wants to maximize his profit and that the price he
gets for product i is p;, i =1, 2..
a. Formulate the optimization problem.
b. Show this is a convex optimization problem with linear constraints.
c. Show that the necessary and sufficient conditions for a maximum are obtained as the solutions of
next set of equations:
Li) a1yi(pr + A1) = Ki(r + Ag); i) aoya(pe + A2) = Ko(r 4+ A\g); iii) (1 — an)yi(pr + A1) =
Li(w+ A3); 1) (1 — a2)y2(p2 + A2) = La(w + A3);
2. Withg; ;== —ys, i=1,2;g3:=L1+Ly—Land gy := K1 + Ko — K, \jg; =0, i = 1,--- ,4;
3. >0andg; <0,i=1,---,4.
d. Show that the problem has almost never a solution at the interior of the constraint set or at a point
where precisely one constraint is binding.
e. Consider the case «; = ap and p; > po. Show, by contradiction, that the constraint g- is then always
binding. That is the producer will produce precisely the amount of product two he is obliged too.
f. Show that the case that both production constraints are simultaneously binding occurs iff. prices

satisfy p; < (L)al ( « )1_% and py < (L)az ( < )1_%. Explain this result.

a 11—, (o2 1—ay

g. Assume o1 # ao. Show that the case that both production factor constraints are simultane-

1
ously binding occurs iff. the prices of the production factors satisfy w < ( Zi; ) T wpand r <
1

L 1 1
1-02\ a7—ap aran a1-a2) \ a7—ay a1 (1-az) (—a1)(-az) \ a7-az
Py 1Tz — [ Q2 (1—as) 1mez o= (& (1—on) 1Tz
(p;—al ) K. Here wr, (a‘1’1"2(17a1)(17ul)w2 and K aglﬂyl)az(1_(”)(17&1)(170(2) .

Does this solution always make sense?

It can be shown that both w;, and rx are located between zero and one, where r is close to zero

and wy, close to one if both «; and «, are close to zero. Explain this last result intuitively if p; = po.
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ANSWER 5.37
a. The producer wants to maximize

(K1, Ko, L1, La) = p1y1 + paye — 7(K1 + K2) —w(L1 + L)
subject to the constraints
Yi Zgz fori = 1,2, K1+K2 §KandL1+L2 SE

b. Clearly the constraints are linear. Furthermore, with f; := «;(1 — ;) for i = 1,2,

a;—27—o;—1
_ﬁlKll L1 !

L2 —KiL,
KL,  K?
0 0

o K(Xg—2L—a2—1
00 PR

L2 —K)L,
~KyL, K2

One easily verifies that this matrix is negative semi-definite. Thus, II is a concave function.

c. Since we have a convex optimization problem, by Theorem 5.13, we obtain the solutions for this
optimization problem as the solutions that solve the KKT conditions.
Consider the Lagrange function L(K7, Ks, L1, L2, A1, A2, A3, A4) defined by

p1y1 + p2y2 — (K1 + Ko) —w(Ly + La) — M (T1 — y1) — A2(F2 — y2)

“X3(Ly+ Ly — L) = M(Ky + Ky — K).

Note that y;, = [ar - (1 —a1)4 0 0] and Yy = [00 a2 (1 — az){]. From this, the stated
conditions mentioned in the first item follow directly. The remaining conditions are standard.
d.If \; =0, 7 = 1,---,4, we have from 1.i)) and 1.ii) that K; = ®2y; and L, = %yl.

Substituting this into the definition of y; = K L}~ shows that necessarily

<0é1p1)0‘1 ((1 - (341)131)1_@L
Y1 = Y1
r w

should hold. Of course this equality only holds under very special parametric conditions.

The same conclusion results if either only ¢; or g» is binding.
In case where only g3 is binding, we have \; = 0 for 7 = 1,2,4. Then from 1.i) it follows that

y1 = alrpl and from 1.ii) that yo = a:pz

Substituting these expressions into 1.iii) and 1.iv) yields

Kil—o Kol—ay
)\ = Tr— = r— .
Wt As TLl (65) TLQ (6%)
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1

Using the definition of y; from 1.i), we also obtain %1 = ( r )ﬁ, and similarly, from 1.ii):

1P
1
Ky _ r az—1
L, Q2p2 :

Therefore, the condition

J J
( T )“11 ].70[1 ( T )“21 170&2
a1p1 aq Q22 (%)

must hold for this case to arise, which is typically a rather restrictive condition and therefore un-
likely to occur in practice.
The case that just g, is binding is left to the reader.

. Assume that g- is not binding. Then Ay = 0. Combining conditions 1.i), iii) with 1.ii), iv), we

obtain
a r+)\4&_ T+)\4ﬁ
1—« o w+)\3 L2 o w+>\3 L1.
From this, we conclude that % = Ig—; Substituting this into condition 1.ii) yields

KQ a—1 Kl a—1
=2 a2 =7+ A
o (L2> P2 = <L1 P2 =71+ Aq

On the other hand, from condition 1.i) we have
K a—1
a(1> (p1+ M) =7+
Ly
Hence, it follows that
P2 = p1 + AL

Since A\; > 0 and, by assumption, ps > pi, this leads to a contradiction. Therefore, go must be
binding.

. Withy; = 7;, ¢ = 1,2, and A3 = Ay = 0, conditions 1. in item c. reduce to:

Li) a1 (pr + A1) = Ky i) cofa(pe + Xo) = Kor;

iii) (1 — a1)y1(p1 + A1) = Liw; iv) (1 — ao)72(p2 + A2) = Low.
From these we immediately obtain

K, = a1 (p1 + >\1)7 Ky = a2y (p2 + >\2)’ L, = (1 —a1)yi(p1 + )\1)’L2 _ (1 — a2)ya(pa + >\2).

r r w w

Substituting these relationships into the definition of y; yields

_ aine (1—a; )" _
Ui = (*) < ) (pi + Xi)Tis

r w
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from which it follows that

r «; w 1—a;
(67 1— (67

Since )\; > 0, 7 = 1, 2, the stated result follows.
If prices are very low, the producer will only supply the minimum required quantities. Depending
on whether production remains profitable under these conditions, the producer may even decide
to shut down operations.

g With Ly + Ly = L, K; + Ko = K and \; = )\, = 0, conditions 1. in item c. reduce to:

Li) cqgaipr = Ki(r + Aa); i) aoyops = Ko (r + Ag);
ili) (1 — a1)yap1 = Li(w + A3); iv) (1 — ag)yape = La(w + As).

From these, we obtain

a1 [6%) ].70[1 ].70[2

K = K = L = L - .
1 T+)\4P1y17 2 r+)\4p2y27 1 w+/\3p1yl, 2 w+/\3p2y2

Substituting into the definition of y; gives

a; \" (1—a '™

7 K3 .

= Wi, i=1,2
vi (r+)\4> (w+)\3> P, 0 =55

ap \Y (1—a ™
d d =1,i=12.
(25) (G55) m-ni-n

These yield two equations in the unknowns r + A4, and w + A3. Solving them (after some algebra)

which implies

gives

r4+ M= p%% a?l(l_az)(l - a1)(1—a1)(1—a2) a2
P oI (1))

and

w + A3 — (pg1 aglaz(l _ aQ)a1(1a2))w |

p?z atlxlaz(l _ al)(l—al)a2

The stated inequalities now follow directly, since A, > 0, i = 3, 4.

Moreover, from conditions 1. we have

K a;—1 K. a;
2t :r+)\4and — :7w+/\3 ,1=1,2.
L; ;p; L; (1 — a;)p;
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Defining 3; := ((ff;k); )‘Ti, i = 1,2, we obtain K; = 3;L;, i = 1,2. Since K; + Ky = K, it

follows that 3, L, + 3Ly = K. Together with L, + L, = L this yields

K—-BL  K-pBL

Ll:_52—51 L2 = B2—P1’

and Kz = ﬁiLia = 172.

Note that requiring positive amounts of labor and capital imposes additional parametric restrictions
for this case to apply.

Finally, if «;, ¢ = 1,2, is small, production is capital-intensive. In that case, even low output
levels may exhaust available capacity. For production to remain profitable, the cost of capital must
therefore not be too high.
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CHAPTER 6

Optimization problems with more
than one decisionmaker

6.1 Full cooperation: the Pareto frontier

6.1.1 Sufficient Conditions for Pareto Efficiency

EXERCISE 6.1
Reconsider Example 6.2. Use Theorem 6.7 to show that the Pareto frontier is given by {(z,y) | z+y =
100, z >0, y > 0}.

ANSWER 6.1

First, note that the feasible set of instruments, {(z,y) | z +y < 100, = > 0, y > 0}, is convex.
Moreover, both J; (z,y) = « and J2(z,y) = y are concave functions. Hence, by Theorem 6.7, all Pareto
solutions can be obtained by solving, for each a € A, the parameterized maximization problem

Jo(z,y) = az + (1 —a)y.

Furthermore, by Theorem 6.4, for all a € (0, 1), the solution of this optimization problem is Pareto
efficient.

Observe that for all o € (0, §), the maximum is attained at (z, y) = (0, 100), whereas for all o € (3, 1),
the maximum is attained at (z,y) = (100,0). The corresponding Pareto solutions are (J1,.J2) =
(0,100) and (Jy, J2) = (100, 0), respectively.

If o = %, then J = z + y. In this case, all (z,y) such that « + y = 100 with > 0 and y > 0 are
Pareto efficient. The corresponding Pareto solutions are (.J1, J2) = (x,100 — z), where 0 < 2 < 100.
Finally, note that for « = 0 and « = 1, we recover the Pareto efficient solutions (z,y) = (0,100) and
(z,y) = (100,0).
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P

—2 1,

FIGURE 6.1 — Pareto frontier Exercise 6.2.

In conclusion, by Theorem 6.7, the set of Pareto solutions is given by (J1, J2) = (x,100 — z), where
0 < z < 100. Equivalently, the Pareto frontier is {(z,y) | z + y = 100, x > 0, y > 0}.

EXERCISE 6.2
Consider J; (w1, 72) = —22 — 23 and Jo(z1,22) = — (21 — 1)? — (22 — 1)? where I' = R?. Calculate
the Pareto frontier for this example. Plot the graph of it.

ANSWER 6.2
First, note that the set of instruments {(z1, z2) € IR?} is convex. Moreover, both J; (21, x5) = —2% — 23
and Jo(z1,22) = —(x1 — 1)? — (w2 — 1)? are concave functions.

Hence, by Theorem 6.7, all Pareto solutions can be obtained by solving, for each « € A, the parame-
terized maximization problem

Jo(x1,29) = aJi(x1,22) + (1 — @) Jo(x1, x2).

For a fixed « € [0, 1], the stationary point of J, is given by (z1,z2) = (1 — a,1 — ).
Therefore, the Pareto frontier is (see Figure 6.1)

(J1,J2) = (=2(1 — @)?, —202), a € [0, 1].

EXERCISE 6.3

Let p =100 — &1 — 29, w1 (21, 22) = px1 — (3021 + 150) and ma (1, 22) = pra — (3522 + 50). Assume
agent i, ¢ = 1,2, wants to maximize 7; w.r.t. z;, subject to the constraints z; > 0, p > 0 and «; > 0.
a. Use your graphic calculator to make a plot of the set of potential allocations for the instruments

(whl'g).

y 278 «



Optimization problems with more than one decisionmaker

T2
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FIGURE 6.2 — Constraint set of instruments Exercise 6.3.a.

b. Find for all & € (0,1) the maximum of am(z1, z2) + (1 — a)m2(x1, T2).

c. Plot for the set of potential allocations the solution set (71 (21, 22), m2 (21, 22)). Indicate the Pareto
frontier in this plot.

d. Does the set of Pareto solutions you found in item b coincide with the Pareto frontier you found in
item c? Expound on the result.

ANSWER 6.3
a. Note that 7T1($1,.Z‘2) >0iff xy <70 — 21 — % and 7T2(.’L‘17$2) >0iff z; <65 — 29 — % The set of

potential allocations for the instruments is illustrated in Figure 6.2.
b. Let

To(T1,22) = am(xy,z2) + (1 — a)ma(x1, z2)

= (100 — z; — z2)(az1 + (1 — a)x2)) — 30wy — 35(1 — a)xy — 100a — 50.
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Then 7, = [~2ax; — x3 + 70, —x1 — 2(1 — a)xy + 65(1 — )]
Provided that « # 1, there is a unique stationary point,

1400 — 65 N 60 — 130«
da(l—a)—1" 4a(l—a)—1

(21,22) = (1 —a) )

However, examining the second-order derivative shows that 7, attains a saddle-point there. For
a= %, no maximum exists either (see also Exercise 2.34).

From the plot in item a, we observe that the feasible set is compact. Therefore, the maximum must

be attained on the boundary. This occurs either where

150 . 50
x9 =70 — 1 — — (where m; = 0), with 0 < 27 < 65 — 29 — —,
X1 To
or where
50 ) 150
x1:65—x2——(where7T2:0), Wlth0<$2<70—$1—7.
X9 T1

The intersection points of these curves are approximately (z1,z2) = (2.24,0.796) and (z1,22) =
(23.97,39.77). First, consider the case x5 = 70 — z; — 159 with 2.24 < z; < 23.97. Then

x,

To(Z1,22(21)) = (100 — 21 — z3)(az1 + (1 — a)z3) — 30ax; — 35(1 — a)zg — 100 — 50
150
= (30+ x—)(axl + (1 — a)xze) — 301 — 35(1 — a)x2 — 100 — 50
1
150
= (1-a)(=50+ z2(— — 5)).
Z1
Thes, 150 150
To(21) = (1 = ) (@y(— = 5) —22—).
X1 xrT

From this, it follows that the maximum is attained, for all «, at approximately (z,y) = (4.03,28.75)
yielding (1, m2) = (0,876.3).
Similarly, consider z; = 65 — x5 — %, with 0.796 < z5 < 39.77. Then

To(T1(x2),22) = (100 — z1 — z2)(axy + (1 — @)xs) — 30ax; — 35(1 — a)zy — 100 — 50
50
= 35+ ;)(azl + (1 — a)xa) — 30z, — 35(1 — a)zg — 100 — 50
2

50
= a(-150 + 21~ +5)).

Hence,
, + .50 50
- = 45) — a1 ).
mal02) = (e (7 +5) = 73)
From this, we conclude that the maximum is attained, for all «, at approximately (z,y) =
(33.22,1.66) yielding (71, m2) = (1016.7,0).
c. Figure 6.3 shows the contour of the Pareto frontier.
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FIGURE 6.3 — The Pareto frontier P for Exercise 6.3c.

d. In item b, we only identified the corner points (0,876.3) and (1016.7,0) of the Pareto frontier.
Since both profit functions are not convex, theory does not guarantee that all points on the Pareto
frontier can be found by considering a weighted average of these two profit functions. This is clearly
demonstrated in item c.

6.1.3 An Algorithm to find Pareto Solutions

EXERCISE 6.4 Find the Pareto frontier in the next cooperative optimization problems.

a. (optimal production planning)
i) A baker can produce both bread and cookies. He has just one oven and can bake either twenty
breads or two hundred cookies. The production time of twenty breads is 1 hour and of two hundred
cookies 10 minutes. Assume he can use the oven for 8 hours. Calculate the number of bread and
cookies he can produce.
ii) Assume the price of one bread is 2 euro and that of 20 cookies is 1 euro. Calculate how many
bread and cookies he should produce to maximize his revenues.

b. (sharing limited production resources)
Consider two brothers who own a sawing mill. One of the brothers produces shelves which he sells
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to industry. The other one uses the mill to produce material for his furniture company. The time to
produce one bundle, X, of shelves is 1 hour. The time to produce the specific material needed for
the furniture, Y, is 2 hours. The mill can be used 16 hours a day. Assume the price of X is 20 euro
and the price of Y is 50 euro. Calculate the number of shelves and specific material the brothers
can optimally produce. What will be the optimal production if they decide to use the mill in such
a way that their profits are the same.

¢. (fiscal coordination)
Consider optimal fiscal policies in a large country 1 and a small country 2. Assume that output, y;, in
each country is affected by fiscal instruments, f;, used by both countries (more precisely, f; models
the deviation of fiscal policies from their current equilibrium value). Let y; = 45 + 0.9f; + 0.1/
and y» = y+0.8f2+0.2f1, where § is some given number. Assume both countries are in a recession
and like to raise output to 5y and 1.2y respectively. This, of course, using as less as possible fiscal
instruments. In country 1 this is formulated as the objective to minimize (y; — 5%)? + fZ and in
country 2 as the objective to minimize (y2 — 1.2y)? + f3. Find the Pareto frontier for this problem
if both countries coordinate fiscal policies and § = 1. What will be the outcome if both countries
decide to minimize the sum of their objectives in that case (the so-called social outcome)?

d. (sharing the cakes)
Consider two consumers who like to spend (a part of) their income on the consumption of two
goods. Their utility from consumption of an amount of x from good 1 and y from good 2 is
Ur(z,y) = 2In(z + 1) + In(y + 1) and Uz(z,y) = 2In(x + 1) + 3 In(y + 1), whereas their budget
constraints are 4z + 2y < 2 and 4x + 2y < 4, respectively.
Determine the solution(s) to this cooperative problem in case the maximum available amount of
the goods is 10. The same question if this amount is 1 for both goods.

ANSWER 6.4

a. i) Let b denote the number of times he produces bread and ¢ the number of times he produces
cookies. Then, within 8 hours, he can produce 20b units of bread and 200¢ units of cookies, respec-
tively. Here, b and ¢ are nonnegative integers satisfying 60b + 10c = 480.
ii) The revenue is given by 2 x 20b + 10 * c. Substituting ¢ = 48 — 6b, we obtain:

2 % 200 + 10 % (48 — 6b) = 480 — 40b.

Thus, revenue is maximized when b = 0 and ¢ = 48. Therefore, the baker should produce only
cookies.

b. All combinations (X,Y") satisfying X + 2Y = 16, where X and Y are nonnegative integers, are
feasible.
The brothers’ profit functions are 20X and 50Y, respectively. Imposing the condition that both
brothers earn equal profit yields 20X = 50Y, or X = gY. Substituting this into the constraint
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gives 5Y + 2Y = 16, which implies ¥ = %2. However, this solution is not feasible since X and Y
must be integers. The best feasible solution under the equal-profit condition is Y = 2 with X =5,
but this leaves a significant portion of the production capacity unused. Nearby feasible solutions
that fully utilize capacity - such as Y = 3 with X = 10, or Y = 4 with X = 8 - yield higher profits
for both brothers.

. Country 1 aims to minimize its cost function

Ji = (0.9f1 +0.1f, — §)? + f% with respect to fi,
while country 2 minimizes
Jo := (0.2f1 + 0.8f> — 0.29)* + f3 with respect to fo.

It can be readily verified that the second-order derivatives J;, for i = 1,2, are positive definite.
Hence, both J; and J, are convex. Therefore, the Pareto frontier can be obtained by, for each

a € [0, 1], minimizing the weighted sum
Ja = OlJl + (]. — OL)JQ.
and determining the corresponding minimizers (f;(«), f5(«)). The derivative of .J, is given by

J, = [(3.54a+0.08)f + (0.32 — 0.14) fo — (0.08 + 1.720)7,
(0.32 — 0.14a) f1 + (3.28 — 3.26a) f» — (0.32 — 0.120)j].

Solving the first-order conditions yields

. . 08604004 0.16—0.07a
(fi(a) f2(0) = (o 00a? ~ Trra v 00472

(0.32 — 0.140)(0.08 + 1.72a) — (3.54 + 0.08)(0.32 — 0.120) )
(0.32 — 0.140)% — (3.54a + 0.08)(3.28 — 3.26) v

Substituting into J; and J, then yields the Pareto solution (J;, Jz). In Figure 6.4, we plot the set
of Pareto solutions for all « € A, which traces out the Pareto frontier P.
For oo = 0.5, we obtain Jy 5 = (0.5435,0.008).

. By straightforward differentiation of U;, one can verify that the second-order derivatives U, are
negative definite. Hence, both utility functions are concave. Moreover, the set of feasible instru-
ments is given by

P={(z,y)|z>0,y>0, 204y <1},
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FIGURE 6.4 — The Pareto frontier P for Exercise 6.4 item c.

which is easily seen to be convex. Therefore, by Theorem 6.7, all Pareto efficient solutions can be
obtained by solving, for each « € [0, 1], the problem

max U, (z,y) := aU; + (1 — a)Us subject to (z,y) € T
z,y

Since T" is compact the maximum is attained either in the interior or on the boundary. From the
first-order condition U = 0, it follows that there are no interior stationary points.

Next, we check the boundaries.

1. if z = 0, then U, (0,y) = 3(4 — a)In(1 + y), which is maximized at y = 1.

2.if y = 0, then U, (z,0) = 21n(z + 1), which is maximized at = = 3.
3.if 22 4+ y =1, then Uy (2,1 — 22) = 2In(z + 1) 4+ 5(4 — a) In(2 — 22).

Differentiating U, (z,1 — 2z) shows that it has a stationary point at = 2t% which implies
y=1-—2z = 5532 At this point
12 1 16 — 4o
oz, 1 —22) =21 -(4—a)l .
Ua(w,1 = 20) = 2In(s——) + (4 - o) In(~.—)

It follows that, for all o € A, the maximum of U, (z,y) is attained at

24+a 6—3«
10—a’ 10—«

(=% y") = ( )-

Hence, the set of Pareto solutions is

4
@2n(z*+1)+In(y* +1),2In(z* + 1) + 3 In(y* +1)), where 0 < o < 1.
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If, in addition, both = and y should not exceed 1 , the feasible set of instruments becomes

F={(z,y) |2>0,0<y< -, 2c4+y <1}

M| —

In this case, the solution (x*, y*) remains feasible only if

6—3a 1
— . thati f7< <1.
10?@ 2 atis, 1 6]

Otherwise, the maximum is attained at y = } and = = 1.

Thus, the set of Pareto solutions is reduced to

4
(2In(a* +1) +In(y" +1),2In(=" + 1) + S In(y" + 1)),

SR\
IN
Q
IN
—

6.2 Noncooperative Solution

EXERCISE 6.5 Reconsider Example 6.24.
a. Use Theorem 6.30 to show that this problem has a Nash equilibrium on every set I" := [0, a] x [0, ],
where a and b are some positive constants.

b. Plot the reaction functions and next calculate the Nash equilibrium if a = b = 38.

ANSWER 6.5
a. Note that T" is a compact and convex set. Moreover, 7;(p1,p2) € C? fori = 1,2.
For a fixed p, € [0, 0], the function

5
m1(p1,p2) = (100 — e — P2)(p1 — 30) — 120

is strictly concave on [0, a], since m; (p1,p2) = —5 < 0.

Similarly, for a fixed p; € [0, al, the function
m2(P1,p2) = (80 — p1 — p2)(p2 — 35) — 5

is strictly concave on [0, b], as 7, (p1,p2) = —1 < 0.
Therefore, by Theorem 6.30, this problem admits a Nash equilibrium on every set " := [0, a] x [0, b].
b. From Figure 6.5 we see that the Nash efficient equilibrium prices are (38, 38).
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FIGURE 6.5 — The reaction functions for Exercise 6.4 item b.

6.3 Hierarchical Solution

EXERCISE 6.6 (fiscal coordination)
Consider three countries where country 1 is in a recession, country 2 is performing well and country
3’s economy is overheated. All countries want to use their fiscal policies, f; (see Exercise 6.4 item c.),

to adapt output, y;, in their country. Assume
Y1 =54 08f1 +0.1f5 4 0.1f3, yo =10+ 0.1f; + 0.8f5 4+ 0.1f3 and y3 = 15+ 0.1f; + 0.1f2 + 0.8f5.
The cost functions the different countries like to minimize are given by

Ji=(yn —10)° + ff, Jo = (32— 10)* + f5 and J5 = (y3 — 10)* + f3,

respectively. Assume the first two countries are willing to cooperate in order to tackle the economic

problems.

a. Formulate this problem as a non-cooperative situation, where country 1 and 2 play in a coalition
against country 3. Assume that the two cooperative countries formalize their cooperation in an
agreement to minimize a weighted sum of their cost functions, i.e., aJ; + (1 — a)J>. Determine
the reaction functions of the players.

b. Determine for fixed « the equations that have to be satisfied by a Nash equilibrium in the game
in item a). Calculate, using e.g. a symbolic computerpackage, the Nash efficient equilibrium fiscal

policies for this game.
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c. Use a computerpackage, e.g. Matlab, to plot the Nash efficient fiscal policies in item b) and cor-
responding output for o € (0,1) for country 1 and 2. Comment on the policies as a function of
(6’

d. Similarly, plot the Nash efficient fiscal policy and corresponding output for country 3 as a function
of «. Explain again the results.

e. Plot the Nash solution (J;(«), J2(«)) for o € (0,1). What is the outcome for o« = 0.57 Show that
for approximately o = 0.9424, J; (o) = Ja(a).

ANSWER 6.6

a. So countries 1 and 2 want to minimize w.r.t. f; and f5:

Jlg(a) = aJ1+ (1 — Oé)JQ
= a(0.8f1 4+ 0.1f2+0.1f3 —5)> + af? 4+ (1 —a)(0.1f1 4+ 0.8f2 +0.1f3)% + (1 — a) f2.

Whereas country 3 wants to minimize J; w.r.t. fs.
Minima are obtained by the first-order conditions. Differentiation of J15 w.r.t f;, i = 1,2 yields

next condition should hold:

0.02 + 3.26a 0.16 fi | | 8a—(0.02+0.140) f5
0.16 3.28 — 3.26c f aa — (0.16 — 0.14a) f5 |

Moreover, we directly obtain by straightforward differentiation that

0.02 + 3.26c 0.16
HJlg(a) = .
0.16 3.28 — 3.26¢
One easily verifies that, for all a € [0, 1], HJ12(«) is positive definite. So, for all « € [0, 1], Ji2(cx)
has a minimum at its stationary point.

Therefore the reaction functions for countries 1 and 2 are:

l f 1 _ [ 0.02 + 3.260 0.16 ]_1 [ 8a — (0.02 + 0.140) f5 1

f2 0.16 3.28 — 3.26cx o —(0.16 — 0.14a) f3
1] 3.28-3.260 —0.16 8 — (0.02 + 0.14a) f
d —0.16 0.02 + 3.26ax a—(0.16 —0.14a)fs |’

with d = (3.28 — 3.260)(0.02 + 3.260) — 0.162.

Twice differentiation of J3 w.r.t. f3 shows that also f3 has a minimum at its stationary point, which
gives rise to next reaction function for country 3:

f3=—555(0.16f1 4+ 0.16f2 + 8).
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(a) Fiscal policies. (b) Output

FIGURE 6.6 — The Nash efficient fiscal policies and output for Exercise 6.6 item c.

b. From item a. we have that the Nash equilibrium is obtained as the intersection of all reaction
functions. That is, as the solution of next equation:

0.02 + 3.26c 0.16 0.02 + 0.14« f Sav
0.16 3.28 —3.26a  0.16 — 0.14c fo | =] a |.Thatis,
0.16 0.16 3.28 f3 -8
N 0.02 + 3.26 0.16 0.02 + 0.14« o 8o
N = 0.16 3.28 — 3.26a 0.16 — 0.14a a
N 0.16 0.16 3.28 -8

200(—2781a% + 2771 + 10)
= — 250a(171lac+ 1) ;
—200(—277102 + 2781 + 10)

where dy = —216953a2 + 216953 + 780.

c. From Figure 6.6 we see that if country 2’s preferences have a substantial contribution to the co-
operative cost function Ji5, fiscal policy of country 2 will be almost negligible. This makes sense,
as this country is satisfied with its target output value of 10. This changes, if the preferences of
country 1 become more substantial in the cooperative cost function. Country 1 reduces then its
fiscal policies somewhat at the expense of those of Country 2 which increases them substantially.
That is, Country 2 tries to help Country 1 to get out of its recession. We see this impact is only
minor. Country 2 primarily only overheats its own economy. This, since fiscal policies pursued by
both countries do not strongly influence each other’s economy.

d. From Figure 6.7 we see that Country 3 tries to decrease output by lowering fiscal policies. Which

results indeed into a reduction of output into the direction of the target value. Moreover we observe,
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FIGURE 6.7 — The Nash efficient fiscal policies and output for Exercise 6.6 item d.

like in item c., that only for larger values of o Country 3 adapts its fiscal policy somewhat. Due
to the substantial increase of Country 2’s fiscal policy, Country 3 tries to decrease its fiscal policies
even more to mitigate this expansionary effect on its output.

. In Figure 6.8 we plotted the corresponding Nash solutions if a ranges from 0 to 1. For « = 0.5

we obtain (J{¥(0.5), J2(0.5)) = (16.7274,0.0625). The value of a where approximately J{¥ (o) =
JN () is a = 0.9424 with JN = 15.0391, i = 1,2.

EXERCISE 6.7 Reconsider Example 6.24.

a.

Determine the Stackelberg solution and its corresponding efficient actions if farmer 1 is the leader.

Is this a realistic scenario?

. In order to pursuade farmer 2 to satisfy the demand of his clients which price should farmer 1

charge at most for his bananas?

. Answer the same question as in item a) if farmer 2 is the leader.
. Plot the Pareto frontier, the Nash solution and the Stackelberg solutions of item b) and c) in one

figure. Compare the distances of the last three solutions to the Pareto frontier and conclude.

ANSWER 6.7

a.

The reaction function of farmer 2 is given by p, = (115 — py).
Substituting this into the profit function of farmer 1 yields

3
mi(p1) = (42.5 = 7p1)(p1 — 30) —120.

Farmer 1’s profit is maximized at the stationary point of 7, which occurs at p; = 43%. The corre-

sponding reaction price of farmer 2 is p, = (115 — p;) = 352.
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FIGURE 6.8 — The Nash Solutions for Exercise 6.6 item e, o € (0, 1).

At these prices, farmer 1’s profit equals 7, = 134, while farmer 2’s profit is 7, = —43%. Since
farmer 2 incurs a loss, he would no longer be willing to sell his bananas.

b. Farmer 1’s optimization problem is to maximize its profit, taking into account that farmer 2’s reac-
tion function is p; = %(115 — p1), and that farmer 2’s profit 7, must be nonnegative.

Thus farmer 2 seeks to maximize

3
mi(p1) = (42.5 = 7p1)(p1 — 30) — 120,

subject to the constraint
1 1 11 .,
7T2(p1) = (80 —pP1— 5(115 —p1>)(§(115 —pl) — 35) —5= (225 — 5[)1) -5 Z 0.

From item a., it follows that the maximum is attained at the boundary of the feasible set, i.e.,
for values of p; satisfying (221 — p;)? = 5. Solving this equation yields that p; = 45 — v/20
maximizes profit. At this point, farmer 1’s profit is approximately 7.43, while the corresponding
price for farmer 2 is p, = 1(70 + v/20), at which farmer 2 earns zero profit.

c. If farmer 2 acts as the leader, the reaction function of farmer 1 is given by p; = 55 — %pQ.
Substituting this reaction function into farmer 2’s profit function yields

3
ma(p2) = (25 — gpz)(l?z —35) — 5.
Farmer 2 maximizes profit at the stationary point of w5, which occurs at py = 38%. The correspond-

ing reaction price of farmer 1 is p; = 55 — %pg = 39%.

In this case, farmer 2’s profit is my = %, while farmer 1’s profit is m; = 0.0278.
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d. Consider the maximization of

Ta(p1,p2) == am + (1 — ),
where

5
71 = (100 — g —p2)(p1 — 30) — 120 and 7, = (80 — p1 — p2)(p2 — 35) — 5.

Differentiation 7, yields:

T = [=2alp—30) +a(100— 21— pa) — (1 - @)(p2 — 35),
—a(p1 —30) = (1 — a)(p2 — 35) + (1 — )(80 — p1 — p2)].

From this, the first-order conditions can be written as

%a 1 P
1 20—a) || p2 |

From this expression, it can also easily be verified that the Hessian Hr,, is negative definite for

35+ 1021
115 — 85 |

a € [5_15/5 , 5%/5]. Therefore, 7, is concave on this interval.
For these values of «a, the corresponding segment of the Pareto frontier is obtained by computing

the stationary point of 7., which gives

HEE.
P3 1 2(1-a)

B 1 45 — 220 + 20507
~ 1-5a(l-a) | 35-185a + 42542

[][S3

35+ 102%
115 — 85«

This yields the Pareto solutions (7 (p}, p3), m2(pT, p3))-

Figure 6.9 illustrates the results for o € [0.2825,0.2842]. Only within this range of parameters
do both farmers choose to produce. Also in this exercise we observe that the Nash solution is
somewhat closer to the Pareto frontier than the Stackelberg solution.

EXERCISE 6.8 Reconsider the fiscal policy coordination problem, Exercise 6.1.4.c.

a. Assume country 1 acts as a leader in this fiscal policy game. Determine the corresponding Stack-
elberg solution. Compare this solution with the Nash solution and conclude.

b. Answer the same questions as in item a) but now with country 2 acting as a leader.

c. Plot the Stackelberg solutions, the Nash solution and the Pareto frontier in one figure. Compare
the distances of the different solutions to the Pareto frontier and conclude.
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FIGURE 6.9 — The Pareto (P), Nash (N) and Stackelberg (S) solution in Exercise 6.7 item d.

ANSWER 6.8
a. With f; = f1, the reaction function of player 2 is f» = 0.0976( — f1). Thus, player 1’s optimization
problem reduces to minimizing

Ji(f1) = (= +0.9f1 +0.1%0.0976 * (7 — f1))> + 2f1.

Straightforward calculations show that the minimum is attained at f; = 0.5239y. This implies that
the follower chooses fy = 0.0465j.
Hence, the Stackelberg solution is (J7, J5) = (0.5551,0.0110)72.
The reaction function of player 1 is given by f; = 0.5525(5 — 0.1f2). The Nash efficient so-
lutions are obtained as the intersection point of the two reaction functions, yielding (f1, f2) =
(0.5462,0.1134)7. This leads to the Nash solution (J{, J&¥) = (0.5454, 0.0129)32.
As expected, player 1 benefits while player 2 is worse off in the Stackelberg equilibrium compared
to the Nash solution.

b. From item a., the reaction function of player 1 is given by f; = 0.5525(7 — 0.1 = f5). Thus, player
2’s optimization problem reduces to minimizing

Jo(f2) = (=027 + 0.2 % 0.5525(7 — 0.1 % fo) + 0.8 % f2)* + f3.
Straightforward calculations show that the minimum is attained at f» = 0.0435g. This implies that

player 1 will choose f; = 0.55013. Hence, the Stackelberg solution is (J{', J5') = (0.5532,0.0049)32.

y 292 «



Optimization problems with more than one decisionmaker

Jg * 10_3/(@2

75 T
70 T
6.5 T
6.0 1
5.5 T
5.0 1
4.5 +
4.0 +
3.5 % % % % %

0.540 0.545 0.550 0.555 0.560 0.565 Ny

FIGURE 6.10 — The Pareto frontier P for Exercise 6.8 item c.

This is again consistent with theory: player 2 gains relative to the Nash solution, while player 1
looses compared to the Nash solution.

c. From Figure 6.10, we observe that all solutions nearly coincide. Therefore, appointing a leader in
this case does not appear to provide any significant additional benefit.

EXERCISE 6.9 Consider two companies L and F who produce the same product and sell their product

in the same market. The price they get for their product is p = 5 — (¢, + gr), where g; is the amount

of product company ¢ supplies to the market, 7 = L, F. The cost function of the companies are

Cr(qr) = q; — 843 +211¢? — 20q;, and Cr = gr + ¢%, respectively.

a. Determine the profit for company L if it is the leader in this Stackelberg game.

b. What will be the Stackelberg efficient action and corresponding profit of company F' in this game
if company L likes to minimize profit of its competitor?

ANSWER 6.9

a. The profit function of the follower company F' is 7 = p *x qr — Cp. For a fixed value of ¢y,
straightforward calculations show that the follower’s optimal reaction function is gr := 1 — 1qy.
The leader therefore seeks to maximize

3 1
mp=pxqr,—Cp=(4— ZQL)QL — q% +8q% — 211(1% + 20qy..

Simple calculations show that 7 attains global maxima at ¢, = 1 and ¢ = 3, while it has a local

minimum at q;, = 2.

b.Witth:1,qF:%,p:i’)iandﬂ'pzp*qF—C’F:If*%—%:%.
Withgq, =3, qp =1, p=13 andmp =pxqr —Cr =11 - & = %.

Thus, the leader will choose ¢, = 3 in that case.
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EXERCISE 6.10 (worst-case growth optimization)

Consider a farmer growing potatoes. Using artificial manure, f, he can affect the revenue of his crop,

C. This revenue is, however, also subject to weather conditions, w. Assume C = so/f — w, where
€ [-1,1]. Moreover, assume the farmer gets a price p for his crop potatoes and the cost per unit

manure is \.

a. Formulate the above problem as a game problem, where the farmer is the leader and nature is the
follower and nature is indifferent in its choice of w.

b. Determine the max-min Stackelberg solution and corresponding efficient instruments. Interpret
this solution in terms of the price X of fertilizer.

c. Formalize the Stackelberg solution concept that yields the same solution for the farmer as in item

b), in case nature is the leader of the game.

ANSWER 6.10
a. The farmer aims to maximize profit 7( f, w) with respect to f, where

m(fiw) =p*xC —Axf=px*(so/f—w)—Ax fandw € [-1,1].

b. If the farmer seeks to maximize the worst-case profit, this occurs when w = 1. In fact, regardless

p’s

2
123 units of fertilizer.

of the realization of w, the farmer maximizes profit by using f =

1p°s;

The corresponding profit is m(w) = p(3 5> — w).

If the farmer is risk-averse, he will only produce if 7(1) > 0, which holds when the price of fertilizer
. . 1
satisfies A < {psg.
c. If nature acts as the leader in this game, we obtain the same outcome as in item b., with nature

minimizing 7 (f,w) with respect to w and the farmer maximizing profit with respect to fertilizer

use.
EXERCISE 6.11 Consider player L who wants to maximize J;, := —(xz +zr + 1)%(z% + 1)? wrt. o,
and player F who wants to maximize Jr := —(vr — 21)?(vr + 21)? W.Lt. 5. Assume player L is

the leader in this game.
Determine both the max-max and the max-min Stackelberg solution in this game.

ANSWER 6.11 Consider for a fixed value of z, the maximization of Jg. Clearly, the maximum is
attained at either xtr = —x or xp = x, which yields in both cases a value of 0 for the follower.
The leader next has to maximize either J, = —(z2 + 1)? or J, = — (22, + 1)%(2% + 1)? wrt. zp,
respectively. In the first case z; = 0 yields the maximum value of —1 for the leader, whereas in the
second case z, = —3 yields the maximum value of O for the leader.

So, the max-max Stackelberg solution is given by (0,0) and attained at (z,zr) = ( —1) whereas

1
—
the max-min Stackelberg solution is given (—1, 0) and attained at (z,, zr) = (0,0). Obviously, z;, =0

yields here a maximum value of -1 for the leader.
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EXERCISE 6.12 Consider a game with a leader, L, and follower, ', who want to minimize their cost

function
Jr(xp,xp) = (v — a)2 + (zp — b)2 and Jp(ap,2p) = (zg — c)? + (xp — d)2, where a # c,

respectively. Determine an affine incentive strategy x; = axp + 3 for the leader such that his cost

are zero.

ANSWER 6.12 Clearly, o and 8 must satisfy the conditions azr + 8 —a=0and zr = b.

The follower seeks to minimize

Jp = (Ozxp +B*C)2 + (IF — d)z.

a(c—p)+d

From the derivative of .Jr we infer rp = =3 o

minimizes Jg.

Therefore, « and 8 must satisfy the system:
- d
ab+ B — a = 0 together with =P +d =b
1+ a2
Equivalently, we can write:
B=a—aband a(c— B)+d— (1+a?)b=0.
Substituting 5 = a — ab into the second equation gives:

alc—a+ab)+d—(1+a?)b=0, or, (c—a)a+d—b=0.

Hence, the leader can set the parameters of the affine strategy to achieve zero cost as follows:

_ 2 2 _ _
d bandB:a—ab:a +b ac bd.
a—c a—c

o =

Mixed Exercises

EXERCISE 6.13 Assume player 1 wants to maximize J;(z1,22) = 1 w.r.t. z; and player 2 wants to

maximize Jo(z1,72) = (w2 — 1)%(xg — 2)? WLt. x9, Where (z1,22) € T := {(z1,22) |1 < 27 <

2and 0 < xy < 3, i =1,2}.

a. Determine the optimal reaction sets &;(x_;), i = 1, 2.

b. Show that the game has a unique Nash equilibrium, whereas the game has an infinite number of
Nash efficient locations.
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ANSWER 6.13
a. Let (Z1,Z2) € I'. Then the sets

['1(Z2) = {(21,22) | (#1,72) €'} =[1,2]

and
FQ(fl) = {(51,1‘2) | (fg,ﬂfl) S F} = [073}

It follows that J; (z, Z2) attains a global maximum on I'y (Z5) for all z € [1, 2].
Therefore, #,(Z2) = [1,2] for all z, € [0, 3].

Similarly, J2(Z1,y) achieves a global maximum on I'z(Z;) aty = 1 and y = 2.
Thus, 22(71) = {1,2} for all z; € [1,2].

b. From item a., the intersection points of the two reaction sets are
{(z1,22) = (x,1), where 0 < z <2} U{(z1,22) = (x,2), where 0 < z < 2}.
At all of these points the unique Nash equilibrium is attained with (J{¥, J2) = (1,0).

EXERCISE 6.14 Use Algorithm 6.17 to find the Pareto frontier in the following cases.

a. If a player wants to maximize both J; (z1, 2, 23) = 21 — 2 and Ja(x1, x2, x3) = x2 + 23 W.ILL. z;,
j=1,2,3, where (z1,22,23) € I := {(21, 72, 23) | 23 + 23 + 23 < 1}.

b. If a player wants to maximize simultaneously Ji(x1,22) = 21(1 — 21 — x2) — (21 + 22) and
Jo(x1,x2) = x2(1 — 221 — 222) — (21 + x2), Wrt. 2; >0, 5 =1,2.

c. If a player wants to maximize simultaneously Ji(z1,z2) = x1(5 — 21 — z2) — (21 + x2) and
Ja(x1,22) = 22(10 — 221 — 229) — (21 + 22), Wirt. 2; >0, j =1,2.

d. If a government wants to spend its budget b > 0 on 3 projects with utilities: U;(z;) = B;x?, where
Bi>0and z; >0, i=1,2,3.

ANSWER 6.14
a. First, observe that the action set I is compact and convex. The functions J;(z1, z2, x3), fori = 1, 2,
are concave. Therefore, by Theorem 6.7, all Pareto efficient solutions can be obtained by solving

( max) Oz(J?l 71’3)+(1704)(£E2+I3), WlthOSO[S 1.
T1,xs,x3)€ED

Since I is compact, this maximization problem has a solution, which occurs on the boundary of T".
Thus, we can skip Step 2 and Step 3 in Algorithm 6.17.
Step 1. From the corresponding Lagrange function we obtain next first-order conditions:

l.a—2\z;=0; 2. (1 —a) — 2 z, =0; 3.1 —2A\z3 =0;
A N34+ 254+22-1)=0; 5.1>0, 27+ 22 +22< 1.
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From condition 3, it follows that A > 0. Then, by condition 4, we have 27 + 23 + 23 = 1.
Combining conditions 1 and 2 gives 1 + x5 = z3 = 55. Substituting this into 23 + 23 + 23 = 1
yields:

y L2 = 5

Step 4. The corresponding Pareto frontier is then given by

1 3
a8 1 1 8
S —xlandxgzw\,with)\z\/;

(J1,J2) = (#1 — x2, T2 + x3),

with 21, x» and 3 as above and \ > \/g
b. Following Algorithm 6.17, we proceed with the following steps.
Step 1. Consider the Lagrange function

L(l‘l, To, 0, 012) = 061(331(1 — 1 —.5!72) — I —332) -|—O¢2(1‘2(1 — 211 —2%2) — T —.132) + A1+ Aazo.
The corresponding first-order conditions are

1. 2c121 + (20[2 + al)xg = —ag + A1; 2. (2042 + 041>£L‘1 4+ daoxry = —ag + Ag;
3)\2$1:0, 1= 1,2; 4. (677 20, /\7. ZO, [041 (6%) )\1 )\2} #07 ZT; 20

Assume (21, x2) = (0, Z) with Zo > 0 satisfies these conditions. Then A; = 0, and from condition
2, we get vy = ag = 0. Substituting into condition 1 gives A; = 0, which violates condition 4.
Similarly, (z1, z2) = (Z1,0) with Z; > 0 also cannot satisfy the first-order conditions.
If (z1,22) = (Z1,Z2) with z; > 0, then A\; = 0, which from conditions 1 and 2 implies «; = 0,
again violating condition 4.
Finally, consider (z1,22) = (0,0). By choosing, for example, Ay = a2 > 0 and Ay = «ay, all
first-order conditions are satisfied.

Step 2. We omit this step and proceed directly to Step 3.

Step 3. With (Z1,Z2) = (0,0), the corresponding restricted action sets are

Fl = {(%1,332) | T; > 0 and J2 > 0} and FQ = {(1‘1,1‘2) | T; > 0 and Jl > O}
Since J;(x1,x2) < 0 on the constraint set, it follows that
0= Ji(i'l,[f'g) > Ji(fEl,.’EQ) for all ((El,(EQ) el;, i= 1,2.

Thus, (0, 0) is Pareto efficient.

Step 4. In this case, the Pareto frontier consists of a single point, namely (0, 0).
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c. Following Algorithm 6.17, we proceed with the following steps.
Step 1. Consider the Lagrange function

L(:I:1, X2, 01, Ozg) = (.’)31(5—.’)3‘1 —.%‘2) — X1 —1‘2) +062(.'I:2(10_ 2r1— 21‘2) — T —.’L‘g) + A1+ Aaxs.
The corresponding first-order conditions are:

1. 20[1351 + (20&2 -+ Otl)fﬂg = 40[1 — Q2 + Al; 2. (20&2 + 041)171 + 4042172 = -1 + 90&2 + )\2;
?))\l.lﬁZ :0, 1= 1,2; 4. (67 ZO, )\i ZO, [051 (%) )\1 /\2] 750, iz ZO

Assume that (x1,x2) = (Z1,Z2), with Z; > 0, satisfies these conditions. Then \; = 0, and
conditions 1 and 2 reduce to

1b. (2.271 + 29 — 4)0{1 + (229 + 1)0[2 = 0and 2b. (1 + .271)041 + (2.1‘1 + 4xo — 9)0(2 =0.

2561 +f£274 2$2+1 a7 . 0
1+ 2x1 + 4zg — 9 o 0|

This system has the unique solution «; = 0 if and only if the determinant of the matrix is nonzero.

In matrix form:

By condition 4, the vector [a; as A1 A2] cannot be zero. Hence, a solution exists only if

21 +x9 — 4 2x9 +1
1+ZL’1 2$1+4l‘279

det = (2$1+l‘274)(21’1 +4I279)7(2$2+1)(1+IL‘1) :O,

or equivalently, 4(zq + x5 — 10)(z1 + 22 — 1) = 0.
Morever, in this case the multipliers must satisfy

23]2+1

o] = ———
4—2.’171—.’172

9.
Since a; > 0 and xz; > 0, it follows that 4 — 227 — 25 > 0. This immediately excludes the case
x1 + xo = 10.
Therefore, conditions 1-4 admit a solution (z1,x2) = (%1, Z2), with Z; > 0, if and only if
7

.f‘l—‘ri‘Q:Z.

It is easily verified that the boundary points (¥,0) and (0, 7) also satisfy conditions 1-4 with

above choice of parameters.
Next, consider the case z1 = 0 and x5 > 0. Then conditions 1 and 2 reduce to
To — 4 2.132 +1 (e5] . /\1
1 4dz,-9 oo 0 |
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Assuming the equations are linearly independent (the dependent case has, basically, already

ui

From this, it follows that oy < 0 if \; > 0, which contradicts condition 4. If \; = 0, then

been discussed above), we obtain

aq o 4xe — 9 —(21‘2 + 1)
-1 X9 —4

Q2

a; = A; = 0, again violating condition 4.
A similar argument shows that the cases (0, Z2), with Z, # I, and (0,0), do not satisfy conditions
1-4.

Step 2. It can be readily verified, by computing the second-order derivative of L, that for all a; > 0,
every stationary point of this function is a saddle point. Therefore, this step does not allow us to
draw any conclusions regarding the existence of Pareto solutions.

Step 3. Let (z1,2z2) = (Z1,Z2), where Z; > 0 and z; + T2 = %, be any point among the candidate

Pareto efficient solutions.

Then,
o 13_ 7
D= {(er,22) | Jao(21, 202) 2 J2(21, T2) } = {(21, 22) [ 222(5— (01 +22)) = (w1 +22) 2 T2 — 7}
Using 71 + Ty = %, this can be rewritten as
13 7
Fl = {(Il,mg) | 2502(5 — (131 —+ £L'2)) — (1‘1 + SCQ) Z 7?f’1 + g}
Using this, for any (z1, z2) € I';, we obtain:
o 13 _ 7
J1(Z1,T2) — Ji(z1,22) = T z1(5 — (x1 +x2)) + 21 + 22
1 7
> i(xl +x9) —x2(5— (x1 +22)) + 21 + 22 — 1

—21(5 — (x1 + x2)) + 1 + 22

7
= (11714’1’2*1)220.

Hence, all such points are Pareto efficient.
Step 4. The Pareto frontier is given by

13 7 13,7 7
(J17J2) = (Zarl — 1, ?(* — .731) — Z), where 0 <z <

1=

Equivalently, it can be expressed as

. 79
JQ = —2J1 +6§, Wlth Jl € [_Z, Z]
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d. The problem we have to address is to determine all Pareto efficient solutions for the set of utility
functions U; = p;22, subject to the budget constraint z; + x5 + z3 < b, where z; > 0.
Following Algorithm 6.17, we proceed with the following steps.
Step 1. From the corresponding Lagrange function

3 3
Ly, w9, 3,01, 02, 03, A1, Ao, Az, Aa) = 3 il + Y Niwi — (w1 + a2 + 23 — D)

=1 i=1

we obtain the following first-order conditions:

1. 20;8;x; + A — A4 =0, 1=1,2,3; 2. \;z; =0, i=1,2,3)\4(£€1 +$2+I3—b)=0;
3.0, >0, \; >0, [04)\]750, x; >0, z1 + 29 + 23 <D

If the budget is not fully utilized, the utility of one project can be increased without reducing
that of the others. Therefore, at any Pareto efficient solution, the budget constraint must bind,
i.e., x1 + 22 +x3 = b.

Using this, the set of candidate Pareto efficient solutions is
A := {(Z1,%9,b — T — T3), where Z; > 0}.

Step 2. Consider, for a; > 0, the maximization of

3
U:= Bix}
= ;0
=1

over the feasible set.

If, for example, o; 1 > «; 35, for j = 2, 3, then the maximum is attained at (z1, x2, x3) = (b,0,0).
Similarly, if a1 81 = asBs > a3fs, it is optimal to set x3 = 0. Finally, also in case U := Zle x?,
one can verify that every corner point yields a higher value than any other point of A.

Thus, the corner points (b, 0,0), (0,5,0) and (0,0, b) are Pareto efficient solutions.

Step 3. Let (Z1, T2, Z3) € A. Define

Iy = {(x1,$2,$3) el | Ug(l‘) > Ug(i‘) and Ug(.%‘) > Ug(.f‘)}

= {($1,$2,1‘3) el | T9 > Ty and xg > .’Z’g}

Then,

argmax Uy (x) = &1 := b — Ty — T3,
zely

which implies U; () < Uy (z) for all z € T';.
By analogous arguments, the same holds for Us and Us. Hence, every point in A is Pareto
efficient.

» 300 «



Optimization problems with more than one decisionmaker

Step 4. The Pareto frontier is given by: (8127, 8223, 323 | x1 + 2 + 23 = b, x; >0, i = 1,2,3}.

EXERCISE 6.15 Assume player ¢ wants to maximize J;(z1,x2) W.r.t. z;, ¢ = 1,2, where in items a)-c)

below, (x1,22) € T := {(x1,22) | 27 + 2% < 1}. Determine the Nash equilibria in the following games.

a. Ji(x1,22) = 21, Jo(1, 22) = 22.

b. Ji(z1,22) = —a? + (z2 — 1)2, Ja(z1, 20) = 2} — 23.

c. Ji(wy,22) = =22, Jo(x1,22) = 23.

d. Ji(z1,22) = — (21 — 22)?, Jo(w1,72) = — (21 — 22 + %)2, where (71, 22) € T := R2.

e. Ji(z1,22) = —1a} + z129, Jo(21,22) = —323 + 3120, Where (21,25) € T := R

f. Ji(z1,22) = 2:51%332% —x1, Jo(x1,22) = Sx%xg — 219, where z; > 0.

g Ji(z1,x2) = (az + (1 — @)zh")er — Bray, Jo(x1,22) = x7 P2 — Bawo, With v # p1, v # 1,
pr<1,a€(0,1),ps€(0,1),8 >0 and z; >0, i =1,2.

h. Ji(z1,22) = —%m:{’ + %(1 +x9)2? — 2129, Jo(T1,T2) = —2% + 20w 25 + 20(1 — a)xo, Where z; > 0
and « > 0. Hint: first determine the optimal reaction curves of both players. Next, determine their
intersection as a function of a.

ANSWER 6.15

a. Assume that (&1, @2) is a Nash efficient solution. Then,

&y = arg max i, where T'y = {(x1,82) € T} = {z; | #? <1 - 33}
1 1

It follows that #; = /1 — 3.

Similarly,

&y = arg max zp, where I'y = {(#1,22) € T} = {xg | 5 <1 — 37},

z€l,
A _ /\2
Hence, £9 = /1 — 27.

These results imply that the only candidates for Nash equilibria are points of the form

(z,V1—22), with0 <z <1.
Now consider an arbitrary point (z,v/1 — 22) with 0 < 2 < 1. Then

© = arg max 1, where T'y = {(z1,V/1—22) € T} = {z; | 27 < 2?}.

Similarly,
V1 — 22 = arg max x,, where I'y = {(z,29) € T} = {x5 | 23 < 1 — 2?}.

z€l,

Therefore, all points of the form (z,+/1 — z2), with 0 < z < 1 are Nash (efficient) solutions.
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b. It is straightforward to verify that D;(0,0) = 0, ¢ = 1,2. Moreover, D;;J;(x1,0) < 0 and
D33J5(0,z2) < 0.
Therefore, by Theorem 6.28, (0, 0) is a Nash efficient solution. This leads to the Nash equilibrium
(4,0).
Finally, it follows directly from the definition that (1, 0) is the unique Nash equilibrium.

c. Assume that (&1, &2) is a Nash efficient solution. Then

#) = arg max —22, where I'y = {(z1,42) €'} = {2 | 2 <1 - #3}.
z el
It follows that &; = 0.
Next, consider

& = arg max r3, where I'y = {(0,22) €'} = {29 | 23 < 1}.
z2€l’s
This implies that o = 1 or 2, = —1.
Therefore, the game has two Nash efficient solutions: (0,1) and (0, —1). There is a unique Nash
equilibrium: (0, 1).
d. Assume that (&1, &2) is a Nash equilibrium. Then

# = arg max —(x1 — @9)?, whereT'; = R.
x el
It follows that £; = £5. (1)
Next, consider

1
F9 = arg max —(&1 — 22+ 5)2, where T'y = R.

This implies that &5 = &1 + 5. (2)
Since there is no pair (21, #2) that satisfies both (1) and (2) simultaneously, we conclude that this
game has no Nash solution.

e. Assume that (#1, &2) is a Nash efficient solution. Then,

R 1 .

& = arg max ——x3 — x4y, where I'; = R.
z, €l 2

From the firsr-order condition D;J;(x) = 0, it follows that necessarily &, = #2. (1)

Next, consider

. 1 R
i = arg max —fzg + Z129, where I'y = R.
z.ely 4

From DyJ(x) = 0, it follows that necessarily 23 = #;. (2)

The only three points that satisfy both (1) and (2) simultaneously are: (—1,—1); (0,0) and (1,1).
Since Di,J;(z) < 0, any point satisfying D;Ji(x) = 0 provides a global maximum for J;. To
determine whether J; also achieves a global maximum at any of these candidate Nash efficient
locations, we examine Jo(—1,z2), J2(0,22) and J2(1,z2) on the domain IR. Notice that for any
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fixed x4,
DQQJQ(CEl, fEQ) = —3.%% <0 for all zo € RR.

Hence J,(Z1, z2) is concave for any Z;. Therefore, all three points are Nash efficient.
This yields the two Nash equilibria: (1, 2) and (0,0).
f. Given Jy(z1,x2) = 2zixi — 1, we have

1 1

D1J1($1,$2) = JJIE.IS — 1.

Thus, Dy J1(Z,2) = 0 for all > 0.
Similarly, for Js(z1,22), we find that DyJo(x1,22) = 0 iff. z; = xo. Therefore, all points of the
form (&, &) are potentially Nash efficient locations.
It is straightforward to verify that both D1yJ;(x1,z2) and DasJo(x1,x2) are negative over their
domains. Hence, J; (1, %) and J2(&, x2) are concave functions. Consequently, each function attains
a global maximum at &, implying that all points (Z, z) are indeed Nash efficient locations.
This leads to the set of Nash solutions: (Z, ) with & > 0. In the (J;, J3) plane, this corresponds to
all points lying on the line J; = Js.

g. With the functions J; as defined, the derivatives are

Dy Jy (21, 22) = vax’flfl(axfl +(1- a)x’z’l)i*l -1

and
Dy Jy(w1,a2) = poxy” Pah ™! — Ba.
Thus, D2 J2 (21, 22) = 0 iff. 21 = py 2, with pg := (%) T
Substituting this relationship into D;.J;(x1,72) = 0 shows that there is a unique point satisfying
both conditions:

1

(5%17'%2) = (ulsus)a where s = ( 1 51 v—p1 > :
avpf ™ (o + (1= a)) ™

It is straightforward to verify that both D1;Ji(21,22) < 0 and DaosJo(x1,22) < 0. Consequently,
J1(z1,42) is concave in 7 and J(Z1,x2) is concave in z5. Therefore, J;(z1,22) attains a global
maximum at &, and Jy (%1, 22) attains a global maximum at &».
Hence, (Z1,%2) is a Nash efficient location. The corresponding Nash solution is (J1(p1s,s),
J2 (15, 8))-

h. The first partial derivative of .J; is

D1J1($1,582) = —JJ% + (1 + 1‘2).131 — X9 = —(Il — 1)(331 — 1‘2).

» 303 «



Questions and Answers Introduction to Optimization for Economists

Hence, Dy Jy(z1,x2) = 0 if either 1 = 1 or z; = x2. From the sign scheme of the derivative, we
conclude:

1. J; has a maximum at z; = xp with Jy (22, 22) = 23 (g2 — 1) if 2, > 1.

2. J; has a maximum at z; = 1 with with Jy(1,22) = § — Jz2 if w5 < 1.

3. Additionally, J; attains a boundary maximum at x; = 0 with J; (0, z3) = 0.

1, ifas €[0,3]

0, ifasel(3,1]

0, ifxyell,3

o, lfl‘g 23

Thus, the optimal reaction function of player 1 is: z1(z2) =

For player 2, the second partial derivative is
Dy Jo(x1,x2) = =29 + 2021 + 20(1 — ).

Hence, J; is maximized at o = az; + a(l — «), if 21 + 1 — a > 0. Otherwise, the maximum
occurs at the boundary x5 = 0. Therefore, the optimal reaction function of player 2 is

azy +a(l — a) if v €[0,1)
z2(21) = 0 ifo>1and z; € [0, — 1]
ary + a(l — ) ifz; >a—-1

Consequently,

1. If « € [0,1), the only candidate for the intersection of the reaction curves is (z1,z2) = (1, 2a —
o?), provided 2o — o2 € [0, £]. That is, if a« € [0,1 — \/g}

2. If « € [1, 2], the only candidate is (x1,z2) = (1,0).

3. If a > 2, solving z2 = axy + a1 — «) gives three theoretical candidates:
1. (21, 22) = (1,2a — ?) if 2a — a? € [0, 1], which unfortunately never applies;
2. (z1,22) = (0,a — a?) if @ — o® € [}, 3], which also never applies; and
3. (z1,22) = (o, ) if @ > 3.

In summary, the Nash efficient solutions are:

1.Fora € [0,1 — \/g] (z1,22) = (1,20 — a?).

2. For o € [1,2]: (21,22) = (1,0).

3.Fora > 3: (z1,22) = (, ).

For all other values of «, no Nash equilibrium exists.

EXERCISE 6.16 Reconsider Exercise 6.15. Determine the Pareto efficient solutions for items a-f. (Use,
e.g., Algorithm 6.17).
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ANSWER 6.16

First, notice that the action set I" is convex. Moreover, it is compact in items a-c.

a. Note that J;(x1,x2) = x;, for i = 1,2, are concave functions. Therefore, by Theorem 6.7, all Pareto
efficient solutions can be obtained by solving

( mai( ary + (1 — a)zy, where 0 < a < 1.
xq,x0)ED
Since I' is compact, this maximization problem admits a solution, which is attained on the boundary
of I'. Using, e.g., the Lagrangian method (Theorem 6.6), one can verify that for every «, the
maximum is attainted at

(r1,2) (a1~ a)

T1,T2) = —————(a, 1 — a).

b a?+(1—a)?

By Theorem 6.4 (or Theorem 6.6), it follows that all points of the form

(1, 72) ! (1—a), 0<a<l

x1,L9) = ——oo-(a,1 — ), a<l,

b a2+ (1—a)?

are Pareto efficient.

For the boundary cases a = 1 and a = 0, we obtain the points (1,0) and (0, 1), respectively. From
the definition, it is straightforward to verify that both these points are also Pareto efficient.

Hence, the set of Pareto solutions is:

1
{(x1,22) = m(a,l—a),OSaS 1} = {(z1,22) | x%—i—mg =1,2;>0,i=1,2}.

b. Following Algorithm 6.17, consider the with this problem related Lagrange function:
1
L(zy,x9, a1, a2, ) i= a1 (—22 + (19 — 5)2) +ag(x? —22) — NMa? + 22 — 1), a; > 0.

Following step 1 of the algorithm we consider the first-order conditions:

DL, =2x1(ag —a3 —A) = 0;
DL,, =2z9(a; —as —A)—a; = 0
MNa?+23-1) = 0

ri+a3 < 1

(g g A\)#(000), A > 0

Elementary calculations show that the solution set of this system consists of:
1. (xz1,22) = (0,1), with a1 = 2(aa + A), a2 > 0, A > 0, and (a2, A) # (0,0);
2. (z1,22) = (0,—1), with oy = 2(az + A), az > 0 A >0, and (a2, A) # (0,0);
3. ( 1 —73,72), where Ty = =34, A > 0, 0 = A+ a1, 0 < ag <4
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Thus, the candidate Pareto efficient solutions are:

1. ((El,xz) = (0, ].), 2. ((El,.’bQ) = (0, —1) and 3. (:l:\/ 1-— f%,.’fg), where — 1 <Zy < 0.

In Step 2 of the algorithm, we determine which of these candidates are Pareto efficient.

1. Observe that J;1(0,—3) > ; = J1(0,1) and J5(0,—3) > —1 = J5(0,1). Hence, (0,1) is not
Pareto efficient.

2. Observe that J; (z1,22) < § = J1(0,—1) on I'\{(0, —1)}. Thus, (0, —1) is Pareto efficient.

3. This set consists of all points on the unit circle lying below the x5 axis.
Choose &1 > 0,0 < A < 7a1, and define a; := A 4 a;. Consider the function

L(l‘l,l‘g, 6&1, 6[2, )\) onl.

Since this function is continuous on the compact set I, it attains a global maximum. From the
first-order conditions, the only candidates are

a
(£4/1 — 73,25), where 7o = —ﬁ.

These points yield the same objective values and therefore are global maximizers. By Theorem
6.6 they are Pareto efficient.
By varying &; and ), we obtain all points on the unit circle below the z, axis, except (41,0)
and (0, —1). From the second case considered above, we know that (0, —1) is Pareto efficient.
Finally, note that J(z1,22) < 1 = J3(£1,0), so the points (+1, 0) are also Pareto efficient. These
correspond to the same Pareto solution (—2,1).

c. Following Algorithm 6.17, consider the with this problem related Lagrange function:

L(z1, 22, ,\) i= —a12% + agxs — MN2F + 23 — 1), oy > 0.

Following step 1 of the algorithm we consider the first-order conditions:

DL, =2zi(a; +A) = 0
DL,, =2x3(aa —A) = O0;
Mzi+z3—-1) = 0

2 4 333 < 1

(a1 ag A)#(000), A > 0

Some elementary calculations show that the solution set for above (in)equalities consists of:
1. (z1,22) = (0,0);

2. (z1,22) = (0,Z2), with —1 < Zp < 1, and

3. (21, 22) = (%1,0), with -1 < 7y < 1.
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To determine which solutions are Pareto efficient, observe the following:

1.
2.

J1(0,1) =0 = J1(0,0) and J2(0,1) > J2(0,0). Hence, (0, 0) is not Pareto efficient.
J1(0,1) = J1(0,Z2) and J2(0,1) > Jo(0,Z2) for all Zo # +1. Therefore, all points (0, Z3) with
—1 < Z3 < 1 are not Pareto efficient. Moreover, J;(z1,22) < J;(0,+1) fori = 1,2, so (0, £1) are

Pareto efficient.

.Jl(i‘l, ].712’%) = Jl(fl,O) and JQ((El, 17.’2%) > JQ((Z’l,O) if T 7é +1. In addition,

J1(£1,0) < J1(0,1) and Jo(£1,0) < J2(0,1). Therefore, none of these points are Pareto
efficient.

Consequently, there is just one Pareto solution: (J,J2) = (0,1).

. Note that J;, for i = 1,2, are concave and I is convex. Therefore, all Pareto solutions can be

obtained by considering the maxima associated with this problem of the function

1 .
f(Il, To, Oél,ag) = —041(1‘1 — 1‘2)2 — 0&2(.%‘1 — X2 + 5)2, with (0517042) c A.

Observe that f is concave and thus admits a global maximum for every (a1, as) € A. The Lagrange

function associated with this problem is:

L(xy, 29, 01,00, \) := —ay (21 — x2)2 —ag(z1 — 22+ = 2_ )\(,T% —l—x% —1), a; >0.

5)

The first-order conditions are:

1
DLy, = al(zl - IQ) + O‘2(x1 — 22+ 5) +Ar; = 0
1
DL,, = ai(x1 — x2) + ag(xy —x2+§) —Axy = O
Ma2+22-1) = o0
2422 < 1
(@1 azg \)#(000), A > 0

From DL, — DL,, = 0, it follows that A(z; + z3) = 0.

Case i). A = 0. In this case, we obtain

Q2

m), where "E? + CC% S 1 and (al,ag) 7é (0,0)

(x1,22) = (Z1,T1 +

Case ii). A > 0. Then the solutions are

.’El,l'g f \/7 and £E1,"E2 \/7 \/7

Straightforward calculations show that

o=~ o
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Hence, all points in Case i) are Pareto efficient. Moreover, the corresponding Pareto frontier is

given by )

T o) =
( 1 2) 4(0[1+O[2)2

(a2,03), (a1,az) € A.
Equivalently, for 0 < a < 1, this can be written as
L. 9 2
(Jl, Jg) = _Z(a ,(1 — Oé) )
e. Following Algorithm 6.17, the Lagrange function associated with this problem is:

1 1
L(z1, 22,01, a0) 1= 041(7593% + z122) + 042(711"21 + x129), a; > 0.

From this the necessary conditions result:
DL, =a1(—21 +22) + agzes = 0

DL,, = a1z + ag(—xg +x1) = 0
(a1 a2) # (00).

. . To— T x
From this, we obtain det A = 0, where A = 2 ! 2

, together with the conditions
T xr1 — .T%

3_ .
#-22 > 0 and %21 > 0. That is,

_ 3 _
A={(z1,29) | 2% —zad +at=0,2"2 < gand 22— 71 5 o).

xro X1

Next, consider the problem
max Jl(xhl'g),
(z1,22)€D
where
1 1
Fl = {(%1,1‘2) | — ZIIT% + x129 > 71i’§ + T172, where (fl,i‘g) S A}

It is straightforward to verify that the only candidate interior solution is (x1,z2) = (0,0), which
is a saddle-point. Therefore, we turn to the constrained optimization problem on the boundary of

I';. The corresponding Lagrange function is:

1 1 1
L(xy, 1m0, \) := —533% 4+ x129 + /\(—ng + 2129 + 137;3 — T1%3).

The first-order conditions are:

DL, =—z1+22+Xx2 = 0
DL,, =z + AN—23 +x1) = 0;
1 1

—Z{E%ﬂ-xll’g + Zi'g — T1To = 0.
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From DL,, = 0, it follows that A = #->#2. Substituting this into DL,, = 0 shows that (21, z2) € A.

Moreover, the Hessian of the Lagrange function is given by

-1 1+

HL(x1,22) =
(@) =1 ) —3\z2

One easily verifies that H L(x1, z2) is negative definite for every (z1, z2) € A. Hence, every solution
corresponds to a maximum.
Note that only for a fixed x5, with |z5| > 2, there exists a corresponding x; such that (z1,x5) € A.

This z; is given by either

— :L'% 2 _ I% 2
21311—?(5624» 17274) orxlg—?(ng I274>

One can easily verify that if o < —2 then J;(x11,22) < J1(x12, x2), whereas for x5 > 2 the reverse
inequality holds. Therefore, .J; attains a global maximum on I'y at (212, z2) when zo < —2, and at
(.TH,J,‘Q) when T2 > 2.

A similar argument applies to the maximization of J, over the set

1 1
'y = {(xl,xg) | — 51’% + x129 > _ii% + T17%9, where ((El,.’fQ) S A}

Therefore, the set of Pareto efficient solutions is given by
{(z1,22) | 1 = ?(!L‘Q — /2% —4)ifzy <2and z; = ?(1'2 +1/23 —4)if 2o > 2}
f. Following Algorithm 6.17, the Lagrange function associated with this problem is:
L(z1, 22,01, 02) := a1(2y/T1/T2 — 21) + a2(3z7 23 — 222), «; > 0.

From this, the necessary conditions are obtained as

2

DL, = (Y2 1)+ a2 = 0
/L1 1:15
DL, = a1 Y2 4 20,(FL —1) = o
\/ L2 1,23
(a1 a2) # (00).
VI =
This implies that det A = 0, where A = \ﬁ:ﬁ ;:3 , together with the conditions
= 2% -

ﬁ
N
8
N ol

To < X1, T1 < X2 andxi > 0.
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Clearly, these conditions cannot be satisfied simultaneously. Therefore, A = ), and no Pareto

efficient solutions exist.

EXERCISE 6.17 Reconsider Exercise 6.15. Assume player 1 is the leader in all items. Determine the

Stackelberg (efficient) solution(s) for items a-f.

ANSWER 6.17
a. For a given 71, player 2 aims to maximize x5 subject to x5 < 1 — z?. This yields

r3(ZT1) = ﬁ, provided that z% < 1.

Player 1 then seeks to maximize x; subject to 22 < 1, which yields x; = 1 and consequently x5 = 0
as the unique Stackelberg efficient solution.
Thus, the Stackelberg solution is (1, 0).

b. For a given z,, player 2 aims to maximize z? — 23 subject to 23 < 1 — 2. The maximum is attained

at xo = 0, independently of player 1’s action.

Player 1 then seeks to maximize —z? + 1 subject to 2% < 1, which yields z; = 0.

Hence, the unique Stackelberg efficient solution is (0, 0), and the corresponding Stackelberg solu-
tion is (%,0).

c. For a given 7, player 2 aims to maximize z3 subject to 23 < 1 — #12. The maximum is attained at
z9 = ++/1 — #3, provided 7} < 1.

Player 1 then seeks to maximize —z? subject to 2% < 1, which yields x; = 0.
Thus, the game has two Stackelberg efficient solutions: (0, 1) and (0, —1). There is a unique Stack-
elberg solution: (0, 1).

d. For a given z,, player 2 aims to maximize —(Z; —xz2+ %)2. The maximum is attained at x5 = T+ %
Next, player 1 aims to maximize —i, with z; € R. Hence, all points of the form (x1, x1 + %) provide
Stackelberg efficient solutions, leading to the unique Stackelberg solution (—1,0).

e. For a given 71, player 2 aims to maximize fixé + Z120.

1. First, consider the case Z; > 0. The maximum is attained at x5 = Z; .

Player 1 then seeks to maximize —{z? + gci%, which is maximized at x; = (%)Z‘ This yields
player 2’s optimal response z, = (%)% with J; = —3 (%)% + 2.

2. If #; < 0, player 2’s optimal response is: z; = —|#;|3, and player 1 maximizes at — (%)% This
yields player 2’s optimal reaction x5 = — (%)31 with J; = —3 (%)g + 3.

Therefore, there are two Stackelberg efficient solutions:

= () (&) =t () ()

Both result in the same Stackelberg solution: (—3 (%)% +3,1).
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f. For a given 7, player 2 seeks to maximize J(z2) = 33?:1%3;2% — 2x9.
Applying the first- and second-order conditions shows that the maximum is attained at zo = 87;.
Player 1 then aims to maximize J;(z;) = (2v/8 — 1)z;. Since this is a linear function, it has no
finite maximum. Therefore, no Stackelberg efficient solutions exist for this game.

EXERCISE 6.18 Reconsider Exercise 6.15, item d. Assume player 1 is the leader in this game who
announces to use an affine incentive strategy w.r.t. the actions played by the follower. Determine an
incentive strategy within this class of strategies which will maximize the objective of the leader.

ANSWER 6.18

So, player 1 announces to player 2 that (s)he will use the action x; = axy + 3. Player 1 chooses the
parameters « and 3 in order to maximize his/her own objective (which is 0 in this case). It is clear
that the optimal choice for player 1 is to set « and 3 such that x5 = x1,i.e.. « = 1and § = 0.
Consequently, any action of the form (z,x) with € R is incentive Stackelberg efficient, and this
leads to the unique incentive Stackelberg solution (0, —1).

EXERCISE 6.19 Consider player L who wants to maximize J;, := —(zf, + 2 + 1)%(22 +1)? wrt. 2,

and player F who wants to optimize Jp := —(z% + 1)?(xp + x1)? WLt. zr. Assume player L is the

leader in this game.

a. Determine the Stackelberg solution in this game if the follower wants to maximize his objective.

b. Is it possible to determine a Stackelberg solution in this game if the follower wants to minimize his
objective?

c. Next consider the case player F is the leader and player L is the follower in the game and player
L wants to maximize his objective. Determine the Stackelberg solution in this game.

d. Compare the answers in item a. and c. Is there a preference for leadership in this game?

e. Show, using Corollary 6.29, that the only Nash efficient candidate solutions are (z,zr) = (—2,1)
and (zp,zr) = (—1,1).

f. Show, using the definition, that both strategies (zy,zr) = (=2,1) and (z,zr) = (—1,1) are not
Nash efficient.

ANSWER 6.19

a. For a fixed value of z, consider the maximization of Jr. It is clear that the maximum occurs at
xrp = —x, which gives the follower a value of 0, regardless of the leader’s choice of action.
Next, the leader must maximize J;, = — (2% + 1)? with respect to z,. Clearly, choosing z;, = 0

yields the maximum value of -1 for the leader.

b. Next, consider the minimization of Jr for a fixed value of z;. Clearly, by choosing x;, to be ar-
bitrarily large (or small), but different from —zr, the follower can enforce his/her objective to an
arbitrarily negative value. So, a Stackelberg solution does not exist.
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c. For a fixed value of z, consider the maximization of Jy,. It is clear that the maximum is achieved
at x;, = —zr — 1, which gives J;, = 0, independent of the action chosen by player F.
Next, player F' must maximize Jr = —(z% + 1)? with respect to . Clearly, choosing zr = 0
yields the maximum value of -1 for player F.

d. If L is the leader, the Stackelberg solution is (—1,0). If F' is the leader, the Stackelberg solution is
(0, —1). Thus, in this game, it is actually better for a player not the be the leader.

e. Straightforward differentiation of J;, with respect to xy and Jr with respect to xr yields the fol-

lowing first-order conditions:

—2(zp +ap 4+ 1) (23 + 1)[323 + 2xpzp + 221 + 1]

I
L2

—2(zp +xp) (2% 4+ 1)[Bz% + 22p2p +1] = 0.

Elementary calculations then show that the only solutions satisfying both equations are: (zp,zp) =
(—=2,1) and (ap,zFr) = (—1,1).
f. First, note that J;(zr,zr) <0 for all (x7,2r) € R? and i = L, F. Furthermore,

JL(—Q, 1) = JF(—l, 1) =0 and JF(—Q, 1) = JL(_L 1) = —4.
Thus, Ji(xr,1) < Jp(—2,1) for all x;, € R. However,
Jp(=2,2p) = —(2% + D) (zp +1)2 > Jp(=2,1) at zp = 2,

so, (—2, 1) is not Nash efficient for player F'.
Similarly, we have Jp(—1,2r) < Jp(—1,1) for all zp € R. But Jy(zr,1) > Jp(-1,1) at, e.g.,
xr, = —2, 50 (—1,1) is not Nash efficient for player L.

Advanced, Deepening and Broadening Exercises

EXERCISE 6.20 Consider a player who wants to maximize simultaneously both J;(x) := 22% and

Jo(z) = —a.

a. Use Algorithm 6.17 to find the Pareto frontier.

b. Consider the general problem setting from Definition 6.3 to find the Pareto frontier. Show that
even in case there exist a;; > 0 such that * € I" minimizes Zﬁi 1 Ji(x), this doesn’t exclude z* to
be Pareto efficient.

ANSWER 6.20
a. Following Algorithm 6.17, the steps are as follows:
Step 1. Define
L(z,a) :==aJi(z) + (1 — a)Jo(z), with0 <a < 1.
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The necessary condition for optimality is 2z(3«a — 1) = 0.
Thus, if a # %, x = 0 is a candidate efficient solution. If o = %, then all z € R are candidate
efficient solutions.
Step 2. If 0 < o < %, x = 0 maximizes L(z, a), so « = 0 is Pareto efficient.
If 1 <o <1, L(z,a) has no maximum.
Step 3. For any 0 # Z € R, define

I:={zcR| —2?> -2} =[0,2] and 'y := {x € R | 22 > 22%} = [, 00) U (—00, —Z].

Notice that Jl(i‘) =272 > J1(J3), forall z € I'y, and JQ(JZ‘) = —72 > Jl(.%‘) forall z € I's.
Hence, every 0 # = € R is Pareto efficient.
Step 4. Combining Steps 2 and 3, all z € R are Pareto efficient. This gives the Pareto frontier

(J1,J2) = (22%, —2?), = € R, or equivalently, J; = —2.J5.

b. Consider the example above with a € (3,1). Then z* = 0 corresponds to a global minimum, yet,

as we showed in item a, it is also Pareto efficient.

EXERCISE 6.21 (Example where an equilibrium exists that is locally Nash)

Consider the 2-player non-cooperative game where the two players want to maximize
Ji(z1,xe) = —%x% + z129 WLt. 27 and Jo(x1,x9) = f%xg + x1x9 W.ILL. T, Tespectively.
a. Show that the only potential Nash equilibria are (0,0) and (1, 1).

b. Show that both points are not Nash equilibria.

c. Show, there is a neighborhood of (1, 1) where this point qualifies as a Nash equilibrium.

ANSWER 6.21

a. Note that Dy Jy (21, 22) = —x1 + 22 and D11 J1(z1,22) = =1 < 0.
Hence, the reaction curve of player 1, given an action z, by player 2, is: z; = Ts.
Next, observe that Dy Jy(71,22) = —3 + 2. Therefore, given an action Z; by player 1, a necessary
condition for a Nash equilibrium is 23 = 7;.
The intersection of player 1’s reaction curve with the only feasible reaction of player 2 yields the
two points: (0,0) and (1, 1).

b. Note that J>(0,2z2) = — 423, which does not attain a maximum at z; = 0. Therefore, (0,0) is not
a Nash equilibrium.
Similarly, J(1, z2) = —%x% + x5 does not have a global maximum at x5 = 1. Hence, this point also
does not qualify as a Nash equilibrium.

c. From item b., it is clear that if we restrict, for example, x5 to the interval (0, c0), then J3(1,z2)

attains a global maximum on this set. Therefore, if we restrict the game to the set

I' := {(z1,22) | 1 € R and z2 > 0},
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the game has a Nash equilibrium within T'.

EXERCISE 6.22 (Symmetric game with infinite number of asymmetric Nash efficient actions)

Consider the cost function J(z1,22) = z7x3, where player i’s control instrument is z;, i = 1,2.

Assume both players want to minimize J(x1, z2).

a.
b.

C.

Show that this game has an infinite number of asymmetric Nash efficient actions.
Show that this game has a unique set of symmetric Nash efficient actions.
Show that this game has a unique Nash equilibrium.

ANSWER 6.22

a.

Note that Dy J(x1,x2) = 2x123. Hence, Dy (21, 72) = 0 at (0, Z2) for all Zo € R, and at (#,0) for
all z; € R.

Similarly, we obtain Dy.J(z1,22) = 22225 = 0 at these points.

Furthermore, Dy,.J (21, 72) = 223 > 0 for any 25 # 0, and DasJ (71, 22) = 222 > 0 for any x; # 0.
Therefore, by Corollary 6.29, the game admits a Nash equilibrium at every point (0, z2), with
Za # 0, and (Z1,0) with Z; # 0. Clearly, all these Nash efficient points are not symmetric.

. According to Corollary 6.29, the only additional point at which a Nash equilibrium may occur is

(0,0). Note that J(0,0) < J(x1,0) for all z; € R, and J(0,0) < J(0,z2) for all zo € R. Therefore,
by definition, the game has a Nash equilibrium at (0, 0). Clearly this action profile is symmetric.

. In items a. and b. we determined all Nash efficient actions. All of them result in the Nash equilib-

rium (Jy, J2) = (0,0).

EXERCISE 6.23 (Zero-sum game)

Consider a two-person game where player 1 wants to maximize J(z1,z2) w.r.t. 1 € R™ and player

two wants to minimize J(z1,r2) W.L.t. 25 € R™, where (z1,25) € ' ¢ R*™,

a.

Reformulate this problem into the zero-sum framework where both players want to maximize an

objective function J;(z1, z2) W.r.t. z;, ¢ = 1,2, respectively, where J; + J; = 0.

. Show that (&1, &2) is Nash efficient for the zero-sum game with objective functions J;, ¢ = 1,2, if

and only if (%1, 2) is a saddle-point equilibrium for J.

. Show thatifI" is a compact and convex set, and .J(z1, z2) is a continuous function which is moreover

strictly concave in z; (for fixed feasible values of x3) and strictly convex in x, (for fixed feasible
values of x1), the game has a Nash solution.

. Assume z; € I';, where I';, i = 1,2, are convex subsets of R™ and R™, respectively. Show, using

item b., that if (2, #2) and (Z1, Z2) are Nash efficient for above mentioned zero-sum game, also

(Z1,Z2) is Nash efficient for this game.

. Reconsider item c., with I' = I'; x 'y, where I';, ¢ = 1,2, are compact and convex subsets of R"

and R™, respectively. Show that the zero-sum game has a unique Nash solution that is attained at
a unique Nash efficient location. Hint: assume there are two different Nash efficient solutions, use

next item d. to show that the value of J has to coincide at these points.
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f. Consider I'; = [0,1], i = 1,2, and J(z1,72) = (¥1 — x2)?. Show that the zero-sum game, where
player 1 wants to maximize J w.r.t. z; and player 2 wants to minimize J w.r.t. 2 has not a Nash
equilibrium.

ANSWER 6.23
a. Let Jy(z1,22) := J(x1,22) and Jo(z1,22) := —J(x1,22). Then the problem is equivalent to each
player ¢ maximizing J;(x1, x2) W.r.t. z;, for i = 1,2, respectively. Moreover, it is clear that J; +Jy =
0.
b. Assume that (i1, Z3) is Nash efficient for the zero-sum game with objective functions J;, i = 1, 2.
Then
i Ji(z,22) < J1(Z1,22),V(z,&2) € I'1(Z2). O, equivalently,
J(x,29) < J(&1,22),V(x, T2) € T1(Z2).
i) Jo(Z1,y) < Jo(21,22),V(E1,y) € T2(Z1). Or, equivalently,
—J(&1,y) < =J(Z1,%2),V(Z1,y) € Da(&1). Thatis: J(&1,32) < J(&1,y),Y(Z1,y) € Ta(1).
Combining i) and ii) we obtain:

J(x,.f,‘g) < J(i‘l,fﬁQ) < J(.f?l,y), for all (x,i‘g) € Fl(i‘g) and all (j?l,y) € FQ(.’i’l).

The converse implication follows by reversing the above arguments.

c. With J; as defined in item a., each J; is continuous and strictly concave with respect to z; for all
xel(x_;) fori=1,2.
Thus, all assumptions of Theorem 6.30 are satisfied, and the result follows directly from this theo-
rem.

d. Since (%1, &2) and (1, Z2) are Nash efficient, it follows from item b. that:
J(x,&9) < J(81,22) < J(&1,y) and J(x, Zo) < J(Z1,T2) < J(Z1,y),
for all z € T'; and all y € I'y. In particular, this implies:
J(Z1, &) < J(Z1,22) < J(Z1,72) and J(Z1,Z2) < J(T1,32) < J(Z1, T2).
Combining these inequalities, we obtain:
J(Z1,&2) < J(&1,82) < J(21,%2) < J(ZT1,Z2) < J(Z1,Y)

and
J(Z1,22) > J(Z1,72) > J(81,T2) > J(21,22) > J(z,32),

for all z € 'y and all y € I's. Hence,

J(m,i'g) < J(i’l,iﬁg) < J((El,y), for allx € Iy and ally es.
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That is, (Z1, #2) is a saddle-point equilibrium of J. Therefore, by item b., (Z1, Z2) is Nash efficient
for the corresponding zero-sum game.

e. From item c., we know that the game has at least one Nash equilibrium. Now suppose that the
game has two Nash efficient locations, (%1, #2) and (Z1, Z2). Then, by item d., the locations (Z1, Z2)

and (2, Z2) are also Nash efficient. Hence, by item b., we have:
J(l’l,i'g) < J((Z’l, C%Q) < J(fl,y1)7 for all xr1 € Fl»yl S FQ

and
J(.ﬁg,i‘g) < J(i‘l,i‘g) < J(i‘l,yg), for all xo € '1,y2 € Is.

Now choose z; = &1, y; = T2, T2 = T; and y = I in the above inequalities. It follows that
J(.fil, iz) S J(j?l, .fg) = J(.fl, i‘g) = J(i‘l, 532).

Thus, the Nash equilibrium is unique. Moreover, since J is strictly concave in x; and strictly convex
in x5, the Nash efficient locations must coincide as well.

f. For a fixed x5 € [0, %), the best response of player 1is x; = 1; for x5 € (%, 1] the best response of
player 1 is z; = 0; and for z» = 3, player 1 is indifferent between z; = 0 and z; = 1.
The best response of player 2, for any fixed z1, is x2 = z1.
Since the best-response functions do not intersect, this zero-sum game has no Nash equilibrium.

EXERCISE 6.24 (Symmetric zero-sum game)

Consider the objective function J(z1,xz2), with z; € X C R™. Assume J(z1,22) = —J(z2,21).

Assume player 1 wants to maximize J(x1,x2) w.r.t. x; and player 2 wants to minimize J(z1, z2)

W.LL.t. Xo.

a. Show that this game is equivalent to a symmetric zero-sum game where player ¢ wants to maximize
Ji(x1, x2) Wrt. x;, ¢ = 1,2, where Jy (21, 22) + Jo(z1,22) = 0 and Jy(x1,x2) = Jo(x9, x1).

b. Show that if this game has a set of Nash efficient actions (&1, 22) also (&, #1) is a set of Nash
efficient actions.

c. Show that for any Nash efficient strategy (&1, &2), J;(21,%2) =0, i = 1,2.

d. Show that if this game has a set of Nash efficient actions (Z;,Z2) also (&1,%1) is a set of Nash
efficient actions.

ANSWER 6.24
a. Let Jl(llil,xg) = J(Il,ﬂjz) and JQ(Il,Ig) = 7J(I1,SC2). Then J1(£E1,I2) + :]2(1:17172) = 0. More-
over, Jl(CL’l,SL'Q) = J(l’l,xg) = —J(l’g,xl) = JQ(.’EQ,I’l).

b. Assume that (21, &) is Nash efficient. Then,

(1) Jl(.fil,i‘Q) > Jl(l‘,i‘g), for all x € X and (11) JQ(i‘l,jﬁg) > Jg(jl,l‘), forall z € X.
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Hence,
Jl(i'g,ﬁfl) = Jg(fl,ii'g) > Jg(iﬁl,x) = Jl(.’E,Cﬁl), forallz € X

and
JQ(i’Q,ﬁTl) = Jl(.’i'l,.’%g) > J1(1'7£i'2) = JQ((%Q,.’E),VSE c X.

That is, (&2, #1) is a set of Nash efficient actions too.

c. By definition, J (&1, #9) > Ji(z,29) forall z € X. (i)
Since Ji(z,z) + Jo(z,z) = 0 for all x € X, it follows that J;(x,z) = 0 for all z € X. In particular,
taking « = &5 in (i) gives Jy (&1, Z2) > 0.
Similarly, from item b.(ii), we obtain J(&1, &2) > 0.
However, since Jy (21, &2) + J2(&1,42) = 0, it follows that Jy (&1, &) = Jo(&1, 22) = 0.

d. Assume that (%, #2) is a Nash efficient set of actions. Then, by item c., J;(#1,22) = 0fori =1,2.
Moreover, as noted in the proof of item c., J;(x,z) = 0 for all x € X.

Now, suppose that (i1, 1) is not Nash efficient. Then there exists some = € X such that
Jl(x,a?l) > Jl(fl,.’i'l) =0.
However,
Ji(z,81) = J2(21,2) < J2(21,22) =0,

which clearly contradits above observation that J;(x, %) > 0. Therefore, for all x € X, we must
have
Ji(z,21) < Ji(21, 1)

Similarly, the inequality
Jg(fl,x) < Jg(i'l,iﬁl) forall z € X,

follows. This shows that (i1, #1) is indeed Nash efficient.

EXERCISE 6.25 (Proof Theorem 6.6)

N
Consider the notation in Theorem 6.6. Assume there exist &; € (0,1), with Z ai=1,\ >0, f1; and
i=1

& e I' such that A;(gs(#) — b;) = 0 and L(z, \, i) < L(&, A, i),V € .

Use Theorem 6.4 to show that # is Pareto efficient.
ANSWER 6.25

Since
Lz, i) < L(&,A, 1), Vo €T,
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it follows from this inequality, together with the other assumptions, that

N
Z@,Jz($) < Z@ZJL(JA?), Ve el.

=1 i=1

In other words, & maximizes Zfil &;J;(x) on T'. Therefore, by Theorem 6.4, & is Pareto efficient.

EXERCISE 6.26 (Proof Theorem 6.7)

In this exercise you are asked to provide a proof for Theorem 6.7.

So, assume the set of constraint instruments I is convex; the objective function J;(z), player ¢ wants

to maximize, is concave, ¢ = 1,--- , N; and Z is Pareto efficient.

a. Show that there is no solution z satisfying simultaneously the set of inequalities J;(z) — J;(&) >
0, i=1,---,N, where at least one of the inequalities is strict.

b. Use Lemma 5.8 to show there exist « € A such that Zf\il a;Ji(x) < Zfil a; Ji (2).

ANSWER 6.26

a. Since Z is Pareto effient, there is no solution z such that J;(z) > J;(%) for all ¢, with at least one of
the inequalities being strict.

b. Since J;(x) — J;(%) is concave, the set

S:={z|Ji(x) = Ji(&) >0,i=1,--- ,N}
is empty (see item a). Moreover, since I{ is convex, it follows from Lemma 5.8 that there exists

o € A such that

N N N
> ai(Ji(x) — J;(2)) <0, forall z € U, or, equivalently, Y o Ji(z) < > Ji(#).
i=1 i=1 i=1
In other words, & maximizes a weighted sum of the objective functions, where the weights belong
to the set A.

EXERCISE 6.27 (Proof Corollary 6.13)

Assume J;, i = 1,--- , N, are continuous differentiable on an open set C C R". Let 2* € C be Pareto
efficient for J;, i = 1,--- , N. Consider

N
L= NJi().
i=1
a. Use Lemma 6.10 and Theorem 4.34 to show there exist A\; > 0, and [\, -+, An] # [0, -+, 0] such

that Y | A\ D, J;(2%) = 0.
b. Show there exist o € A such that Zﬁil a; Dy Ji(z*) = 0.
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ANSWER 6.27

a.

Note that, following the reasoning of Lemma 6.10, «* is Pareto efficient only if it maximizes J;
over the constrained set

{x e C| Ja(x) > Jo(x¥), -+, In(x) > In(z¥)}.

By Theorem 4.34, this implies the existence of A; > 0, ¢ = 1,--- , N, not all zero, such that the
Lagrange function

has a stationary point at z*.

. By item a., there exist \; > 0, not all zero, such that

N
> AiDJi(x*) = 0.
=1

This implies (noting that E;\Ll Aj > 0) that
N
i=1 Zj:l )‘j

=17\

N
> a;DJi(z*) =0, with a € A.
i=1

EXERCISE 6.28 (Bargaining solutions)
In this exercise, we will consider three different bargaining solutions that are frequently discussed in

the literature. You are asked to calculate all of them in the context of Example 6.8.

In bargaining theory, the central question is which outcome will be realized if the players decide to

cooperate. In making this decision, the potential gains relative to the non-cooperative outcome play a

key role. This non-cooperative outcome is typically referred to as the threat point or fall-back position.

a.

Assume the players use the Nash solution as their fall-back position. Show that this solution is
d=(1,1).

. In the Egalitarian solution players agree to divide the gains from cooperation equally. Geometri-

cally, this is the intersection point of the 45 degrees line through the fall-back position with the

Pareto frontier. Show that this solution is (2, 2)

. In the solution proposed by Kalai and Smorodinsky first the ideal position is calculated. The best

outcome player ¢ can obtain when all other players play the non-cooperative solution is the i-th
coordinate of the ideal position. Show that this ideal position is given by I := (4\/g -1, 4\/g —1).
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Next they propose the intersection point on the Pareto frontier with the line connecting the ideal
and fall-back position as the resulting bargaining solution. Show this solution coincides with the
Egalitarian solution.

d. The third solution, proposed by Nash, is the solution on the Pareto frontier that maximizes the
product of the gains from the fall-back position. That is the point (P;, P») on the Pareto frontier
for which (P; — d;)(P» — ds) is maximal. Show this solution also coincides with the Egalitarian
solution in this case.

ANSWER 6.28

a. For every y, the function —(x — 1)? — y? + 2 attains its maximum at = 1. Similarly, for every x,
the function —z? — (y — 1) + 2 attains its maximum at y = 1. The intersection of the two reaction
curves is the unique point (dy,ds) = (1,1).

b. The Pareto frontier is parameterized by (2 — 2(1 — «)?,2 — 2a?), a € [0, 1].
The Egalitarian solution is therefore obtained by solving (1,1) + A(1,1) = (2 —2(1 — a)?,2 — 2a?).
Elementary calculations show that the solution is attained at o« =
is (3.3).

1

c. The first coordinate of the Ideal point is obtained by solving 1 = 2 — 2a2, which yields o = /1.

2
2 12 1
L=2-21-0a)=2-2(1-/5°=4/5 -1

Similarly, the second coordinate of the Ideal point is obtained by solving 1 = 2 — 2(1 — )2, which
yieldsa =1 — \/g . Hence,
1
12:2—2a2:4\/;—1.

Thus, the intersection point is again obtained as the solution of

1. Hence, the Egalitarian solution

Hence,

(1, 1)+ M(1,1) = (2 —2(1 — @)?,2 — 2a2).

Consequently, the Kalai-Smorodinsky solution coincides with the Egalitarian solution.
d. The bargaining solution proposed by Nash is obtained by maximizing, with respect to « € [0, 1],
the function
fl@):=(2-2(1-a)*>-1)(2—2a* —1).

Differentiation yields f'(a) = 1 — 6a2 + 4a®. Since f (1) = 0 and f has no no other stationary
points, and f"(1) < 0, it follows that f attains a global maximum at « = 1. Therefore, the solution

proposed by Nash coincides with the other two solutions.

EXERCISE 6.29 (Proof Theorem 6.26)

In this exercise you are asked to provide a proof for Theorem 6.26 in case there are 2 players.
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So, assume the set of constraint instruments I' C IR? is both compact and convex; and player i has

instrument x; at his disposal to maximize J;(z), i = 1, 2.

a. Show that for every feasible instrument (z1,Z2) € I, the sets I'1(Z2) = {(z1,%2) | (z1,%2) € T'}
and I'y(Z1) = {(Z1, 22) | (Z1,22) € T'} are convex and compact.

b. Show that if .J; () is continuous on T', the reaction curve #;(x2) is well defined in the sense that at
all (x1,22) € T the reaction curve has a value.

c. Assume both reaction functions (Z;(x_;) are continuous functions. Consider f(zi,z3) :=
(Z1(x2),22(x1)) on I'. Use Brouwer’s Fixed Point Theorem, see Exercise 2.57, to show that the

game has a Nash equilibrium on T'.

ANSWER 6.29

a. See item a. Exercise 6.30.

b. LetZ = (Z1,%2) € I. Then, byitem a., I'1(Z2) = {(z,Z2) | (x,Z2) € '} is a convex and compact set.
Since J; () is continuous on I', it follows that .J; (z, Z2) is also continuous on I'; (Z2). Therefore, by
Weierstrass’s theorem, J; (z, Z2) attains a global maximum on I'y (Z2), and there exists at least one
point in I'1 (Z3) at which this maximum is achieved. Hence, 71 (Z2) is well-defined in the sense that
the reaction function at this point Z, has at least one value. Note, however, it may have a finite as
well as an infinite number of values too.

c. Let f(z1,z2) be defined as above. Under the assumption that both reaction functions are continu-
ous, f is a continous function on I'. Moreover, its values lie in T', that is, f(I') C T
Since I" is a compact and convex set, Brouwer’s Fixed Point Theorem implies that there exists a
point (Z1,Z2) € I' such that f(Z1,Z2) = (%1, T2).

In other words, there exists a point (z1,Z2) € I' such that &;(z_;) = z;, i = 1, 2.
Thus, neither player has an incentive to deviate from his action at this point to improve his perfor-

mance. In other words, the game has a Nash equilibrium at this point.

EXERCISE 6.30 (Proof Theorem 6.30)

In this exercise you are asked to provide a proof for Theorem 6.30.

So, assume the set of constraint instruments I' is both compact and convex; the objective function

Ji(x), player i wants to maximize is continuous, and J;(z) is strictly concave w.r.t. its i‘" instrument

for every feasible instrument inI", i =1,--- , N,.

a. Show that for every feasible instrument Z € T, the set I';(Z_;) is convex and compact.

b. Show that for every player i there exists a unique optimal response at every point Z, for which
T;(z_;) is not empty.

c¢. Consider, for simplicity, the two-player scalar case. Show by contradiction that the reaction function
Z1(x2) is continuous. That is, assume the reaction function is not continuous at some point Z,. This
would imply that there exists a sequence x converging to # for which &, (z2) would not converge

to #1(Z2). Use next the Theorem of Bolzano-Weierstrass which states that every sequence which
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values are bounded by some number b, has the property that this sequence has a subsequence s"
that converges, to arrive at a contradiction.
d. Use Brouwer’s Fixed Point Theorem, see Exercise 2.57, to show that there exists a Nash equilibrium.

ANSWER 6.30

a. Note that z € I'1(Z_1), so the set I'; (Z_1 ) is not empty. Next, let P, Q € I';(Z_1). Then there exist
p,q such that P = (p,Tq,--- ,Zy) and Q = (¢, T2, -+ ,Zn) both belong to T'. Since T is convex by
assumption, it follows that

O[(pvj27"' afN)+(1_a)(Q7j25 ajN) €F7va€ [071]

That is,
(ap+ (1 —a)q,Zs,--- ,Zy) € T,Va € [0,1].

This implies that
aP+(1-a)Q el (z_1),Ya €[0,1],

and hence I'1 (Z_1) is convex.

By the same reasoning, I';(Z_;) is convex for all i.

To show that T';(Z_;) is also bounded, note that I";(z_;) C T', where I" is bounded.

Finally, to prove that I';(Z_;) is closed (for £ € I'), suppose the contrary. Then there exists a
sequence

Yn ‘= (jla"' s Lj, e a'fN) S Fi(f—i)a vna

such that lim,, o y» = v & [';(Z_;). However, since T is closed and y,, € T, it follows that y € T'.
That is,

(fla"' ) lim Li,y e 7IN) EFa
n— o0

which implies y € T';(Z_;), a contradiction.
Therefore, for z € T, the set I';(Z_;) is closed.

b. Since Vz € T, J;(z_;) is concave and I';(Z_;) is compact, it follows that J;(Z_;) attains a unique
maximum Z,; on T';(Z_;).

c. Assume that T" is not a singleton (since in that case the statement of the theorem is trivially sat-
isfied). Then I' contains at least one additional point, and by convexity it follows that the line
segment connecting these points also lies in I".

Suppose that 3 (z3) is not continuous on I'. Then there exists a sequence 2’ converging to 7, such
that 2, (z2’) does not converge to 7 (Z2), and I'y (z2’) is nonempty for every z2’.
Since (%1 (x3),z5) € T, the sequence 7 (") is bounded. By the Bolzano-Weierstrass Theorem, it

has a subsequence &1 (s)’) converging to some limit r # 31 (Z2), where s’ converges to Zs.
2 > 2

» 322 «



Optimization problems with more than one decisionmaker

Hence, we obtain the inequality
Jl(xvsév) < Jl(i'l(sév)asév)v V(1'7Sév) el. (1)

Without loss of generality, assume that for some N we have s} < Z, and sY ' > Z,. Then all

points located on the line segment [; connecting (Z;(s%),s)) and (#,(Z2),Z2), and on the line

segment I, connecting (&1 (sy ™), sN 1) and (21 (), Z2), belong to T'.
For sufficiently large N, s is close to 7o, and the line x, = s intersects either /; or I, at a point
(x,s)) e T.

Thus, from (1), for sufficiently large N,
i@y, s)) < Ji(d1(s5)), 55 ).

Taking limits (note that, by assumption, .J; is continuous. Therefore, whenever (zV, yV) converges
o (x,y), Ji (N, yN) converges to J;(z,y).) yields

J1(81(Z2), 2) < Ji(r,22). (2)
However, since J; (z, Z2) attains a unique maximum at & (Z2), we must have
Jl (7", f2) < Jl (i.l(jQ)a jZ)a

which contradicts (2).
Therefore, the assumption that & () is not continuous must be false.
. Consider the mapping

r(x) = [fl(mfl)ﬂ' e 75%71(1'771)]11;

which, by item c., is a continuous function of I" into itself.
Since I is compact, Brouwer’s Fixed Point Theorem (Theorem 2.57) implies that r(z) has a fixed
point: that is, there exists Z € T" such that »(z) = z.

In other words, the reaction functions intersect, or equivalently, a Nash solution exists.

EXERCISE 6.31 (Team problem)

Consider the problem where all N players share a common objective J(z1,--- ,xy) and player ¢
controls variable x;, i = 1,--- ,N. We call z* = (z7,--- ,2}) team optimal if J(z*) > J(z), for all
zel.

a. Show that if z* is team optimal, 2* is Nash efficient for the game where all players maximize .J(x).

b. Considers the 2-player case with J(z1,22) = —27 — 23 — 82175 + 1021 + 10z2. Show that the

corresponding game has a Nash equilibrium but not a team optimal solution.

c¢. Show, using Lemma 6.10 and the definition of Pareto optimality, that 2* is team optimal if and only

if * is Pareto efficient for the corresponding cooperative game.
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d. Consider the 2-player case with J(z1,22) = —(21 — 1)?(z2 — 2)2. Show that the corresponding
team problem has an infinite number of team optimal locations.

e. Consider the 2-player case with J(z1,22) = —(21 — z2)* — #(z1 — 22)® + 4(z1 — z2)%. Show
that the corresponding team problem has an infinite number of team optimal locations and has
additional Nash efficient solutions that are not team optimal. Hint: consider the function f(z) =
—zt — %x3 + 422

f. Consider a team problem that has an optimal solution. Motivate why the introduction of a leader

into this problem will not improve its solution.

ANSWER 6.31
a. Since z* is team optimal, J(z*) > J(x), Vo € I'. Hence, in particular, r; = arg maX,cr,(+) J ().
b. One can easily verify that D, J(z) = 0 for i = 1, 2, if and only if (21, 22) = (1, 1). Since D;;J(x) < 0
fori = 1, 2, it follows that both J(z1, 1) and J(1, z2) attain a global maximum atz; = 1and 2z = 1,
respectively. Hence, (1, 1) is Nash efficient.
Next, note that, for example, J(x1, —x1) = 62%. Therefore, J(z) does not attain a global maximum.
c. When J; = J for all 4, it follows that if =* is team optimal, then z* maximizes J; on I', and in
particular on the constrained set I'; introduced in Lemma 6.10. Therefore, =* is also Pareto.
Conversely, if both z* and y* are Pareto efficient, the corresponding Pareto solutions are
(I, , (@) and (J(y*), -, T()).
Assume, without loss of generality, that J(z*) < J(y*). Then choosing y* instead of x* would
improve the performance for all players, contradicting the Pareto efficiency of x*.
In other words, there is exactly one Pareto solution, and for all z € T, we have J(z) < J(z*). That
is, x* is team optimal.
d. All points of the form (1, x2) and (x1,2), with z; € R, maximize J(x1,z2) and are therefore team

optimal.
e. The derivative of f(z) = —a* — $2° + 42? is
f () = —42® — 42® + 82 = —da(z — 1) (z + 2).
Thus, f has stationary points at z = —2, x = 0 and * = 1. By examining the second-order
derivative, we see that f attains a global maximum at z = —2, a local minimum at x = 0 and a

local maximum at x = 1.
This implies that the team problem has a solution at all points of the form (z1,z; +2) with z; € R,
and nowhere else.
Moreover, it is easy to verify that at all points (x1,z; — 1), we have J;;(x1,22) < 0 for i = 1,2. That
is, all these points are Nash efficient but do not correspond to team solutions.

f. Introducing a leader into the problem restricts the set of possible instrument allocations I'. Conse-
quently, the optimization of J must be carried out over a smaller domain, which implies that the

maximum of J on this restricted set can be no greater than the maximum value J(z*).
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EXERCISE 6.32 Consider a game with a leader, L, and follower, F', who want to minimize their convex
cost function Jy(zp,xr) and Jp(zp,zp) wrt. z; and zp, respectively. Assume J;, has a global
minimum at (zr,zr) = (a,b), Jr has a global minimum at (x;,2r) = (¢,d), and that both cost

functions are differentiable. Assume, moreover, Dy Jr(a,b) # 0.

D, Jp(a,b)

~D7tap and S =a—ableadsto a

a. Show that the incentive strategy x; = axp + 3, where a =
minimum cost for the leader.

b. Use the result from item a) to verify the results of Exercise 6.12 and Example 6.38.

ANSWER 6.32

a. The leader seeks an incentive strategy of the form z; = axr + § that minimizes his cost, i.e.,
Jr(a,b). Thus, we have a = ab+ 8 and zp = b.
The follower, in turn, minimizes his cost Jp(azp + 8, zp) with respect to xp. Since Jp(xp,zF)
is convex, every intersection curve of Jr(xy,zr) is convex as well. Consequently, any stationary

point on such a curve corresponds to a global minimum. Therefore, if there exist o and /3 such that
OéDljF((l, b) + DQJF((I, b) = 0,

the follower will indeed minimize his objective.
A straightforward calculation shows that by choosing
Dg JF(a, b)
=————""and B:=a—ab
« DlJF(a,b)an B :=a— ab,
we obtain Jr,(ab+ §,b) = Jr(a,b) is minimal, while also satisfying aD; Jr(a,b) + Do Jr(a,b) = 0.
This ensures that the follower will minimize his objective under this incentive strategy as well.
b. Note that in Exercise 6.12, we have D;Jp(a,b) = 2(a — ¢) and Dy Jr(a,b) = 2(b — d), which gives
the advertized result.
Furthermore, in Example 6.38, D1 Jp(zr,2r) = 221, — zF and DoJp(zp,2p) = 20p — xg,. Evalu-
ating at (x,xzr) = (0,5) gives D1Jr(0,5) = —5 and D5Jr(0,5) = 10, which also reproduces the

advertized result.

Problems with an Economic Content

EXERCISE 6.33

a. Calculate the Nash equilibrium in case the cost function of firm i, i = 1,2, is Ci(x1) = 8z1 + 24
and Cs(z) = 123, respectively. Assume the market price is given by p = 92 — z1 — 5.

b) Assume welfare, W;, in country ¢, ¢« = 1,2, can be measured as a function of the amount of pollution
produced in both countries, z;. Let W; = f%(2x1 + 29 —10)3+2(221 + 22 — 10)2 +5(221 + 22 — 10)
and Wy = —%(wl + 4wy — 12)% + 4(xy + 4 — 12). Determine the Nash equilibrium of this game.
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c. Consider the next pursuit-evasion game. Person 1 is at position z and can run to position x + u1,

where u; € [0, 1]. Person 2 is at position y and can run to position y + us, where uy € [0, 1]. Person

1 likes to catch person 2, whereas person 2 likes to avoid person 1. This problem is formalized

as that person 1 likes to minimize the squared distance (z + u; — (y + u2))? W..t. u;, whereas

person 2 likes to maximize this squared distance w.r.t. uy. Calculate the Nash equilibrium of this

game if the position of the persons is (z,y) = (2,1) and (z,y) = (1, 2), respectively. Interpret both

outcomes.

ANSWER 6.33
a. Let m; = px; — C; for i = 1,2. Then, we have

D17T1 =84 — 21‘1 — z2 and D271'2 =92 — T, — 31‘2.

Setting D;m; = 0 for i = 1, 2, we finf that the reaction function of player 1 is

1
xr1 = 42 — 51724

and the reaction curve of player 2 is
92 —x 1
XTo = .
2 3

The intersection point of these two curves is: (32, 20).
b. We have

DWWy = —2(2561 —+ x9 — 10)2 + 8(21‘1 + T9 — 10) + 10 and Dy Wy = —4(.1‘1 + 4xy — 12) + 16.

Notice that

Dy Wy = —1621 — 8z2 + 96 and Dy Wy = —16.

Regardless of the value of x1, the reaction curve of player 2,

- 64—4331

T2 16

always maximizes player 2’s welfare. For player 1, given a fixed x5, the reaction curve corresponds

to the level of pollution x; for which D;WW; = 0, provided D1, W; < 0.

Substituting z, = %732 into D W, = 0 yields two candidate points:

34 11 10
(r1,22) = (772ﬂ) and (71, 72) = (7

At the first point, D11 W) = —1621 — 8z2 + 96 < 0, while at the second point, D1;W; > 0. Hence,

only (z1,x2) = (3,21}) qualifies as a Nash equilibrium.
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c. For fixed z, y, and uy, player 1’s minimum distance is achieved at the value of u; € [0, 3] that
minimizes
flur) = (z +u1 = (y +u2))*.

Notice that f’ (u1) = 0 at u; = y + ug — x, where also f (u;) > 0. Hence, the minimum distance
occurs at u; = y + uy — x, provided that y + uy — z € [0, %]
If y + us — x < 0, the optimal choice is u; = 0; if y + us — x > 0, then u; = % is optimal.
Similarly, for

g(us) = (z +u1 — (y + uz))? with uy € [0,1],

the maximum occurs at either uy = 1 or ug = 0. Comparing ¢(0) and g(1) shows that the optimal
policy for player 2 is .
up=1ifx+u —y< 3 and uy = 0 otherwise.

Applying this to specific cases:

1.if (z,y) = (2,1), thenx+u; —y = 14+u; > %, so player 2 chooses uy = 0. Since y+us —x = —1,
player 1’s optimal choice is u; = 0.

2.if (z,y) = (1,2), thenz4u; —y = —14u; < % so player 2 chooses us = 1. Since y+ugs —x = 2,
player 1’s optimal choice is u; = 3

These outcomes are intuitive: in the first case (z,y) = (2, 1), player 2 is behind player 1 and cannot

improve his position by moving, whereas in the second case (x,y) = (1, 2), player 2 should move

as much as possible to avoid being caught by player 1.

EXERCISE 6.34 (competitive market entry by firms)

Consider a market of N producers who produce the same good. Assume the price they getisp = 92—z,
where z is the total amount supplied by all producers together. The cost function of a producer is
Ci(x;) = 32x; + 3.

a. Calculate the Nash equilibrium if N = 2.

b. Calculate the Nash equilibrium for an arbitrary N.

¢. How many producers will enter this market at most?

ANSWER 6.34
a. Let
m =pr; — C(x) = (92 — 21 — x2)x; — (322, +3) fori =1,2.

Then D;m; = 92 — 1 — x5 — x; — 32 for ¢ = 1,2. From this, the Nash efficient solution can be
easily obtained as the solution to the equations D;m; = 0, ¢« = 1,2. Simple calculations yield
(21, x2) = (20, 20). Therefore, the Nash equilibrium is: (7, m2) = (397, 397).

b. Let

N
m=pr; — C(z) = (92— Y xj)a; — (322; + 3) fori =1,--- , N.
j=1
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Then D;m; = 92 — Zjvzl z; —x; — 32, ¢ = 1,--- ,N. From this, the Nash efficient solution can
be easily obtained as the solution to the equations D;w; = 0, ¢ = 1,--- , N. Simple calculations
yield (21, - ,2n) = (5§55, - > 7). Therefore, the Nash equilibrium is: (m,--- ,7y), with
m= (92 = Y0 @j)m — (32w + 3) = (92 — 8280 — (3280, 4 3).

c. No new producers will enter the market if they cannot earn a profit. Therefore, the number of
producers that will enter is determined by the largest value of N for which 7; is nonnegative. By
using, e.g., Matlab or simply calculating the roots of the quadratic equation —3(N + 1)? — 3600N +

3600(N + 1) = 0, we find that N = 33.

EXERCISE 6.35 (subsidizing production green energy)

Consider two electricity companies. The first company is a start-up company which intends to produce

its electricity using “green” energy, the second company produces electricity using ”fossil” energy. The

price, p, they get on the market for electricity is: p = 100 —z, where z is the total amount of electricity
supplied by both companies. The production cost for company 1 are initially C(x;) = 2x; + 650 and
for company two C(z2) = 4x2 + 10, respectively.

a. Determine the profit function of both firms and show that, without a subsidy, firm one will not
enter the market.

b. Assume government is willing to pay firm one a loan to finance its debts until it reaches the break
even point. Calculate how many years the government has to provide a loan. In how many years
is company one able to pay the loan back to the government?

c. Calculate the final price and electricity amounts by both companies that will occur in the market.

d. Assume after a couple of years the fixed cost for the first company drop to 15. Additional ”green”
companies are allowed to enter the electricity market. Assume there are in total n ”green” produc-
ing electricity companies in the market. Determine the equations the Nash solution has to satisfy.
Show (using a computational package) that when 22 ”"green” producing electricity companies have
entered the market the electricity company using ”fossil” energy will drop out in the end.

ANSWER 6.35
a. With m;(z1,22) = pxx; — C(x;) fori = 1,2,

7T1($1,$2) = (].OO — X1 — Ig)Il — 21‘1 — 650 and 7T2(£ZE1,I2) = (].OO — X1 — SCQ)I’Q — 4172 —10.

If company 1 is not yet active in the market, the maximum profit for firm 2 is achieved where
7r/2 = 0 (with z; = 0). That occurs at x5 = 48. For this level of output, the optimal production for
company 1 would be x; = 25. However, m (25,48) = —25. Therefore, company one will not enter
the market.

b. With a loan of 25, company 1 can survive its first year. Next, we determine the quantity that
company 2 will produce in the second year, given the amount produced by company 1 in the first
year. This is found by solving 7, = 0 with z; = 25, which yields x5 = 35.5.
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The profit of company 1 in the second year is then given by 7(25,35.5) = 287.5. Therefore,
company 1 is able to repay its loan back to the government already in its second year of operation.

. The reaction functions are given by x; = (98 — 23)/2 and x2 = (96 — z1)/2, respectively. The

equilibrium is determined by the intersection of these two reaction functions. Simple calculations
show (z1,22) = (33%,31%).

. If there are n "green” electricity-producing firms, the market price of electricity is given by

n+1
p=100-) =
=1
Let the first n firms produce “green” electricity. Their profit function is
n+1
mi(r1, e ng1) = (100 = > )ay — (2 +15), i =1,-++ ,n.
=1
The profit of the firm using "fossil” energy is
n+1
M1 (@1, Tng1) = (100 = Y )angr — (42g1 + 10).

i=1

The Nash efficient solution is attained as the intersection of the following system of equations:

ntl n
2$1+Z$J:98,’L:177n7 andzxn+1+Zij:96.
J#i =

Using, for example, Matlab, it follows that if n > 22, the profit of the firm using "fossil” energy
becomes non-positive. Therefore, it will exit the market then.

EXERCISE 6.36
Reconsider the fiscal policy coordination problem formulated in Exercise 6.4 item c.

a.

Calculate as well the Nash efficient equilibrium strategies, the corresponding output as the Nash
equilibrium for an arbitrary 3. Show that for = 1 these numbers are approximately (¥, f&V) =
(0.4948,0.0493); (yN, ) = (4.4502,1.1348) and (J, J&) = (0.5471,0.0062), respectively.

. Show numerically that the Pareto solution in Exercise 6.4 item c. for which the distance of

(J1(a), J2(a) to (0,0) is as small as possible if § = 1 is approximately (J7*, J3*) = (0.5249,0.0736)
with (£, fim) = (0.4829,0.2528) and (y7", y7") = (4.4599, 1.2988).

. Show numerically that the Pareto solution in Exercise 6.4 item c. for which the distance to the

Nash solution is as small as possible if 3 = 1 is approximately (JVZ, JVB) = (0.5470, 0.0059) with
(fNB, fNB) = (0.5123,0.0578) and (yI¥2, yl'P) = (4.4669,1.1487).

. Comment on the possibility that fiscal authorities will coordinate their policies in order to achieve

their goals.
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ANSWER 6.36
a. The reaction function of the fiscal authority in country i for i = 1,2 is

0.32

1 U .
fi= ﬁ(1.8y —0.18f3) and fo = ﬁ(y — f1), respectively.

Thus, the Nash efficient equilibrium strategies are
(FN, V) = (0.4948,0.0493)7.

This yields the equilibrium output levels (yV,yd) = (4.4502,1.1348)y and Nash equilibrium
(JN, JN) = (0.5471,0.0062) 2.
b. Consider d(«a) := J?(a) + J3(a), with a € [0, 1] and J;(«) as defined in Exercise 6.4, item c. Then,
compute numerically the value of « that minimizes d(«).
c. Consider
dy (o) = (Ji(a) = J')* + (Ja(a) = J3')?,

with o € [0,1] and J;(«) as defined in Exercise 6.4, item c. Then, compute numerically the value
of a that minimizes dy(«), subject to the constraint that J;(a) < JV for all ;.

d. We observe that through cooperation both players can improve their objective values by adopting

the N B-policies. However, the resulting increase in output is relatively modest, while the effort
required from the second fiscal player is about ten times larger than in the noncooperative setting.
It is therefore questionable whether both players would agree to this arrangement as the increased
effort by player 2 may lead to additional effects that are not captured in the model.
It is even less likely that both players would agree on the m-policies without a side-payment from
country 1 to country 2, since country 2’s objective value detoriates. This is due to the substantial
additional fiscal effort required from country 2. Although its output increases - indeed exceeding
its target level - country 1’s output rises only marginally. Consequently, it is unclear how country 1
could finance a compensating side-payment to country 2.

EXERCISE 6.37 (tracking an individual variable within a large population)

Consider the problem where every individual 7 likes to track a variable y; towards some target value
7; within a large population. The impact individuals have on each other’s variable is assumed to be
negligible. But the aggregate impact of the population to every player’s variable is supposed to be
significant. Below you are asked to analyze the noncooperative Nash outcome of this game under the
assumption that the cost of using a control effort of x; by player i to manipulate the variable y; is
growing quadratically.

We model this problem as follows:

Player i wants to minimize J;(z1, -+ ,xzn) := (y; — ¥;)* + ria?, where y; = ax; + + Z;.V:l zj+di, i =
1 N.

Here r; > 0 is some constant which indicates the preference of player i of reaching his target versus

S,
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the control efforts he has to use. The constant d; can be interpreted as the current value of the variable
y; which player i likes to control towards y; using a control effort x;, and a models the direct impact
of control on the target variable.

a. Show thatz;, i = 1,--- , N are Nash efficient for this game if and only if they satisfy next equations:

1 T _ .

J#i
b. Assume throughout r; = r for all 5. Let s := N(QJF%JHHL)- Show that
N N
i = N —1)(y; — d;) — gi —d:)),i=1,---,N,
Sl oy vy voris G A Z:j@ 1)), i

solve the equations advertized in item a.
c. Show that for a large population, the action of player i converges to:
ri = (a2+r)(22+a+r) ((a’2 +a+r)(y —di) - ACavg)s
N -
where e,y = & Y5 (U — di),

and variable y; converges to

yic = a?fj_rﬂi + a++rdi + % Z;V:1 Q%H-(gj - dj) - eavg%-

d. Show that if either players do not care about the amount of used control or the direct impact of
control on the target variable is high (i.e., either r is almost zero or a is large), the target variable
is (almost) realized and the control used by the players converges to z; = %(gji —d;) — #ﬂ)e(wy.
This, under the assumption that the target values and current values of the variables are not very
high.

e. Assume the current value (initial position) of all players is the same, d; = d, and half of the (large)
population is reaching for a high target value of y" and the other half of the population likes to
target the variable y; at a low value of 7'.

Calculate the approximate value of the instrumens both sets of players use and show that the
difference between the approximate output variables reaching for a high target and low target is
w2 " =)

Discuss the impact of control cost on above result and the direct impact of control on the realization

of the target variable.
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ANSWER 6.37
a. Consider J;(z) for fixed z;, j # 4. Differentiating J;(x) with respect to x; yields the necessary
first-order condition:

1
(yi—??i)(a+ﬁ)+rixi:07 i=1,---,N.

Moreover, )
D“Jl(l’) = 2(a + N)Q + 2r; > 0.

Hence, for fixed z;, j # 4, the value z; indeed minimizes J;(x).
Therefore, any Nash efficient solution is obtained as the solution to the system of equations above.
Some straightforward algebraic manipulation then yields the equivalent advertized equations.

b. Let
1 r al
— N(a++——)ande=> (7 - dy).
TNty e L)

We need to show that the proposed solution

N
= N —1)(g; —d;) —
i s(s+N_2)_N+1((5+ )7 — di) —e)
satisfies
swi-l-ij =Ny —d;),i=1,---,N. (1)
J#i
Substituting x;, i = 1,--- , N, we find that
s(s+N—-2)—N+1 )
| N) (szi 4+ 3 w5 = N(5i — di))
J#i
is equal to

s(s+ N = 1) —di) —se+ (s + N—1)> (g; —d;) — (N = 1)e —
J#i
(s(s 4+ N —2)— N +1)(7; — dy)

= (s+N-D((s—1(@—di)+e)—(s+ N—1)e) = (s(s + N =2) = (N +1))(5 — dy)
= 0.

Thus, the proposed z; indeed satisfies the system of equations (1).
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c. Notice that

N
N
;= N-DGi—d) = (5; —d;
TS GrN NN DE—d) ;:1:(.% d;))
N2 s+N—1
= 7i_d7l - Cav
GIN g Niil N W) cany)
1 S 1
= s (s ((7+177)(g2 dl)*e(w )7
¥F+Hi-F)-wtw N N !

from which the conclusion regarding the approximate value of x; follows immediately.
Substituting this approximate value of x; into

| XN
yi:xi+NZx]’+dia
j=1

then gives the corresponding approximate value of y;.

d. This directly follows from item c. by considering the cases where either r; = 0 (with ; and d; not
being large) or a is much larger than r, y; and d;.

e. Notice that

1

Cavg = 7 ( (" —d) + i:(yl —d) = l(yh +yt - 2d).

, . 2
i=1 i=1

NgEE

Therefore, by item c., for players aiming for a high target value:

w = (a2+r)(c72+a+r)((a2+a+r)(gi_di)—aeavg)
- (a2+r)(§2+a+r)((“2+“+7“)(y"’—d)—%a(yh+yl—2d))

N (a2—|—r)(a24_a_‘_r)((612+%a%—r)(yh—al)_%a(yl_d))7

and for players aiming for a low target value

c __ a 2 1 1
Z; = (a2+r)(a2+a—|—r)((a —|—§a+r)(yl—d)—§a(yh—d)).
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Hence, the difference in target values between the two groups of players is approximately:

Y=y = alay — )

(L2

S @@ rarn @t Sa " — 1)~ gal — ")
a2
- (a2+7“)(a2+a+7~)(“2+a+r)(yh*yl)

- @i
Notice that when the cost of control is low, both groups of players are able to reach their targets. As
control becomes increasingly costly, players exert less control, eventually reaching the point where
neither uses any control, meaning both stick to their initial target value d, and the gap between
them is zero.
The effect of the parameter « is similar: if « is relatively large compared to r, both groups achieve

their target values. Conversely, if a is small relative to r, neither group exerts any control.

EXERCISE 6.38 (aligning the population average with individual preferences in a large group)

Consider the problem where every individual ¢ likes to track a variable y towards some target value
7; within a large population. The impact individuals have on the target variable is assumed to be
negligible. But the aggregate impact of the population is supposed to be significant. Below you are
asked to analyze the noncooperative Nash outcome of this game under the assumption that the cost
of using a control effort of x; by player i to manipulate the variable y is growing quadratically.

We model this problem as follows:

Player ¢ wants to minimize J;(z1, - ,zn) = (y—;)*+r;z?, wherey = 4 va:l zi+d,i=1,--- N.
Here r; > 0 is some constant which indicates the preference of player i of reaching his target versus
the control efforts he has to use. The constant d can be interpreted as the current value of the variable
y which player i likes to control towards g; using a control effort x;.

a. Showthatx;, i = 1,--- , N, are Nash efficient for this game if and only if they satisfy next equations:

(1+ N?ri)a;+ Y ;= N@i—d), i=1,--- ,N.
ji
b. Show that for every individual player the gap between the target and realization of the target
variable, y; — y, equals Nr;z;.
c. Next assume all players have the same aversion to using control, i.e., r; = r, Vi. Let s := 1 + N27.
Show that

N
s(s+N—-2)—-N+1

N
(s+N-1)F—d) =S (G —d) i=1,--- N,

Jj=1

€Xr; =

solve the equations advertized in item a.
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d. Use items b. and c. to show that §; —y = §; — d — m Zj\’:l(gj —d). Assume r # 0 and
the average value + Z;.V: 1(7; — d) converges. Show that the larger the population becomes, the
target variable is almost not influenced by the control anymore. Or, stated differently, for large
populations no tracking occurs.

e. Assume half of the population is reaching for a high target value of 4", with r; = r},, and the other
half of the population likes to target the variable y; at a low value of 3!, with r; = r;. Moreover,
assume both groups combine “forces” to reach their target value. That is, within both groups all
control instruments are used collectively (but symmetrically) to reach individual’s targets.

Show that at the Nash solution of this "collective” game y = m (ri(gn—d)+rn( —d)) +d.

f. Show that in item e., the fraction 7 determines to what extent a population group will succeed in
the realization of its goal.

ANSWER 6.38
a. Consider J;(z) with z; fixed for j # 4. Differentiating J;(«) with respect to z; gives the necessary
first-order condition:

1
(y_gi)ﬁ-ﬁ-rixizo, i=1,---,N.

Moreover,

1

DiiJi(z) = 2(55 +1i) >0,

so z; indeed minimizes J;(z) for fixed z;, j # 1.
Therefore, any Nash efficient solution is obtained by solving the above equations. With some
straightforward algebraic manipulation, these lead to the advertized equations.

b. Notice that

| X
Qi—yzgi—d—ﬁzﬂ%
i=1
From the equations in item a, we have
N
in = N(gi — d) — NQTZ‘IZ'.
=1

Substituting this into the previous expression then yields the stated result.
c. Lets:=1+ N?rande:= Zj.vzl(gjj — d). We need to show that the proposed

N
s(s+N—-2)—N+1

T; = (s + N —=1)(5 —d) —e)

satisfy

sw; + ij = N(y; — d) or, equivalently, sx; + Z:rj —N(g;—d)=0, fori=1,--- ,N.
J#i J#i
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Substitution of z;, ¢ = 1,--- , N, into the above expression shows:
W“N;J\?)*M(sxi + 275 — N(7i — d)) equals:

s(s+N—1) (g —d)—se+(s+N—1)) (F;—d)— (N —1)e -
J#i
(s(s+ N —=2)— N +1)(7 — d)
= (+N-1)((s=1)@i—di)+e)—(s+N—-1)e) = (s(s+ N —2) = (N +1))(g; — d)
= 0.

d. By item b., we have §; — y = Nrz;. Substituting z, from item c. gives

N2y
s(s+N—-2)—N+1

Yi —y =

N
(s + N = )(@: —d) = > (5; — D).

Jj=1

Replacing s with N2r + 1 and performing some straightforward algebra then yields the advertized
result.

Now, assume that the average gap
N
1 _
N Z(?JJ —d)
j=1

converges to A. Then, for fixed r and large N,

1 al 1
—_ y; —d) = A
N(Nr+1) ;(yj ol
which tends to zero as N becomes large.
Consequently, y; — y converges to y; — d for large N, which means that y is almost equal to d. In
other words, under these assumptions, the target variable changes very little from its initial value.
e. By assumption, half of the population uses x; = x;, and the other half uses x; = z;, with the values
of these two instruments determined collectively within each group by minimizing the objective
function
Ji = (y - gZ)Q +’I"Z'l'12, 1= h7l
With
1

Y=oN

1
(Nl‘h + Nl‘l) +d= i(ﬁh —‘rl‘l) +d,
the first-order conditions are
y—y;+2r;x; =0, 1 =h,l.
Solving these equations gives

1

1 1
G —g) + 2@ — )= (G — ) + 2 (G — d
47’h7“z+7“h+7“z(2(yh a1 + 2r(yn )72(yl Un) + 2rp (4 — d)),

(Th, 1) =
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SO that Yy = m(rl (gh — d) + Th(’yl — d)) + d
f. Leta:= :,—’; It then follows from item c that

1

Y= m((yh —d)+a(y —d)) +d.

Thus, if « is close to zero, y = i, whereas for large o, y ~ 7.

EXERCISE 6.39 (taxing import industry by government)

Consider two countries. In both countries there is a firm exporting goods to the other country. Assume
firm 2 produces in country 2 flowers that it exports to country 1, whereas firm 1 produces oil in
country 1 which it exports to country 2. Assume the demand for flowers in country 1, ¢y, is given by
¢1 = q@1 — a1(p1 + t1) + By and the demand for oil in country 2, g by ¢2 = G2 — aa(p2 + t2) + 5.
Here, y; denotes national income and ¢; the tax raised by country ¢, i = 1, 2. Furthermore, p; is the
price of flowers determined in country 2 by firm 2 and p, is the price of oil determined by firm 1 in
country 1. The ¢; may be interpreted as representing exogenous demand for the product ¢ in both
countries.

Assume firm 1 wants to maximize its profit m; := pags — v1g2. So, firm 1’s cost of oil production
are assumed to be linearly dependent on its demand. Firm 2 wants to maximize its profit my :=
p1q1 — Y2(p2 + t2)¢q1. The production of flowers is taking place in green houses that are heated using
oil. Therefore its cost are linearly related to the oil price times the quantity sold.

Finally it is assumed that governments in both countries want to maximize on the one hand tax income
and on the other hand sustain their exporting industry. Which is formalized as they determine tax that
maximize a weighted average of both objectives, i.e. to maximize p;m; + t;q;, @ = 1, 2, respectively.
a. Show that the Nash equilibrium of this game is given by:

D1 az(a151p275 — 3ags) — darsyys — 200 a27172)

t| 1 sz (2018272 + 1a2y1v2 — 3a81)

pe | d| ar(crazpemni + aisapand — 3asss — assipays — 6a371)
ta a1(3a371 — arazpamivs + 20810272 — 382 — A1520273)

where s; := @; + BiUi, i = 1,2, and d = ajaz(aip2ys — 9az).
b. Assume government 1 is the leader in the game and the other 3 players play Nash.
Show that in principle government 1 has the incentive to raise taxes ad infinitum. Show that the

best actions where the economy still survives are given by:

D1 ) as(3s1 — Bagty)
P2 = o, a1 (20071 + s2 + arpevyatt) | s
to a1 (s2 — a1 — 21 payaty)

where t; = 2282taemnt 3081 (355yming parameters are such that ¢, > 0).

2
iy pay; —6a o
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c. Next assume Government 2 announces that it will levy the same taxes as country 1.
Calculate the Nash efficient solutions for the resulting 3-player game.

d. Assume that, under the conditions of item c., Government 1 is the leader in the 3-player game.
Show that a unique efficient solution exists, assuming the two firms play Nash if a; (14 %) > =22,

Under which additional conditions will this solution be realized?

ANSWER 6.39

a. Firm 1 aims to maximize its profit, 1, with respect to p,. The derivative is

Dy, m1 = g2 — (p2 — 7).

Note that
Dp2p2ﬂ'1 = —2as <0,

so 7 attains a global maximum at its stationary point.

Similarly, firm 2 seeks to maximize its profit, w5, with respect to p;. The derivative is

Dy o = q1 — (p1 — 7v2(p2 + t2))oa.

Note that
Dplplﬂ'g = —2a71 <0,

so 7o also attains a global maximum at its stationary point.
Government 1 chooses its tax ¢; to maximize its utility

Uy =pim +tiqa.

The derivative is D; U; = q1 — ait1, and Dy, Uy = —2ay < 0, so Uy has a global maximum at its
stationary point.

Government 2 chooses its tax ¢, to maximize its utility
Us := pama + taqo.

The derivative is D; ,Us = g2 — pay2q1 — aits, and Dy,;,Us = —2as < 0, so U likewise achieves a
global maximum at its stationary point.
Hence, the Nash efficient solution is given by the solution to:

0 0 —20ay  — D1 —QM1 — 82
—2a1  —a1 a2 a2 | —51
—oq —2a; 0 0 P2 B —S1

Qaipey2  a1p2y2  —Qe  —2ag to P27281 — S2
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Using Matlab, for instance, we obtain the advertized result from this.
. For both firms and the government, the first-order conditions are the same when assuming that
the taxes of country 1 are given. This leads to the system of equations:

0 —200  —g 4 —Q27Y1 — S2
—Q 0 0 P2 - 20(1t1 — 51
aip2y2  —az  —20 to P2Y281 — a1payets — S2

From this, for a fixed t;, the Nash efficient solution is:

D1 ) az(s1 — 2a1ty)
L G (s2 + 20071 + a1payats)
to G (s2 — agm1 — 2a1p272t1)

Government 1, anticipating this reaction, chooses ¢; to maximize its utility:

Ui(t1) == prmi(t1) + tiqi(th) = p1(p2(ts) — v1)q2(t1) + tigi(ta)-

The derivative with respect to t; is computed as:

Dy, Ui = p1gDyp2+ ¢+ p1(p2 — 71)Di,q2 + 1Dy, 1
= p1@2Dy,p2 + @1 — aopi(p2 — 71)(Dy,p2 + Dy t2) — anti(Dy,p1 + 1)
= (p1g2 — a2p1(p2 — 1)) D, p2 + q1 — a2p1(p2 — 71) Dy, to — a1ty (Dy,p1 + 1)

o 2
= (p1q2 — azp1(p2 — 71))% +s1—ai(prtta) + ez - VI)% ot
2
_ Qa1p1pP272 59 — a1p1p272 (t2 _'_%) + 81— a1p1
30&2 3
Q1p1P272 aipipay2 1
_aipipaye, _apip2yz Lo -9 t 201t
3y (s2 — aam1) 3 3an (82 — aam aipzyety) + 200ty
20¢ 2
_ M(52 —asm1) + (Malpﬂz + 20 )15
9a2 9042

From this, we see that D, ;, U; > 0, so the stationary point corresponds to a global minimum.
Therefore, the maximum for Government 1 would, in principle, be achieved by raising the tax ¢;
without bound.

However, increasing ¢; reduces firm 1’s profit, which will become non-positive beyond a certain
level. Specifically:

mo(t1) = (pi(t) —v2(p2(ts) + t2(t1))ar(t1)
1 1
= 3 (30&2(81 — 2041751) — ’)’2(0&2"}/1 -+ 252 — Otlpg")/gtl))(sl — 041(7(81 — QOéltl) —+ tl))
10 aq
1

= (305251 — 2"}/282 — 042’}/1’}/2 —|— (Oélpg’yg — Gozlozg)tl)oqtl.
3o
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Thus, if
27282 + 7172 — 3aesy

t1 > 1 =
o a1p273 — 6aran

firm 1 will stop exporting flowers. Hence, the maximum tax Government 1 can impose without
causing the collapse of the economy is #;.

c. Setting ¢t = t;, we follow the approach of item a. to derive the first-order conditions for the Nash
game played by Government 1, firm 1 and firm 2.
Firm 1 seeks to maximize m; with respect to p,. Notice that

Dp27T1 =q2 — (pg — ’}/1)0(2, and Dp2p271'1 = —2a5 < 0.

Hence, 7 attains a global maximum at its stationary point.

Similarly, firm 2 aims to maximize 7o with respect to p;. Simple calculations yield
Dp17T2 =q1 — (pl — ’}/2(]92 —|—t1))a17 and Dp1p17T2 = —2&1 < 0.

Thus, 7, also reaches a global maximum at its stationary point.

Government 1 maximizes its utility
U, := p1m + t1q1 with respect to t;.
Straightforward differentiation gives
Dy, Uy = p1Dy,m1 + 1 — arty = —aapi(p2 — 71) + 81 — aupr — 2asty, and Dy, Uy = —2a; < 0.

So, U, attains a global maximum at its stationary point.
Therefore, assuming the matrix below is invertible, there exists a unique Nash efficient solution,
which is given by the solution of:

—207 a1y —ap Q12 D1 —81
—ay —2an —agp1 t1 | = | —s1—a2pim
0 —o —20 P2 —S83 — Qo1

Using, for example, Matlab, we can solve this system. Defining
d:= 60[1 + Q172 — 2@2[)1,

the solution is:

h 1 2007172 — azpim + (2472 — “;—’l“)sl + (p1 — p17y2 + 2%1:2)32
t1 = p 2000171 — cyive + 281 — (201 + 0%2)52
p2 71(3041+Ozl’yg—2a2p1)—sl+Ms2

Q2
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d. From item c., for a fixed t;, we have

D,,m1 = g2 — (p2 — 71)a2, and Dy, m = g1 — (p1 — Y2(p2 + t1)) 1.

Furthermore, as argued previously, any stationary point corresponds to a global minimum.
Hence, the Nash solution for the two firms is obtained as the solution of:

—201 o172
0 —20(2

Solving this system yields the unique Nash efficient prices:

»1 1 _ l —s51 — (172 — o)ty 1 .

D2 oty — 82 — Qa1

| B (B = D+ 5ems1 + 1550
D2 %_%tl‘FiSZ

Government 1’s utility function is then
Ui(t1) = prmi(te) +tiqi(ty).

Its derivative with respect to ¢, is

Dy Ui(t1) = p1Dymi(t1) + a1+ t1Dyqi(t1)
= p1(q@2Ds,pa(t1) + (p2(t1) — 71)Dr,q2(t1)) + 51 — ax(p1(ts) +t1) —
aiti(1+ Dy, pi(t1))

1 a 1
= P50 = Zoalts) =)+ 1 - an(pi(h) +h) - anta(5 + )
1 L 7
= *§P1(52 — gty —agm1) + 51— ax(pi(ty) +t1) — 041t1(§ + Z)
7172 V2 1 V2
= —= - — ast - 1+ 2 4+ —sy + =
2P1(52 agy1 — agty) + 81— aq( n +(1+ 9 ) 1+2a181+4a282)
Q201 Y2 1 Qaivy2 | p1 Qap171 Q17172
- —an(1+ Y 4 sy — L - .
(5 e+ St t oo = (= + s + =3 4
Therefore, if
V2 Q201
1+ 2)> ,
ar(1+ 2) 9

Government 1 maximizes its utility by choosing

X172 17172
s1— (G52 + p1)s2 + azpim1 —

a1(2 4 v2) — aaps

t =

An equilibrium is achieved at this efficient location, provided that the profits of both firms remain

non-negative.
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Symbols
O(x), 77

B
Bolzano-Weierstrass Theorem, 321
Brouwer’s Fixed Point Theorem, 25

multi-variable case, 85

(o
Cauchy-Schwartz inequality, 67
Chebyshev distance problem, 205

Concave function

first-order characterization maximum,

256

global extremal point, 255
constraint qualifications, 222

Slater’s, 252
continuous function

combination property, 70

image continuity property, 71

no partial derivatives, 84
Contraction Mapping Theorem, 26
Convex function

global extremal point, 28
convex function

combination property, 74

convex programming problem, 137

D
differentiable function
continuity, 72
definition extended, 85
no continuous partial derivatives, 84

E
economic illustrations

competitive market entry, 327

Index
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consumer choice problem, 222
fiscal coordination, 282, 286, 329
green farming, 227
homogeneous production function, 96
marginal output rule, 36
optimal consumption of products, 266
optimal fertilization, 224
optimal production planning, 281
pollution
optimization, 96
portfolio selection
convex formulation, 268
Markowitz, 141
price discrimination, 98
production function
CES, 151
optimal use production factors, 151
production optimization, 143
production under delivery constraints,
271
profit maximization
firm, 110
profit maximization by a firm, 99
pursuit-evasion game, 326
sharing limited production resources, 281
sharing the cakes, 282
stock acquisition, 147
subsidizing production green energy, 328
taxing import industry by government,
337
tracking average variable within a large
population, 334
tracking individual variable within a
large population, 330

utility optimization
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derivation demand function, 148
Engel curve, 150
income consumption curve, 150
worst-case growth optimization, 294
epigraph, 248
Equality Constraint Optimization Problem
Inequality constraint problem
reformulation strict inequality as
equality constraint, 136
Least-squares optimization, 140
linear constraints, 132
Equivalent optimization problem
change of variables, 207
extremal points
convex characterization minimum, 34

sufficient characterization, 33

F
Farkas’'lemma, 221
fixed point, 26
fixed point theorems
Contraction Mapping Theorem, 86
function
invertible, 19
functions

homogeneous, 96

G

Geometric programming, 208

|
Inequality constraint problem
reformulation inequality as equality
constraint, 201
reformulations into framework, 200
instantaneous rate of growth
per capita, 40
Interior-Point Method
Barrier Method, 215
Inverse function theorem
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derivative inverse function, 32

L

Limit
calculation rules, 69
coordinate-criterion, 68
definition, 19, 68

line segment, 73

linear complementarity problem, 265
equivalent quadratic programming

problem, 265

Linear Programming Problem
Lagrange dual function, 263

Linear-fractional programming, 210

logistic growth curve, 224

M
Max-Min inequality, 261
Mean Value Theorem, 22
multi-variable case, 73
minimum function, 80
minimum of a function
convex characterization, 34
monomial, 208

N
Newton-Raphson
multi-variable case, 77
scalar case, 29
Nonlinear Programming Problem
linear complementarity problem, 265
quadratic case, 265

(o)
one-to-one mapping, 207

P
Pareto
solution
social outcome, 282
partial derivative



non-differentiable, 82
polyhedron, 206
posynomial, 209
pursuit-evasion game, 326

Q
quadratic programming problem, 265
equality constraints, 264

R
Rolle’s Theorem, 21

S
Seperating Hyperplane Theorem
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Index

Minkowski separation theorem, 219
slack variable, 201

T

Taylor’s Theorem, 24

Taylor’s theorem
multi-variable case, 74
vector-valued case, 77

triangle inequality, 67

y4
zero-sum game, 314

zero-sum game, symmetric, 316



This book reviews a range of standard mathematical tools used to solve
optimization problems.

It discusses the conditions under which function optima exist, considering
both single-variable and multi-variable functions. Because resources
are often limited, special attention is given to constrained optimization
problems, where the domain of the function is restricted. Convex and linear
programming problems are examined in greater detail due to their favorable
numerical properties.

Finally, the book addresses a number of concepts related to optimization
problems involving multiple agents or multiple objectives.

Eachchapterendswithacollectionofexercisesdividedintothreecategories.
The first category contains exercises designed to help students assess their
understanding of the material presented. The second category
promotes a deeper engagement with mathematical rigor,
including proofs of theorems discussed in the main text as
well as related topics. The third category demonstrates how
the theoretical tools can be applied in economics to enhance
understanding of real-world phenomena.

In this accompanying volume, we provide solutions to all
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