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Probing the Consistency of Quantum Field Theory I 1

1 Introduction
Will the final theory of physics be written in the language of quantum field
theory (QFT)? This was the question debated by two men at the Institute for
Advanced Study (IAS) in Princeton on January 22, 1949. The two interlocutors
could hardly have beenmore aptly chosen: In 1930, the older of the two, J. Rob-
ert Oppenheimer – now director of the institute and known around the world
as the father of the atomic bomb, but back then a young postdoc in Zurich –
had established that QFT was fatally flawed. He had calculated the corrected
values for the spectral lines of hydrogen in the quantum field theory of elec-
trodynamics and had found them to be infinite (Oppenheimer, 1930). Some 20
years later, Freeman J. Dyson – a PhD student of sorts, though he never ended
up graduating – had just written the definitive paper on how these infinities
could be removed in a systematic procedure called renormalization, delivering
a theory of quantum electrodynamics (QED) that returned sensible and empiri-
cally highly accurate predictions, in particular for the spectral lines of hydrogen
(Dyson, 1949a). One man had led fundamental physics into two decades of
soul-searching; the other had led it out again.
Neither of the two was particularly happy with renormalized quantum field

theory. In a letter to his parents – our only source on the discussion with Oppen-
heimer (Dyson, 2018, p. 136) – Dyson remarked that “we are agreed that the
existing methods of field theory are not satisfactory and must ultimately be
scrapped in favour of a theory which is physically more intelligible and less
arbitrary. We also agree that the final theory should explain why there are
the various types of particles we see and no more.” However, Oppenheimer
and Dyson disagreed on how and when this “final theory” would be achieved.
According to Dyson, “Oppenheimer believes that the nature of the nuclear
forces will itself give us enough information on which to build the new the-
ory,” that is, he believed that the next great transformation of fundamental
physics (and presumably the final one) was right around the corner and was
to be found in the detailed study of nuclear physics, a scientific endeavor that
the postwar United States was pursuing with unparalleled resources. Dyson, on
the other hand, believed that “we shall be able to give a complete account of
the nucleus on the basis of the present field theory,” that is, that a renormalized
QFT for the nuclear interactions could be constructed following the example
of QED and that “the discovery of a finally satisfactory theory of elementary
particles will be a much deeper problem than those we are tackling at pres-
ent and may very well not be achieved within the framework of microscopic
physics.”
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2 Foundations of Contemporary Physics

It is uncontroversial that history proved Oppenheimer wrong: less than 30
years later, the StandardModel of Particle Physics was established, encompass-
ing quantum field theories for both the strong and weak nuclear interactions. It
is, however, hard to see the events that followed the discussion in Princeton as
a vindication of Dyson’s position. The program that Dyson pursued afterwards
was equally a failure: he attempted to show that renormalizedQEDwas a “com-
plete and consistent theory” (Dyson, 1952, p. 631) that could thus serve as a
blueprint for quantum field theories of the nuclear interactions – only to find
the consistency of QED to be an elusive statement that he could neither prove
nor disprove. Thus began one of the most curious stories in the history of mod-
ern physics. Quantum electrodynamics came to be hailed as the most precise
theory in the history of physics, famously delivering a theoretical prediction
for the g-factor of the anomalous magnetic moment of the electron that has
been confirmed experimentally to 5 parts in a trillion (Hanneke et al., 2011).
Richard Feynman considered QED (which, of course, he himself had helped
develop) as “the jewel of physics – our proudest possession” (Feynman, 1985,
p. 8). Yet Dyson and those that followed him were not just unable to prove the
mathematical consistency of this theory, they were equally unable to prove its
inconsistency. This two-volume Element recounts the story of these attempts,
of how our arguably best physical theory ended up, and remained, in mathe-
matical limbo. It follows this story from Dyson’s first forays in the late 1940s
to Kenneth Wilson’s renormalization group analysis in the mid 1960s.
Over the course of these two decades, we observe a considerable amount

of variety and change: different notions of consistency, different methods for
probing it, different conclusions regarding the consistency of QED. It is thus
far from obvious what should be included in a history of – as promised in this
Element’s title – the attempts at probing the consistency of QED. Given the
fact that this is largely uncharted historiographical territory, given the techni-
cal complexity of the issues, and given the exponential growth of post-WWII
high-energy physics, a certain amount of arbitrariness, idiosyncrasy, and tele-
ology in the selection of material is likely inevitable. Still, I hope that there are
clearly discernible themes running through the narrative presented here, and I
will attempt to sketch them in the following.
It is easiest to begin by stating what this Element is not about. As we have

seen, both Oppenheimer and Dyson were “agreed” that renormalized QED
was unsatisfactory in some profound sense. This discontent was primarily
due to the renormalization procedure itself and was shared to some extent by
most physicists at the time. Many physicists continued to harbor such doubts
for a long time, most prominently Paul Dirac, one of the founding fathers
of QED. Indeed, Dirac’s last paper (published posthumously) was entitled
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Probing the Consistency of Quantum Field Theory I 3

The Inadequacies of Quantum Field Theory. But it was merely concerned with
criticizing the renormalization procedure as “these rules for subtracting infini-
ties” or “just a set of working rules, and not a complete dynamical theory at
all” (Dirac, 1987, p. 196). This form of criticism is widely considered to have
been made obsolete by the Wilsonian interpretation of renormalization and
the rise of the effective field theory paradigm, which took shape in the 1970s
(Cao and Schweber, 1993). In any case, it is not the sort of criticism I will be
discussing in this Element. Dyson, for one, acknowledged the imperfections
of the renormalization procedure, but still set out to prove the consistency of
the renormalized theory. The inadequacies of QFT that I will address here,
such as the nonconvergence of the perturbation series discovered by Dyson,
are not inadequacies of the renormalization procedure, but rather inadequa-
cies of QED that persisted even if one took the renormalization procedure for
granted. To be clear, many of the physicists discussed in this Element explicitly
attempted to prove QED inconsistent and were motivated to do so by their dis-
satisfaction with the renormalization procedure. But these physicists – such as,
most prominently, Wolfgang Pauli – attempted to undermine renormalization
by proving the inconsistency of renormalized QED, not, like Dirac, by merely
pooh-poohing the renormalization procedure.
Our focus will thus be on physicists who took the existing structure of QED

for granted and analyzed this structure to ascertain whether it conformed to
certain criteria of consistency. This excludes the attempts at abandoning the
field-theoretic approach to microscopic physics altogether, such as, most nota-
bly, the autonomous S-Matrix program (Cushing, 1990). It also excludes the
many attempts at modifying the structure of QED in order to make sure that it
conforms to certain criteria of consistency. This line between analyzing exist-
ing structures and constructing new ones is not always easy to draw. We will
see the emergence of new approximation methods and renormalization proce-
dures; we will also see the construction of new toy models, explicitly designed
to reproduce certain structural features of QED.Wewill even see early attempts
at constructing an entirely new, manifestly consistent (or inconsistent), axio-
matic foundation for QFT – an approach that grew into an entire subdiscipline
of its own. This Element aims to showcase the impact these innovations
had on the consistency question, while minimizing discussion of their wider
relevance.
There is one thing that all of these varied approaches to probing the consist-

ency of QFT had in common: they were an objective failure. No hard-and-fast
inconsistency proof was obtained, nor was the consistency of QFT conclusively
proven. In fact, you can win yourself one million dollars from the Clay Mathe-
matics Institute by “producing amathematically complete example of quantum
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4 Foundations of Contemporary Physics

gauge field theory in four-dimensional space-time.”1 What, then, can we learn
from this history of failure?
To answer this question, we first need to consider what sorts of insights physi-

cists had expected to gain from investigating the consistency of QED – had they
been successful in proving either the consistency or the inconsistency of the
theory. We will, of course, encounter some individual and very idiosyncratic
expectations and motivations throughout this Element; but some more general
observations can be made. At first glance, one might well consider either out-
come of these investigations as trivial. What could a proof of mathematical
consistency add to the theory’s flawless empirical track record? Conversely,
how could a proof of mathematical inconsistency undermine a theory that was
anyhow awaiting repeal from a theory of the nuclear forces? Themodern reader
may even find the entire preoccupation with inconsistency misplaced, having
come to accept inconsistency in physical theories as a fact of life.2 But we must
not fall into the trap of misreading this whole debate as a purely philosophical
one. As Dyson’s letter already suggests, the consistency of QED itself was not
the fundamental issue; the central problem was always the construction of a
theory of the strong nuclear interactions.3

What was the role of the (in)consistency of QED in deciding this issue? The
answer is rather simple: a consistency proof would have established QED as a
blueprint for a theory of the strong nuclear interactions. Now, of course, QED
had been used as a blueprint for theories of the nuclear interactions early on;
both Fermi’s theory of beta decay and Yukawa’s meson theory had been crafted
in explicit analogy to QED.4 Fermi’s theory had long been known to exhibit
perturbative divergences that were worse than those of QED (Blum, 2017, sec-
tion 1.1), and it was soon found that the methods used to renormalize QED
could not be applied to it (Kamefuchi, 1951). To a zeroth approximation, the

1 This (without the emphasis I added) is to be found on page 5 of the official problem description
by Arthur Jaffe and Edward Witten. www.claymath.org/sites/default/files/yangmills.pdf.

2 Examples of this view can be found in Meheus (2002), where, e.g., Thomas Nickles (2002,
p. 2) states that “inconsistency problems . . . are less serious than everyone used to think, pre-
cisely because they are now anticipated products of ongoing, self-corrective investigations
and neither productive of general intellectual disaster nor necessarily indicative of personal or
methodological failure.”

3 The reader may also wonder about the problem of constructing a quantum field theory of grav-
ity. In 1950, this was considered both far more remote and far less problematic than it is today,
and it will appear only once or twice as a sidenote in this Element (Blum and Rickles, 2018;
Rickles, 2020).

4 Fermi (1934, p. 161) explicitly characterized his theory as “a theory of the emission of light
particles from the nucleus in analogy to the theory of the emission of a light quantum.” Sim-
ilarly, Yukawa (1935, p. 48) characterized his theory as describing the interaction between
nucleons “by means of a field of force just as the interaction between the charged particles is
described by the electromagnetic field.”
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Probing the Consistency of Quantum Field Theory I 5

history of the weak interactions can be read as the search for a better, renor-
malizable (and thus more QED-like) model, culminating in the construction
of the electroweak Standard Model. That development is rather orthogonal to
the focus of this Element, and the weak interaction will play little role in what
follows.5

The problem with the strong interaction was quite different. There were ver-
sions of Yukawa’s theory that were clearly renormalizable. The main difference
between the strong and the electromagnetic interactions was that the former
are – and this was evident long before their current name was adopted – very
strong in spite of their short range, that there is an “extraordinary tendency
of . . . nuclei to react with each other as soon as direct contact is established”
(Bohr, 1936, p. 344). But the calculations that underlay (and to this day under-
lie) the successful empirical predictions of QED relied on a weak coupling
approximation. In fact, the entire renormalization procedure, which removed
the infinities appearing in the theory, was formulated only within the frame-
work of this perturbative approximation. One could, of course, simply ignore
this difficulty and applyQED-style perturbation theory toYukawa’s field theory
of the strong interaction, but this approach did not meet with much success.6

Probing the consistency of QED thus meant finding out whether there was actu-
ally a full-fledged theory behind this approximation scheme – something that
was being approximated, a framework that could be extended beyond the case
of weak coupling to describe the strong interaction and ultimately provide the
language for a final theory.
Such a framework was not found. Instead, physicists discovered a cor-

nucopia of problems with renormalized QED, including the divergence of
the perturbation series, Haag’s theorem, and the Landau pole. These issues
continue to be central in discussions on QFT today. By introducing these prob-
lematic aspects of QFT not in an abstract way, but by showing how they actually
arose in practice, this Element also hopes to provide some clarification regard-
ing the foundational status of QFT – not by asserting what the real problems of

5 The distinction between the strong and the weak nuclear interactions was of course only
gradually emerging during the period under study. We find it fully codified using modern
terminology in Gell-Mann (1956). The sharp distinction arose from the need to categorize
interactions according to which quantities (isospin, strangeness) they conserve. I would like to
thank Arianna Borrelli for a helpful discussion of this point.

6 To pick an example more or less at random, consider a paper by Sidney Borowitz and Walter
Kohn, which concludes by stating: “Some quantitative aspects of the theory are correct but
the quantitative agreement with experiment is very poor. The large values of the coupling
constant required to fit the experimental data show that the results obtained by our second order
perturbation calculation are qualitatively unreliable and indicate that higher order calculations
would not be promising. To test the correctness of the meson hypothesis, some method more
suitable for dealing with strong coupling is required” (Borowitz and Kohn, 1949, p. 827).
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6 Foundations of Contemporary Physics

QFT are, but by emphasizing what was (and is) a problem for whom trying to
do what. Once readers have seen these problems in action, they will hopefully
be able to form a clearer opinion of their respective significance.
None of the problems discussed in this Element amounted to a full-fledged

inconsistency proof (though several claims to that effect were made), but they
contributed to a widespread distrust of QFT. This distrust led to the explo-
ration – and even the dominance – of non–field-theoretic approaches to the
strong interaction beginning in the mid 1950s, such as the aforementioned
S-Matrix approach. However, in probing the consistency of QED, physicists
gained more than just a typology of problems. Four key insights will emerge in
the course of this Element: (i) the consistency of QEDwas intimately connected
to its short-distance behavior; (ii) at short distances, it was charge renormal-
ization (rather than mass renormalization, i.e., self-energy) that played the
critical role in assessing the consistency of QED; (iii) there were several shades
of gray between the black and white of consistency and inconsistency; and
(iv) on this spectrum of consistency, there was room for models that fared
far better than QED, in contrast to what both Oppenheimer and Dyson had
expected.
It was hardly unreasonable to expect that QED would be the optimal field

theory; not only did it originate from Maxwell’s electrodynamics, the origi-
nal field theory, but it had also just celebrated the splendid triumphs of the
late 1940s, which earned Richard Feynman, Julian Schwinger, and Sin-Itiro
Tomonaga the Nobel Prize in 1965. This triumph was vividly depicted by
Sam Schweber (1994), and this Element can be considered a sequel of sorts
to his QED, chronicling the decline and fall of that theory. At the same time, it
presents a prehistory of quantum chromodynamics (QCD), the quantum field
theory of the strong interactions that was adopted in the 1970s. Complementing
other prehistories of QCD that trace the development of attempts to describe
the strong interactions (Cao, 2010), this Element will show how certain prob-
lematic aspects of the short-distance behavior of QFT came into the focus for
theoretical physicists.
When QCD was shown to be asymptotically free in 1973, this killed two

birds with one stone: it explained the presence of point-like constituents in
nucleons, as observed in deep inelastic scattering experiments, and it demon-
strated that the theory did not encounter the high-energy difficulties found in
QED (Gross, 1990, p. 101). The first aspect was the crucial one in the discov-
ery of asymptotic freedom and probably also in the acceptance of QCD as a
theory of the strong interactions. But it was the latter aspect that ultimately
made QCD the theoretical gold standard in QFT – less precise in its predic-
tions than QED, but more likely to be a consistent theory. While a rigorous
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Probing the Consistency of Quantum Field Theory I 7

mathematical existence proof is still outstanding, it is no coincidence that the
aforementioned Clay Millennium Problem explicitly demands such a proof for
a (QCD-style) quantum Yang–Mills theory (rather than, say, an abelian gauge
theory like QED).7

That would pretty much sum up the scope of this Element – as well as its tem-
poral horizon, spanning from the development of renormalized QED in the late
1940s to the mid 1960s and the eve of the SLAC experiments that first hinted
at asymptotic freedom – if it weren’t for one thing: what exactly is meant by
this word “consistency” that I keep bandying about? Historians might worry
about whether it is an analytical category, designed to lump together a variety
of historically distinct debates, or a category used by the historical actors them-
selves. This question can be answered rather easily: the reader will frequently
encounter explicit references to consistency in historical quotes throughout this
Element. Not everyone liked to use the concept of consistency; but it was used
frequently enough that I can confidently state that the debate chronicled in this
Element was widely regarded as a debate about the consistency of QED.
Philosophers, in turn, may worry that the historical actors invoked the con-

cept of consistency somewhat too readily. I will be generous in this regard, and
in general it will be possible to reconstruct the historical arguments as genuinely
concerning questions of consistency. That is not to say that there was a univer-
sal or unchanging definition of (in)consistency underlying this debate. To the
contrary. The historical development provides ample opportunity to analyze
the varied notions of (in)consistency that were in play, and, toward the end, to
reflect on their relevance and interrelations. This final focus of the Element will
ultimately take us beyond the immediate concerns of the historical debate on
the consistency of QED and allow us to draw broader philosophical lessons on
the mathematical and logical structuring of knowledge in modern fundamental
physics – arguably the most formalized of all the sciences.
But first, we return to Dyson. In Section 2, we will see him attempting

to demonstrate the consistency of renormalized QED by showing that the
known approximate solutions actually approximated exact ones – and ulti-
mately wewill see him fail, because of the divergence of the perturbation series.

7 This change of paradigm is evident when comparing the Millennium Problem with a simi-
lar (though much longer) list compiled in the mid 1970s for a symposium of the American
Mathematical Society. At the time, the central mathematical problem in QFT, as put forth by
Arthur Wightman, was still to “prove the existence of a solution of the quantum electrody-
namics of massive spin one-half particles in four-dimensional space-time” (Browder, 1976,
p. 78, emphasis added). This quote highlights an additional advantage of Yang–Mills theory,
as pointed out to me in conversation by Arthur Jaffe: the theory containing only gauge bosons
is already nontrivial due to gauge boson self-interaction. By contrast, to get a nontrivial abelian
gauge theory, one must introduce an additional charged matter field.

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009265362
Downloaded from https://www.cambridge.org/core. IP address: 169.224.197.5, on 27 Oct 2026 at 07:48:36, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009265362
https://www.cambridge.org/core


8 Foundations of Contemporary Physics

This theme – the impossibility of proving the consistency of QED – is then
continued throughout the first volume of this Element.
After Dyson’s failed attempt, it was clear that one had to go beyond per-

turbation theory in order to investigate the consistency of QED. In Section 3,
I will look at the attempts to construct exact solutions in QED nonperturba-
tively. As we shall see, this goal ultimately became elusive, as the traditional
dynamical equations of quantum theories (Schrödinger equation or Heisenberg
equations of motion) were replaced in QFT by an infinite set of coupled integro-
differential equations – the Schwinger–Dyson equations. At best one could
investigate whether hypothetical nonperturbative solutions still contained the
infinities that were removed through renormalization in the perturbative frame-
work. In Section 4, wewill discuss Gunnar Källén’s proof that at least one of the
renormalization constants was infinite also nonperturbatively. This issue was
then connected to the finiteness of QED for short distances (or, equivalently,
high – “ultraviolet” – energies) through the renormalization group methods
developed byMurray Gell-Mann and Francis Low.With a construction of exact
solutions to the Schwinger–Dyson equations out of the question, several physi-
cists in the mid 1950s attempted to address the question of consistency on a
different level by exploring the axiomatic foundations of QFT. I will discuss
this approach in Section 5, focusing on the emergence of one of the central
challenges for axiomatic QFT, Haag’s theorem.
The second volume of this Element to be published in this series, is pri-

marily concerned with the discovery of actual – though ultimately inconclu-
sive – inconsistencies. At first such inconsistencies were discovered in simpler
model QFTs, where exact solutions (of the Schrödinger equation) could still,
in principle, be constructed. The discovery of pathological solutions in one
such model QFT, the Lee Model, is the subject of Section 1 (of the second
volume). Exact solutions for QED remained out of reach, but similar patholo-
gies were discovered in approximate (though nonperturbative) solutions to
the Schwinger–Dyson equations. This so-called Landau pole is discussed in
Section 2.
By the late 1950s, a handful of central difficulties in proving the consist-

ency of QED had thus been established: the divergence of the perturbation
series, ultraviolet finiteness, Haag’s theorem, and the Landau pole. However,
the fundamental status of these difficulties remained disputed. We will look
more closely at the ensuing debates, on the Landau pole (Section 3) and on
ultraviolet finiteness (Section 4). In both cases, a consensus emerged that the
original claims by Landau and Källén, respectively, had probably been over-
stated. Nonetheless, a final attempt in the mid 1960s by Kenneth Johnson,
Marshall Baker, and Raymond Willey to prove the consistency of QED also
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Probing the Consistency of Quantum Field Theory I 9

ended in failure. Quantum electrodynamics appeared to be a lost cause; but it
became clear through these investigations that theremight actually beQFTs that
fared better than QED, in particular with regard to their short-distance behav-
ior. Kenneth Wilson’s first explorations of this possibility will be examined in
Section 5. We will see howWilson formalized the study of the ultraviolet (UV)
behavior of QFTs by introducing the concept of a running coupling constant,
thereby setting the stage for the subsequent discovery of asymptotic freedom.
Having thus reached the end of the story, Section 6 will present my reflections
on the continued relevance of the consistency debate and the diverse attitudes
toward inconsistency that we will encounter throughout this Element.
To arrive at these conclusions, we must venture deep into the quagmire that

is the formalism of QFT, widely regarded as complex and recalcitrant; indeed,
that complexity and recalcitrance is largely what this Element is about! I have
aimed to make this Element accessible to readers who have attended an intro-
ductory course in QFT, have seen a field operator and the derivation of the
Feynman rules. In fact, I even hope that this Element can also serve as an intro-
duction of sorts to those more problematic aspects of QFT that are not usually
addressed in introductory courses. And with that final disclaimer, we return
to where this introduction began, the year 1949 and the brave new world of
renormalized QED.

2 The Divergence of the Perturbation Series
2.1 Inconsistency in QED before Renormalization

Quantum electrodynamics is the relativistically invariant theory of electrons
and positrons (represented by a fermionic Dirac field ψ) interacting with
the electromagnetic field (represented by the four-vector potential Aµ).8 The
foundational equations of QED – the Lagrangian and the field commutation
relations – were first written down in the late 1920s by Werner Heisenberg and
Wolfgang Pauli, in the immediate aftermath of the development of quantum
mechanics (Heisenberg and Pauli, 1929). Quantum mechanics primarily dealt
with the energy levels ofmaterial systems, such as atoms; QEDwas supposed to
extend it into a theory that could also treat transitions from one level to another,
and the accompanying emission or absorption of electromagnetic radiation, in

8 Using the terminology of the philosophy of science, it might be more accurate to refer to QED
as a “model” rather than a “theory” – see, e.g., Koberinski (2021, p. S3749). I will, however,
be adopting the terminology of physics, where “quantum field theory” refers to both the gen-
eral framework and (sometimes using the plural, “quantum field theories”) to specific models.
I reserve the term “model” primarily for toy models, that is, unrealistic QFTs primarily studied
for their formal properties.
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10 Foundations of Contemporary Physics

a fully dynamical manner.9 Quantum electrodynamics fulfilled these expecta-
tions well enough to first order in perturbation theory, that is, for the first term in
a series expansion in powers of the fine structure constant α = e2/ℏc ≈ 1/137.
This first-order approximation was sufficient for most problems, in particu-

lar for calculating the probability amplitude for an atom to perform a transition.
Second-order perturbation theory, in addition to providing small corrections
to the results of first-order calculations, also introduced an effect of the radi-
ation field on the energy levels of the atom itself. Here things started to go
wrong. Quantum mechanics by itself provided very accurate predictions for
the hydrogen spectrum and its fine structure. Instead of predicting small, hith-
erto unobserved displacements in this spectrum, calculations in QED predicted
displacements of infinite magnitude (Oppenheimer, 1930).
There has been a fair amount of historical scholarship on this early period

of quantum field theory up to and including the development of renormaliza-
tion methods. My detailed historical reconstruction will thus only begin after
the first successes of renormalized QED, around 1948. In this first section, I
will instead take more of a bird’s-eye view, addressing how the problem of the
consistency of QFT was viewed in its first two decades. In this, I will refrain
from making overly general statements about inconsistency in physical the-
ory. Peter Vickers (2013, p. 15) has cogently argued that “some of the things
we call ‘theories’ will have different characteristics, such that inconsistency
means something different in each case.” His method of analyzing inconsist-
ency in science is not to engage with the structure of theories as a whole, but
to identify a set of propositions relevant to the claimed inconsistency. Such a
set of propositions can be equivalent to the entire theory, but it doesn’t have
to be. For QED, writing down such a relevant set of propositions is decep-
tively simple: it consists of (A) the basic tenets of quantum mechanics (as
would have been found at the time in the textbooks by Dirac [1930] or von
Neumann [1932]) combined with (B) the specific dynamical variables of QED
and the dynamical equations they obey. In the Heisenberg picture, these were
given by10(

iγµ∂µ − m
)
ψ(x) = eγµAµ(x)ψ(x)

□Aµ(x) = eψ(x)γµψ(x). (1)

9 On the role of radiation in the early years of quantummechanics, see Blum and Jähnert (2024).
10 The Heisenberg picture formulation of QED was first given by Heisenberg (1931) himself.

Note that I have made one relatively small modification compared to the equations introduced
there: I have written theMaxwell equations in the Lorenz gauge in terms of the potential, rather
than in terms of the electric and magnetic fields.
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Probing the Consistency of Quantum Field Theory I 11

From these propositions, Oppenheimer’s result of infinite frequencies for
the spectral lines could be deduced, along with similarly infinite results for
other observable quantities. Alexander Rueger (1992) has mapped out several
“Attitudes towards Infinities” adopted by physicists in the 1930s. He points
toward Heisenberg’s attempts at providing a physical interpretation of the
infinities. But apart from these unsuccessful and unpublished attempts of the
mid 1930s, there was a general consensus among physicists that the appearance
of infinities in QED directly implied the theory’s inconsistency.
Let us try to spell out the inference from the calculated infinities to the

inconsistency of QED more explicitly. One might simply interpret it as an
inconsistency between QED and empirical facts – after all, the frequencies
of the spectral lines of hydrogen had been measured with definite, finite val-
ues. In this case, the inconsistency referred to by the historical actors would
amount to nothing more than empirical inadequacy. However, the real problem
was not that the infinities predicted by QED did not reproduce the observed
spectra, but that they could not. A spectral line of infinite frequency was
considered a contradiction in and of itself, without recourse to the frequency
actually measured.11 Physicists were thus implicitly invoking a more general
meta-theoretical criterion that did not rely on empirical facts.
What should we take this implicit criterion to be? A first attempt might be

to add the claim (C) “observable quantities do not take infinite values” to the
initial set of propositions. But this seems a bit too specific and tailored to the
situation at hand. Instead, I suggest that, in order to spell out the argument for
inconsistency, we should add the more general proposition (C′) “the dynami-
cal equations have solutions” to our original set.12 Consider two points: (i) the
solutions obtained to the dynamical equations of QED did not simply diverge
for certain values of parameters, for high energies, say (a domain that will
become important later on) – rather one obtained results that were universally
infinite; (ii) there was no obvious way to use these infinities to make QED pre-
dict arbitrary values, for example, for the radiative corrections to the hydrogen
spectrum. Instead, QED very specifically predicted infinite corrections. It thus
seems fair to say that the dynamical equations of QED simply had no solutions
at all, just as we would say that the following set of algebraic equations

11 In this regard, the situation was similar to the UV catastrophe in blackbody radiation, where
Einstein (1905, p. 136) had remarked that the Rayleigh–Jeans law “not only fails to agree with
experience, but it also states that in our model a definite distribution of energy between ether
and matter is out of the question.”

12 One might consider further specifying the domain in which these solutions should lie. But
physicists at the time were certainly not very explicit about this, so it seems reasonable to be
as permissive as possible in this regard.
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12 Foundations of Contemporary Physics

x + 2 = y + 1

x = y (2)

has no solutions and is thus inconsistent – even though x = y = ∞ is a solution
of sorts. Adding a proposition such as (C′) when evaluating the consistency of
physical theories is not unprecedented. In his exploratory attempts at an axiom-
atization of mechanics, David Hilbert – arguably the authority on questions of
mathematical consistency in the early twentieth century – implicitly used the
existence of solutions to the dynamical equations as a consistency criterion
(Majer, 2001, p. 23). Proposition (C′) also seems in keeping with the practice
of physics, which is far more concerned with solving equations than with log-
ical deduction, ever since Leonhard Euler, in his reformulation of Newtonian
mechanics, introduced “a new style of mathematical physics in which funda-
mental equations take the place of fundamental principles” (Darrigol, 2005,
p. 25).13 And we will see later on that the existence of solutions remained
the relevant criterion when Dyson began to investigate the consistency of
renormalized QED.
But how robust was the claim that the equations of QED have no solutions?

Somuch is made and has beenmade of the infinities that appeared in early QED
that it seems important to point out that these infinities merely appeared in the
higher orders of a specific approximation method – perturbation theory. Why
did physicists in the 1930s equate the breakdown of an approximation method
with the breakdown of the entire theory? A prominent explanation was given
by Niels Bohr:

Their [Heisenberg and Pauli’s] formalism leads, in fact, to consequences
inconsistent with . . . the small coupling between atoms and electromagnetic
radiation fields, on which rests the interpretation of the empirical evidence
regarding spectra, based on the idea of stationary states. Under these circum-
stances, we are strongly reminded that the whole attack on atomic problems
leaning on the correspondence argument is an essentially approximative pro-
cedure made possible only by the smallness of the ratio between the square
of the elementary unit of electric charge and the product of the velocity of
light and the quantum of action which allows us to a large extent to avoid the
difficulties of relativistic quantum mechanics in considering the behavior of
extra-nuclear electrons. . . . This is a non-dimensional constant fundamental
for our whole picture of atomic phenomena, the theoretical derivation of

13 A similar development can be observed in the history of electrodynamics, where Heinrich
Hertz – who cast the theory in the compact form that was later printed on t-shirts – famously
asserted: “This, and not Maxwell’s peculiar conceptions or methods, would I designate as
‘Maxwell’s Theory.’ To the question, ‘What is Maxwell’s theory?’ I know of no shorter or
more definite answer than the following: –Maxwell’s theory isMaxwell’s system of equations”
(Hertz, 1893, p. 21).
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Probing the Consistency of Quantum Field Theory I 13

which has been the object of much interesting speculation. Althoughwemust
expect that the determination of these constants will be an integral part of
a general consistent theory in which the existence of the elementary elec-
tric particles and the existence of the quantum of action are both naturally
incorporated, these problems would appear to be out of reach of the pres-
ent formalism of quantum theory, in which the complete independence of
these two fundamental aspects of atomicity is an essential assumption. (Bohr,
1932, pp. 378–379)

From Bohr’s characteristic verbosity we can extract the following argument:
it is not at all surprising that QED breaks down at second order in perturbation
theory. First-order perturbation theory, based on the “small coupling between
atoms and electromagnetic radiation fields,” is not just some arbitrary approx-
imation – it is an essential foundation that we rely on every time we calculate
the energy of a stationary state without worrying about radiation.
To better understand this perspective, let us look back all the way to Bohr’s

atomic model. It makes two claims about radiation: (a) electrons in a stationary
state do not emit radiation, and (b) monochromatic radiation is emitted in dis-
crete quantum jumps from one stationary state to another. In hindsight, these
are not really fundamental postulates of quantum theory. Rather, they are state-
ments about the validity of first-order perturbation theory. Claim (a) simply
states that energy levels are not corrected until second order in perturbation the-
ory, while (b) just states that transitions in first-order perturbation theory only
involve one electromagnetic field operator, and thus only one photon with a
single radiation frequency. This did not change in quantum mechanics, where
Bohr’s second postulate was replaced by Fermi’s golden rule, which can be
obtained directly from first-order perturbation theory.
Bohr’s view was that all of quantum mechanics was an “essentially approxi-

mative procedure,” a fact that was made manifest by the divergences appearing
in second-order perturbative QED. This would only be resolved within a “gen-
eral consistent theory,” in which one would be able to predict the value of the
fine structure constant and thereby relate the elementary unit of charge e to
Planck’s constant.14

In Bohr’s view, there was thus no point in looking for nonperturbative solu-
tions. Quantum electrodynamics was built on quantummechanics and quantum
mechanics was built on perturbation theory; perturbation theory was thus hard-
wired into the structure of QED. The breakdown of QED perturbation theory
at second order thus implied the breakdown of QED tout court. In fact, it even
implied the breakdown of quantum mechanics itself.

14 Attempting to derive the value of the fine structure constant – or at least anticipating its
derivability – was very popular at the time, see Kragh (2003).
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14 Foundations of Contemporary Physics

Alexei Kojevnikov has emphasized that attitudes toward theory change in the
early 1930s were shaped (one might also say: distorted) by the radical devel-
opments of the preceding decades, and that physicists thus eagerly anticipated
yet another conceptual revolution (Kojevnikov likens this to Trotsky’s notion
of “permanent revolution”), rather than looking for more immediate solutions
to the theoretical anomalies they encountered.15 A similar point was made by
Carl Friedrich von Weizsäcker in his reflections on his mentor Heisenberg:

In 1912, Bohr’s fundamental insight had been that explaining the stability of
atoms would require not just a new atomic model, but new fundamental laws
of physics. In 1925, Heisenberg had, at age 23, given these laws – under the
name of quantum mechanics – their final shape, which they have kept to this
day. On the level of philosophical reflection, this became for him the para-
digmatic example of the idea that fundamental theoretical physics does not
proceed in the steady accumulation of knowledge, but rather in a sequence
of closed theories. Neither he nor Bohr then considered quantum mechanics
to be the last fundamental theory; they expected imminent advances beyond
this step. Heisenberg could never bear the thought that his youthful work
should have been the last great inspiration of his life. (von Weizsäcker, 1999,
p. 294)16

And Alexander Rueger (1992, p. 315) remarks that “the strong empha-
sis on deficiencies pointed to the framework of expectations in which the
authors worked.” It thus seems fair to say that many of the protagonists of
early QFT were overly quick to accept the conclusion that QED was inconsist-
ent, because they anticipated, from the start, that some “future final theory”
(Heisenberg and Pauli, 1929, p. 3) would replace it – and all of quantum
mechanics along with it.
However, one did not need to hold such strong views on the future develop-

ment of physics in order to equate the breakdown of perturbation theory with
the inconsistency of QED. Based on a power series expansion in a very small
parameter, perturbation theory was prima facie a very good approximation, as
emphasized by the Swedish physicist Ivar Waller (1930, p. 675):

This calculation of course leaves open the possibility that the mistake is in
the approximation method. But our method of solution seems to conform
to the spirit of the theory, since the charge could in principle be taken to be
arbitrarily small. More generally, a different method of solution hardly seems
possible.

15 Talk at the HQ4 conference in San Sebastián (2015), www.youtube.com/watch?v=Np2LGUy
YZa8).

16 I would like to thank Bernd Henschenmacher for pointing me to this passage.
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Probing the Consistency of Quantum Field Theory I 15

We can see here how quick physicists were to move from the in-practice
unsolvability, as seen in the divergences arising in perturbation theory, to
asserting in-principle unsolvability. But this was a crucial step. In-practice
unsolvability would have been nothing new in physics. A famous example is
hydrodynamics: proving that the Navier–Stokes equation has exact solutions
ranks alongside the existence of Yang–Mills theory as one of the Clay Insti-
tuteMillennium Problems. Yet, despite the longstanding difficulties involved in
solving the dynamical equations of hydrodynamics, these were never viewed as
implying the inconsistency of theoretical hydrodynamics. Although Leonhard
Euler “deplored the difficulties of solving his [hydrodynamical] equations”
(Darrigol, 2005, p. 25), he stated his conviction that

If it is not permitted to us to penetrate to a complete knowledge concerning
the motion of fluids, it is not to mechanics, or to the insufficiency of the
known principles of motion, that we must attribute the cause. It is analysis
itself which abandons us here since all the theory of the motion of fluids
has just been reduced to the solution of analytic formulas. (Truesdell, 1954,
pp. LXXXVI–LXXXVII)

This sentiment – that the unsolvability of the equations of hydrodynamics
was a mathematical difficulty that did not affect the evaluation of hydrodynam-
ics as a physical theory – was frequently echoed over the decades.17 Indeed,
outside the immediate context of hydrodynamics, one can rather observe the
reverse argument: namely, that the physical cogency of an equation guaran-
tees its solvability. This was notably emphasized by the French mathematician
Jacques Hadamard:18

17 We find, e.g., Hermann von Helmholtz (1873, p. 502) remarking that “there is indeed, as far
as I can see, currently no reason not to consider the hydrodynamical equations as the exact
expression of the laws really governing the motions of fluids,” while immediately pointing
out that the Navier–Stokes equation, which describes the motion of a viscous fluid, could not
be solved. Or, as John Wheeler would put it some 80 years later: “There are no rivers on the
earth because the eq[uatio]ns of hydro[dynamics] are too complicated to solve” (Relativity
Notebook III, p. 130, entry dated March 27, 1955, JWP).

18 Another example of this view can be found in Felix Klein’s assessment of Bernhard Riemann’s
existence proofs for solutions of the Laplace equation with given boundary conditions. In the
1850s, Riemannwasworking on the theory of complex-differentiable functions, whose real and
imaginary parts satisfy the Laplace equation in two dimensions. When proving the existence
of solutions, Riemann relied on what would come to be known as Dirichlet’s principle. This
method had been introduced by Riemann’s teacher, Peter Gustav Lejeune Dirichlet, when prov-
ing the existence of solutions to the Laplace equation in the physical context of gravitational
and electrostatic potentials. It starts from the set of integrals

U =
∫
Ω

((
∂u
∂x

)2
+

(
∂u
∂y

)2
+

(
∂u
∂z

)2)
dV

for all functions u in a volume Ω that fulfill the given boundary conditions (though not nec-
essarily the Laplace equation). Dirichlet’s principle then states that there exists a function u
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16 Foundations of Contemporary Physics

It is remarkable . . . that a sure guide is found in physical interpretation: an
analytical problem always being correctly set, in our use of the phrase,[19]

when it is the translation of some mechanical or physical question.
(Hadamard, 1923, p. 32)

Physicists in the 1930s did not have this sort of confidence when it came
to QED. I argue that this was because, rather than having physical reasons to
expect the existence of solutions, they had a ready physical interpretation for
the unsolvability of QED – an interpretation also put forward by Bohr in his
previously cited Faraday lecture:

The scope of the quantum mechanical symbolism is essentially confined,
however, to problemswhere the intrinsic stability of the elementary electrical
particles can be left out of consideration in a similar way as in the classical
electron theory. In this connexion, it must not be forgotten that the exist-
ence of the electron even in classical theory imposes an essential limitation
on the applicability of the mechanical and electromagnetic concepts. . . . The
difficulties inherent in any symbolism resting on the idealisation of the elec-
tron as a charged material point appear also most instructively in the recent
attempt of Heisenberg and Pauli to build up a theory of electromagnetic fields
on the lines of quantum mechanics. (Bohr, 1932, pp. 377–378)

Bohr thus argued that the inconsistency observed in QED was a result of
transgressing the theory’s domain of applicability – a domain of applicability
it had largely inherited from classical electron theory, the result of an idealized
description of charged matter as point particles. In classical electron theory, the
domain of applicability was defined by the negligibility of radiation reaction,
that is, the force experienced by an electron due to the field it generates itself.20

that minimizes U. One could then easily show that this minimizing function also fulfills the
Laplace equation, completing the existence proof.
Riemann was heavily criticized for his use of Dirichlet’s principle by Karl Weierstrass, known
as a paragon of rigor with little interest in physics. Weierstrass emphasized that one could only
state with confidence that the set of integralsU has a greatest lower bound, not that there exists
a function u for which U actually takes a minimal value. As Riemann’s results gradually came
to be corroborated through other methods after his death, Klein asserted that, in using Dirich-
let’s principle, Riemann had merely been trying to “support the physical evidence through a
mathematical deduction” (Klein, 1882, p. IV).
For more on the history of Dirichlet’s principle, see Monna (1975). The contrast between the
physically intuitive Riemann and the mathematically rigorous Weierstrass was a central theme
in Klein’s later work on the history of mathematics (Klein, 1926, chapter VI), and we will
encounter this trope again soon.

19 “Correctly set” is a translation of Hadamard’s French expression correctement posé, which he
used more or less interchangeably with bien posé (Hadamard, 1907). I have not been able to
ascertain when the now-current English expression “well-posed” came into use. I would like
to thank Gordon Belot and Dominic Dold for discussions on this point.

20 For an excellent discussion of this subject, which significantly informs the following analysis,
see Vickers, (2013), chapter 4 and section 7.4.

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009265362
Downloaded from https://www.cambridge.org/core. IP address: 169.224.197.5, on 27 Oct 2026 at 07:48:36, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009265362
https://www.cambridge.org/core


Probing the Consistency of Quantum Field Theory I 17

As soon as radiation reaction had to be taken into account – e.g., for relativistic
electrons or electrons in a synchrotron – one also needed to take into account
the structure of the electron. However, no viable models of the structure of the
electron were known: point particles led to infinitely large field energies close
to the particle, while extended particles could not be kept stable, as there was
no way of reconciling the necessary cohesive forces with special relativity.
In the classical theory, these difficulties could be avoided by simply neglect-

ing the radiation reaction. All one had to do was eliminate the electron’s
interaction with its self-field from the Lorentz force equation. The electron
could then be treated as an idealized point charge. The price one had to pay
was that one, more or less voluntarily, brought in a new form of inconsist-
ency: energy is not conserved, because the field that appears in Maxwell’s
equations (the total field) was not identical to the field that appears in the equa-
tions of motion of the electron (the external field, with the electron’s self-field
neglected). This is the “inconsistency of classical electrodynamics” highlighted
by Mathias Frisch (2005).
The divergence difficulties of QED appeared to be analogous to the classi-

cal situation, because higher orders of perturbation theory could be physically
interpreted as radiation reaction. The shift in energy levels and spectral lines
due to radiative corrections clearly seemed to be the result of the electron’s
interaction with its self-field. Unlike the classical case, however, that self-field
was not to be identified with radiation actually emitted, but was instead purely
“virtual.” This problematic aspect of the analogy did lead some physicists to
view the inconsistency of QED as a genuine quantum phenomenon, arising
from the presence of a continuous infinity of virtual states (Blum, 2017, pp. 27–
28, 41–42). But, by and large, the analogy between the divergences of QED and
the classical problem of radiation reaction was accepted.
The analogy was extended by equating the local interactions of QED – that

is, the evaluation of all fields in the dynamical equations at the same space-time
point – with the assumption of point-like electrons in the classical theory.21 The
divergences resulting from the local interactions could be avoided by introduc-
ing a high-energy cutoff into QED. This was the analog of using an extended
electron in the classical theory. But both of these solutions appeared impossible
to reconcile with special relativity (Blum, 2017, section 1.1).
What, then, was the quantum analog of the classical procedure of simply

neglecting radiation reaction? In quantum theory one could achieve essentially
the same thing by restricting oneself to leading-order perturbation theory. And
with this restriction, QEDwas actually rather successful empirically, providing

21 See, for example, Waller (1930, p.676).
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18 Foundations of Contemporary Physics

good quantitative descriptions of processes such as the emission and absorp-
tion of radiation (Dirac, 1927b), optical dispersion (Dirac, 1927a), or Compton
scattering (Klein and Nishina, 1929). And if one simply ignored the infinities,
the Dirac equation – unmodified by any QED corrections – gave excellent pre-
dictions for the fine structure of hydrogen (Dirac, 1928a,b). For a time, some
physicists endorsed such an approach to radiation phenomena, labeling it the
“correspondence” approach because it preserved the close formal connection
to classical theory that had been so essential in the construction of quantum
mechanics. This idea was first proposed by Heisenberg (1931), but, ultimately,
it did not catch on.22 In an interview with Thomas Kuhn and John Heilbron,23

Léon Rosenfeld recalled the strong resistance this approach encountered:

I gave a paper on that at the congress in Rome [in 1931 (Rosenfeld, 1932)],
but it fell completely flat. People started saying, “Yes, but this is no theory,”
or asking questions, “You have the Hamiltonian; why do you forbid us to
handle theHamiltonian according to the recipes?” . . . I said then finally, ‘Yes,
but what I intended to show is that by a simple correspondence prescription
one can get all safe results . . . and the suggestion is that the only way one can
work with this formalism is by not considering it a closed formal scheme.”
Then Fermi, who was in the chair, just to close the discussion, said, “Yes, we
have understood that, but that is not the usual conception one has of physical
theories.” That was the general feeling.

Just as in the classical theory, radiation reaction could only be removed by
introducing a new kind of inconsistency. The original dynamical equations of
QED (equation 1) were a “closed formal scheme”: the goal was to find (opera-
tors) Aµ and ψ that, when inserted into the respective right-hand sides, yielded
equations whose solutions were again the Aµ and ψ one started out with.24

Aborting the approximation meant breaking this closed structure: the expres-
sions one inserted no longer had to be exactly the expressions one got out. And
physicists did not consider this option more attractive than the divergences of
higher-order perturbation theory. As Rosenfeld went on to remark in the afore-
mentioned interview with Kuhn and Heilbron, the correspondence approach
was viewed as “the extreme position of defeat.”
In the 1930s, the status of QED was thus fundamentally unclear. There

were actual textbooks written on the subject in the 1930s and 1940s, but they
included disclaimers such as the following:

22 See also (Rueger, 1992, pp. 317–322).
23 Session II, July 19, 1963. www.aip.org/history-programs/niels-bohr-library/oral-histories/

4847-2.
24 Of course, there are significant subtleties involved here, in particular when multiplying two

operator fields defined at the same space-time point. We will discuss these difficulties in due
time, when they become relevant historically.
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Probing the Consistency of Quantum Field Theory I 19

At first it seemed that . . . a consistent quantum theory of the electromagnetic
field could not be found. . . . It seems now that there is a certain limited field
within which the present quantum electrodynamics is correct . . . The pres-
ent theory can be correctly applied to the interaction of light with elementary
particles in the first approximation. The difficulties which occur, especially
in the higher approximations to this interaction, . . . show the limits within
which the theory is valid. . . . If the application of the theory is confined
within these limits, it will be seen in this book that the theory gives – qual-
itatively and quantitatively – a full account of the experimental facts within
a large field . . . Thus it seems that the theory is well enough developed, and
the limits of application well enough marked, for a summary to be given.25

As long as QED, aborted after the first approximation, gave perfect predictions
within its very own domain (the emission and absorption of spectral radiation),
the inconsistencies remained strangely inconsequential. This changed only
when high-precision measurements indicated that the second approximation
might be physically relevant after all.

2.2 Oppenheimer and Dyson
The first discrepancies started to appear in the late 1930s, but remained con-
troversial. It was not until 1947 that Willis Lamb, building on his experience
with WWII microwave radar technology, observed for the first time induced
transitions from the 2S1/2 to the 2P3/2 levels of hydrogen and found the
transition frequency to be about 1 GHz smaller than expected. This “Lamb
shift” soon came to be understood as the result of radiative QED correc-
tions, implying that these corrections were neither infinite nor zero, but rather
measurable and small. This led, almost immediately, to the development of
renormalizationmethods, enabling the calculation of these corrections, and put-
ting QED on track toward becoming the ultra-high precision theory it is now
celebrated as.26

In the early years, these renormalization methods were very much in flux and
far from standardized. Paul Matthews and Abdus Salam famously remarked
that in renormalization theory, “[t]he difficulty [. . .] is to find a notation which
is both concise and intelligible to at least two people of whom one may be the
author” (Matthews and Salam, 1951, p. 314). Throughout this Element, I will

25 (Heitler, 1936, pp. ix–x), emphasis in the original.
26 The standard reference on this development is, of course, (Schweber, 1994). In this very brief

summary, I have focused exclusively on the Lamb shift; an essentially parallel story can be told
for the anomalous magnetic moment of the electron. I have also not addressed the theoretical
developments of the 1930s and 40s that partially prepared the way for covariant renormal-
ization methods, not least because I have argued elsewhere that these developments have
frequently been overestimated in the past (Blum, 2015).
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20 Foundations of Contemporary Physics

homogenize conventions from the historical sources to keep the ideas we are
interested in from being drowned in elaborations on notational differences and
historical minutiae.27 I have thus chosen to base my very brief sketch of renor-
malization theory, which primarily serves to introduce terms and conventions
that will reappear throughout the Element, on a somewhat later review arti-
cle by Matthews and Salam (1954). This article already contains elements not
found in Schwinger’s and Feynman’s original tool kits of the late 1940s. None-
theless, I believe that it is close enough to the spirit of these early works, while
simultaneously highlighting novel aspects that will become important only in
later sections.
The first step in renormalization was to brand the fields and parameters that

appear in the original (now: unrenormalized) QED field equations as unobserv-
able “bare” fields and parameters, earning them a zero subscript as inm0 for the
bare mass.28 One then performed a transformation from these unrenormalized
quantities to the (observable) renormalized fields and parameters, which were
denoted by the original symbols, without a subscript. The transformation to the
renormalized field equations (and to the associated equal-time commutation
relations) involved the following four substitutions:29

m0 → m − δm

ψ0 →
√
Z2ψ

Aµ0 →
√
Z3Aµ

e0 →
e

√
Z3

27 Unfortunately, Matthews and Salam’s quip remains true to some extent, more than seven
decades later. There are many different notational conventions around, none of which are
entirely satisfactory. In particular, there is no accepted notational convention that distinguishes
between free, unrenormalized, and renormalized quantities in a consistent manner. I considered
introducing a more unified notation but ultimately decided that a history book was not the right
place to do that. Therefore, in the convention used here, we also have, e.g., the absence of an
additional subscript implying a renormalized quantity when dealing with fields and parameters
(ϕ, m) but implying a free quantity when dealing with propagators (DF).

28 The term “bare” is somewhat ambiguous. “Bare” generally means “without radiative correc-
tions included,” but this can refer to two distinct concepts. On the one hand, it can refer to the
inclusion of radiative corrections through renormalization. This is the sense in which I will
be using the term throughout this book; “bare” is then simply a synonym for “unrenormal-
ized,” see, e.g., (Weinberg, 1995, p. 472). But “bare” can also, somewhat less frequently, refer
to the inclusion of radiative corrections by adding higher-order perturbative terms; thus (see,
e.g., (Fried, 1959) or (Carrington et al., 1999)) the “bare propagator” is DF. I will not be using
“bare” in this latter sense and will refer to DF only as the free propagator.

29 These transformations have already been simplified by using gauge invariance and the resulting
Ward identity.
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Probing the Consistency of Quantum Field Theory I 21

Here, δm is the mass renormalization constant, Z2 the (electron) wave func-
tion renormalization constant, and Z3 the charge (or photon wave function)
renormalization constant. These constants can be chosen so as to cancel, term
by term, the divergences that appear when perturbatively constructing scat-
tering amplitudes from the field equations.30 The renormalized fields and
parameters were then entirely free of divergences and were identified with the
particles and constants actually measured in experiment – the “physical” parti-
cles and constants, as they came to be called, in contradistinction to their “bare”
counterparts. And that was it – pretty simple in theory, but rather complicated
in practice, especially at higher orders of perturbation theory.
By the summer of 1948, it was clear that the results of the new precisionmea-

surements could be reproduced using renormalized QED. At the Eighth Solvay
Conference in Brussels, in the fall of 1948 (several months before his debate
with Dyson), Oppenheimer (1950) delivered a report on “Electron Theory,” in
which he outlined the current status of QED.31 He expressed his conviction
that renormalization had not turned QED into a “completed consistent theory”
(p. 272) – almost, but not quite. Renormalization only served to “isolate, recog-
nize and postpone the consideration of those quantities . . . for which the present
theory gives infinite results” (p. 273). This “absence of complete closure”
(p. 273) could no longer be blamed on the neglect of radiation reaction, which
had, after all, become observable and calculable in the Lamb shift. Instead,
Oppenheimer connected it with the neglect of the nuclear interactions, which
had emerged as the new frontier of fundamental physics over the preceding two
decades:

[F]or mesons and nucleons generally, we are in a quite new world, where the
special features of almost complete closure that characterizes electrodynam-
ics is quite absent. That electrodynamics is . . . not quite closed is indicated,
not alone by the fact that for finite e2/ℏc the present theory is not after
all-consistent [sic], but equally by the existence of those small interactions

30 Investigating the residual arbitrariness involved in correctly choosing the renormalization con-
stants was one path that led to the discovery of the renormalization group (Stueckelberg and
Petermann, 1953). In this Element, in Section 4, we will only consider the path taken by
Gell-Mann and Low, which instead went through the investigation of short-distance behavior.
On the two paths to the renormalization group, see Fraser (2021).

31 The only source we have for Oppenheimer’s report is the version published in the proceed-
ings, which appeared two years after the conference. Oppenheimer clearly revised his original
manuscript, since the published version refers to Dyson’s S-Matrix paper, which was sub-
mitted on February 24 and published on June 1, 1949, as “in press” (fn. 33). However, this
reception of Dyson’s work would, if anything, have softened Oppenheimer’s negative attitude
toward QED, which I emphasize here and which still shines through clearly in the published
report.
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22 Foundations of Contemporary Physics

with other forms of matter to which we must in the end look for a clue, both
for consistency, and for the actual value of the electron’s charge (p. 281).32

As opposed to radiation reaction, the nuclear interactions were not some-
thing that QED could in any way be considered responsible for. There was
thus no point in looking to QED for further insights: “[T]he structure of the
theory itself gives no indication of a field strength, a maximum frequency or
minimal length, beyond which it can no longer consistently be supposed to
apply” (p. 272). Oppenheimer therefore looked to the experimental study of
the nuclear interactions for entirely novel theoretical insights, independent of
the theoretical structure of QED.
He was aware that this was not the only option. The idea that QED might

serve as an inspiration, a blueprint even, for a theory of the nuclear interactions
had first been introduced by Hideki Yukawa in the mid-1930s and had never
really gone away. In the discussion after his talk, Oppenheimer acknowledged
that he himself had “at one time believed” that “the real importance” of renor-
malization “lay in the fact that one had an entirely new way of dealing with the
Maxwell–Yukawa analogy” (p. 284). And while he now appeared to believe
that “this analogy is rubbish,” he conceded that a more in-depth understanding
of renormalized QED might be worth pursuing. Not in order to see “whether
one can calculate to one part to 108 th [sic], the Lamb shift,” but in order to
explore whether a theory of the nuclear interactions could be modeled after
QED, “even if one thinks the results would be negative” (p. 284).
WhenOppenheimer returned fromEurope to the IAS after the Solvay confer-

ence, Dyson had already begun his one-year fellowship at the institute. Dyson
had just submitted a major paper on QED, in which he showed that the vari-
ous covariant approaches to QED and renormalization, by Julian Schwinger,
Richard Feynman, and Sin-Itiro Tomonaga, were, in fact, equivalent (Dyson,
1949a). But, as we have seen, Oppenheimer was not particularly invested in
the further development of renormalized QED. When approached by Dyson,
he simply handed him a copy of the Solvay talk. In response, Dyson drafted a
short memorandum outlining his views on QFT, which he sent (apparently by
mail!) to Oppenheimer on October 18, 1948 and in which he asserted:33

32 Here we see Oppenheimer hinting at the hope that a final theory would also determine the value
of the fine structure constant, see footnote 14.

33 This short summary of the first interactions between Oppenheimer and Dyson is based on
Schweber, (1994, pp. 520ff), where the reader will also find the full text of Dyson’s mem-
orandum. Dyson (1979, chapter 7) also presented his own recollections, which are more
impressionistic (e.g., not mentioning the memorandum), but do contain some memorable
remarks (p. 73) on his clash with Oppenheimer: “[Oppenheimer] had somehow become con-
vinced during his stay in Europe that physics was in need of radically new ideas, that this
quantum electrodynamics of Schwinger and Feynman was just another misguided attempt
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Probing the Consistency of Quantum Field Theory I 23

I do not see any reason for supposing the Feynmanmethod to be less applica-
ble to meson theory than to electrodynamics. In particular I find the argument
about “open” and “closed” systems of fields irrelevant.

Dyson’s program stood in stark contrast to Oppenheimer’s – QED was sup-
posed to act as a role model for future field theories of the nuclear interactions.
And Dyson knew what the next step needed to be in order to show – and
convince Oppenheimer – that this was indeed a viable approach:

What annoyed me in Oppenheimer’s initial lethargy was not that my finished
work was unappreciated, but that he was making it difficult for me or any-
body else to go aheadwith it.What I want to do now is to get some large-scale
calculations done to apply the theory to nuclear problems, and this is too big
a job for me to tackle alone. So I had to begin by selling the theory to him. As
soon as he understands and believes in it, he will certainly have a great deal
of useful advice and experience to offer us in applying it. Also he may be
able to help me decide what I should do next, though I am fairly determined
already on a thoroughgoing attempt to prove the whole theory consistent.34

Over the next couple of years, Dyson thus made it his mission to show that
QED was a consistent theory and could serve as a a starting point for the
study of the nucleus. Within the next couple of months, he famously proved
that the S-Matrix in QED could be made finite to all orders of perturbation
theory through renormalization (Dyson, 1949b). This achievement sufficiently
softened Oppenheimer’s stance, allowing the two men to amicably agree to
disagree at the January 1949 meeting that opened this book.

2.3 Investigating the Consistency of Renormalized QED
Dyson spent the rest of his year in Princeton enjoying the acclaim brought by
his renormalizability proof and meeting his first wife, the Swiss mathematician
Verena Haefeli, whom he married the following year. In the fall of 1949, he
returned to England, where he spent the next two years at the University of
Birmingham with Rudolf Peierls. During his first year at Birmingham, Dyson
“was always dividing [his] time between five or six problems and never sat
down and concentrated upon one thing long enough to finish it.”35 It was not
until December 1950, after another extended stay at the IAS, that he finally

to patch up old ideas with fancy mathematics. I was delighted to hear him talk in this
style. . . . Instead of arguing with Oppenheimer about the dubious merits of my own work,
I would be fighting for the entire program of quantum electrodynamics . . . Instead of fussing
over details, we would be clashing on basic issues. Already I could feel that the Lord had
delivered him into my hands.”

34 Letter from Dyson to his parents, November 1, 1948 (Dyson, 2018, p. 113), my emphasis.
35 Letter to Rudolf Peierls, August 3, 1950 (Lee, 2009, p. 244).
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24 Foundations of Contemporary Physics

wrote a paper in which he laid out the steps still required to show that “quantum
electrodynamics, in spite of its inherent divergences, constitutes a consistent
and meaningful theory” (Dyson, 1951a, p. 428).
The two-step program Dyson laid out conforms with the suggested read-

ing of “consistency” as “existence of solutions to the dynamical equations.”
The first step was to extend his renormalizability proof beyond the S-Matrix.
While some physicists had conjectured that relativistic quantum theory merely
consisted in determining the S-Matrix,36 it was generally viewed as a derived
quantity. The immediate solutions to the dynamical equations of QED (eq. 1)
were the field operators ψ and ϕ. Dyson thus aimed to show that renormaliza-
tion methods could also be applied to the (Heisenberg picture) field operators,
thereby explicitly delivering solutions to the dynamical equations, solutions
that were finite to all orders of perturbation theory. Dyson resolved the first
point quickly and successfully, and we shall not discuss it much further. I will
onlymention that themethods he developed for this purpose turned out to be not
as widely useful as his diagrammatic method for proving the renormalizability
of the S-Matrix had been. This was a great disappointment to Dyson, who had
hoped that investigating the consistency of QED would directly inform a QFT
treatment of the nuclear interactions. As he later remarked in an interview with
Sam Schweber: “This was not philosophically driven at all: it was intended as
a practical tool” (Schweber, 1994, Section 9.16).
The second step, which we will now discuss in more detail, was to lift the

restriction to perturbation theory. After all, not only were all attempts at finding
solutions to QED still based on perturbation theory, the entire renormalization
procedure itself relied on removing infinities term by term from a perturbation
series. In December 1950, Dyson sent a copy of his new paper to Wolfgang
Pauli, whom he regarded as “the one member of the ‘old gang’ who takes the
trouble to thoroughly understand the newmethods.”37 Pauli immediately seized
on the restriction to perturbation theory as the central challenge for Dyson’s
program:

I have no doubt that your good swimming belt will also be sufficient to drive
you until the nth approximation regarding the renormalization of the fields as
it is announced by you. It is only after this step that things will get interesting.
You stirred the curiosity of the reader by your remark “incidentally it will
appear” (that is a really nice way to put it) “that our methods provide a basis
for removing defect (i) (namely the expansion of everything in power [sic]
of the coupling constant e) also from the analysis”.

36 This is the view of Heisenberg’s 1940s S-Matrix program, which Dyson viewed as closely
related to Feynman’s version of QED (Blum, 2017).

37 Letter to Rudolf Peierls, March 31, 1949 (Lee, 2009, p. 179).
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Probing the Consistency of Quantum Field Theory I 25

Everything depends on whether you will get farer [sic] than Nr. II of the
“series”. This would be a really new step which seems to me in any case
beyond the reach of your present swimming belt.38

This marked the beginning of a discussion on what it would actually mean
to remove the restriction to perturbation theory. Dyson hoped to demonstrate
the convergence of the perturbation series, which would then show that the
approximative solutions one worked with corresponded to exact solutions of
the dynamical equations of QED. Pauli, however, found this to be insufficient
for two reasons: (i) “it would be practically useless in the case of a strong cou-
pling (high values of the coupling constant)” (as might be expected for the
nuclear interactions), and (ii) even a converging perturbation series provided
little “physical enlightenment.”39 Pauli would later speak of the “veil of the
perturbation series.”
In his reply, Dyson reiterated the standpoint he had already defended with

Oppenheimer two years earlier – proving the consistency of QED was not
about gaining foundational insight, but about making immediate progress with
quantum field theories of the nuclear interactions:

The test which I wish to be applied to my methods is “Do they enable us
to decide definitely the correctness or incorrectness of meson theories by a
quantitative comparison with experiment?” If they can do this, I shall be very
well satisfied.
You are asking “Do the new methods give us any new theoretical insight
into the foundations of physics?” This question I am content to answer in the
negative.
Of course, I too would like to escape altogether from series expansions, if
I could do it. But I believe the idea of renormalization is linked in a very
complete way, perhaps inseparably, with the series expansion.40

However, Pauli felt that a proof of consistency that was based on a perturba-
tion expansion was not worth all that much. In his reply on February 18, 1951,
he consequently objected:

That “the idea of renormalization is linked in a very complete way, per-
haps inseparably with the (power) series expansion” is just the point which
makes me feel rather critically to the present quantized field-theory (Even if
this power series is mathematically convergent and its convergence can be
proved and in spite of the practical successes of the new quantum electro-
dynamics) . . . Even apart from practical questions of computation I have the

38 Letter from Pauli to Dyson, December 20, 1950 (von Meyenn, 1996, p. 220).
39 Letter from Pauli to Dyson, February 5, 1951 (von Meyenn, 1996, p. 262).
40 Letter from Dyson to Pauli, February 15, 1951 (von Meyenn, 1996, p. 263).
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26 Foundations of Contemporary Physics

definite impression that (also in electrodynamics) a final form of a fundamen-
tal law of nature should not be formulated in such a way that a power series
development is essential to get the very logical (mathematical) meaning
(definition) of this law.41

It is important to note that Pauli was not merely pitting his desire for physical
insight against Dyson’s mathematical rigor. He associated Dyson’s perturbative
approach with a specificmathematical tradition that he rejected, while simulta-
neously emphasizing, in the postscript to the letter cited earlier, that the two of
them shared a much closer relationship with mathematics than most physicists.
After all, Dyson hadmajored in mathematics as an undergraduate at Cambridge
and had written several papers on number theory:

P.S. I hope to have once a chat with you on the general relation of mathe-
matics and physics. In your present age I believed that my talent is lying in
a very mathematical direction, although in a kind of “applied mathematics,”
because my interest for the laws of nature was always very prominent. But
then I fell into this spectroscopic “term-zoology” where my knowledge of
the theory of complex analytic functions could not be used.
The development of the big mathematical edifice of quantum-mechanics was
done by others, but anyhow I could apply my knowledge of Cayley and F.
Klein with this “spinors” [. . .] By the way, F. Klein was always very much
against the overemphasizing of the power series (Weierstrass).

Mathematically, Pauli thus saw Dyson in the tradition of the nineteenth-
century German mathematician Karl Weierstrass. In Felix Klein’s “Vorlesun-
gen über die Entwicklung der Mathematik im 19. Jahrhundert” (Lectures on
the Development of Mathematics in the 19th Century), Klein had portrayed
Weierstrass as the proponent of the brute-force application of power series,
remarking, for example, that Weierstrass had calculated series coefficients
“up to the 20th order with all of the, downright uncanny, numerical factors”
(Klein, 1926, p. 280). Klein contrasted Weierstrass with Riemann, for whom
power series had been merely “an occasional resource for the elaboration of
his thoughts,” while for Weierstrass they had been “the foundational principle”
(Klein, 1926, p. 254). Pauli repeated his characterization in a letter to his PhD
student Armin Thellung:42

Since you were last in Zurich, I had some quite interesting correspondence
with him [Dyson]. It seems to me, however, after this exchange that after all
he has not done what is needed, because he focused too strongly on con-
vergence proofs for power series (which is why I often jokingly refer to
him as the “Weierstrass” of theoretical physics). For him it remains the fact

41 Letter from Pauli to Dyson, February 18, 1951 (von Meyenn, 1996, p. 264).
42 March 18, 1951 (von Meyenn, 1996, p. 276)).
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Probing the Consistency of Quantum Field Theory I 27

that . . . renormalization is only definable through power series of the cou-
pling constant . . .But it is now my impression that Dyson, with his method
of power series (so far, of course this might change), is completely blocking
his view (we need a “Riemann” and not a “Weierstrass” in the quantized field
theory).

It should also be noted that Pauli was not accusing Dyson of lacking rigor,
which would be the standard criticism of Dysonian perturbation theory today.
In the historiography of mathematics, Weierstrass is considered to be the
embodiment of rigor, while Riemann is viewed as a far more intuitive mathe-
matician.43 If anything Dyson was being too rigorous, or rather too formalistic,
clinging to the reliable yet unintuitive method of series expansion, rather than
seeking for physical insight. Dyson, however, was undeterred. In a letter dated
April 15, 1951, to Hans Bethe (at Cornell, where Dyson had accepted a profes-
sorship for the fall), Dyson announced that he had completed his program of
renormalizing the Heisenberg operators and then continued:

The next problem is to prove the convergence of the perturbation theory
expansion. I am convinced now that this can be done, and that the conver-
gence will occur even for large values of the coupling constant. But the proof
will be a long and very difficult piece of analysis . . .44

Dyson was not the only one trying to complete the mathematical founda-
tions of renormalized, perturbative QFT and to identify the convergence of
the series as the central missing element. Beginning in 1949, when Dyson had
first shown the possibility of renormalizing the S-Matrix at each order, a simi-
lar line of research had been pursued at Cambridge, led by Nicholas Kemmer,
from whom Dyson had originally learned QFT.45 There was significant contact
between Dyson and Kemmer’s group,46 and Dyson had even received an offer
of employment from Cambridge, which he declined in favor of Birmingham
(Schweber, 1994, p. 551). However, there was a slight difference in emphasis
between Dyson’s program and that of the Cambridge school. While Dyson had
begun by extending his proof beyond the original specialization to the S-Matrix,
the initial focus at Cambridge remained on the S-Matrix and the immediate
application of the new renormalization methods to theories besides QED.

43 See, e.g., (Birkhoff and Bennett, 1988, p. 147). Indeed, Weierstrass was known to point out
gaps in Riemann’s proofs (Cooke, 1984, p. 15).

44 Cited in (Schweber, 1994, p. 565). Similar remarks are found in a letter to Abdus Salam, dated
14 May 1951, where Dyson also remarked that the convergence could not be proven by “some
‘trick’ method,” as he had originally hoped (ASP, Dyson Correspondence).

45 See Kemmer’s Autobiographical Notes, p. 27, NKP.
46 See (Kaiser, 2005, pp. 118–119) and (Close, 2011, pp. 63–64).
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28 Foundations of Contemporary Physics

While Kemmer himself did not conduct active research on renormalized
QFT,47 he had, in January 1949, “2 1/2 men” studying the “Schwinger,
Tomonaga etc. stuff” who “played with the obvious generalisations to meson
theory.”48 Kemmer’s PhD student, Paul Taunton Matthews (1949, 1950),
investigated how widely Dyson’s method of perturbative renormalization of
the S-Matrix could be applied beyond QED, developing a categorization of
quantum field theories into those whose S-Matrix could be renormalized and
those that were nonrenormalizable (PhD 1950). Kemmer’s group was joined
in 1950 by Abdus Salam (PhD 1952), who closed a loophole in Dyson’s proof
of the renormalizability of the S-Matrix by showing how to deal with so-called
overlapping divergences (Schweber, 1994, pp. 542–544). The question of over-
lapping divergences was also addressed, using a different method based on
what would come to be known as the Ward identity, by John Clive Ward,
who, while at Oxford, established strong ties to the Cambridge group (Ward,
2004, p. 9). In his paper, Ward (1951, p. 897) gave a succinct statement of the
Cambridge program:

The success of the concept of renormalization in giving a theory of spinor
electrodynamics that is both finite and in good agreement with experiment
has made the extension of the method to other field theory problems most
desirable, particularly the extension to the problem of nuclear forces. The
first step in this direction is to show that the renormalized S-matrix is finite.

Kemmer (whose group came to be called the “subtractionists” by other
Cambridge physicists)49 further cosupervised the PhD work of Richard Eden
(PhD 1951), together with the most famous Cambridge physicist, Paul Dirac
(Hamilton, 2009, chapter 10).50 Eden stood in the tradition of Heisenberg’s pure
S-Matrix approach (Cushing, 1990, p. 69); his main focus lay on the analytic
properties of the S-Matrix. He would later become an important figure in the
further development of that approach. While it was not his primary concern,
he prominently mentioned the convergence of the power series as an unsolved
issue in a paper on the analyticity of the perturbative S-Matrix (Eden, 1952,
p. 390). Finally, there was JimHamilton, who had joined the Cambridge faculty
as a lecturer in early 1950. Hamilton had completed a PhD thesis in Manches-
ter on Heitler’s theory of radiation damping, a pre-renormalization attempt at

47 In his autobiographical notes (p. 27), Kemmer complained that he was “failing to return to
original research while performing [his] teaching duties”, NKP.

48 Letter from Kemmer to Peierls, January 31, 1949 (Lee, 2009, p. 166).
49 Letter from Felix Pirani to Alfred Schild, November 12, ASchP, box 86-027/1.
50 Dirac, as mentioned in the introduction, remained very skeptical towards renormalized QFT

throughout his life.
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Probing the Consistency of Quantum Field Theory I 29

removing the divergences in QFT scattering amplitudes.51 At Cambridge, he
joined Eden in studying the singularities and branching points of the S-Matrix.
The question of the convergence of the power series he delegated to his first
PhD student, the Australian Charles Angas Hurst (PhD 1952). Thus, in the
spring of 1951, there were two people trying to prove the convergence of the
Dyson series: Dyson himself in Birmingham and Hurst in Cambridge. And,
almost simultaneously, both arrived at a negative conclusion.

2.4 Nonconvergence of the Perturbation Series
As fate would have it, Dyson spent the summer of 1951 in Zurich with his inter-
locutor and critic, Pauli. The Dysons were expecting a child in July. In April,
Verena had moved to Zurich, where her parents lived. Freeman had accepted a
professorship at Cornell, set to begin in the fall, so he wrapped up things in Bir-
mingham and left for Zurich in June to join his wife (Dyson, 2018, p. 167). In
the letter announcing his visit to Pauli, Dyson was still very optimistic regard-
ing his program, while happily conceding that it might not lead to deep physical
insights:

As you know, my wife is in Zurich, and I am hoping to be able to leave
England and join her some time before the end of June, with luck about June
20. I would be extremely happy if I could arrive while you are still in Zurich,
and hear your views on the relation of mathematics to physics and on many
other things.
I have beenmeditating a little on the long-range problems of theoretical phys-
ics, especially the problem of understanding the renormalization program on
a deeper level and escaping from the power-series expansions. It seems to me
that the road ahead leads to a complete descriptive theory of elementary par-
ticles, based on the renormalization technique with power-series expansions.
This theory may well be able to describe accurately the results of all possi-
ble experiments on the atomic scale, and still contain no explanation of the
need for renormalization nor of the nature and variety of elementary parti-
cles nor of the mystic number 137. Beyond this descriptive theory, there is
an absolute darkness.52

Esther Dyson was born on July 14, 1951, in Zurich. But her father also had
time for frequent discussions with Pauli, “when Pauli would sometimes feel
hungry in the middle of the afternoon and go out to an open-air café on one

51 On which, see (Blum, 2017). Hamilton (1986) argues that damping theory actually contained
premonitions of later dispersion-theoretical methods, thereby also explaining both why he
continuedworking on damping theory for a few years, even after the development of renormali-
zation theory, and why he was then predisposed to engage with dispersion-theoretical S-Matrix
work.

52 Letter of May 16, 1951 (von Meyenn, 1996, p. 305)
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30 Foundations of Contemporary Physics

of the little streets near the Gloriastrasse for a dish of ice-cream.”53 These
discussions over ice-cream finally led to an epiphany, as Dyson later recalled:

In Zurich I discussedmy ideas with Pauli, and Pauli remained sceptical. Pauli
said he could not prove me wrong, but he had a strong feeling that the cru-
cial . . . series that I assumed to be convergent would actually diverge. One
afternoon in Zurich, while I was walking with Pauli, I suddenly saw that
his intuition was right. I found a simple physical argument showing why the
series could not converge. I explained the argument to Pauli, and he said, “I
told you so.”(Dyson, 2018, p. 168)

Rather than presenting a “long and very difficult piece of analysis,” Dyson
(1952) ultimately ended up submitting a two-page paper to thePhysical Review,
in which he presented his argument that the perturbation series does not
converge, no matter how small the coupling constant.
The argument went roughly as follows: Take some physical quantity F,

expressed as a power series in the square of the elementary charge e2. If the
perturbation series converges, then F(e2) is an analytic function of e2, with a
finite radius of convergence around the origin. Consequently, F(−e2) will also
be a convergent power series. However, if indeed e2 were negative, opposite
charges would repel.
There would thus be, even in the vacuum state, a small, but finite, proba-

bility for the creation of a bunch of electron–positron pairs. Normally, with
positive e2, the electron and the positron in each pair attract one another – a
deadly attraction, as they will immediately annihilate one another. However,
with negative e2, the electron and the positron would repel each other and fly
off in opposite directions. They would then, in fact, tend to cluster with other
particles of the same type – electrons with electrons, positrons with positrons.
At some large number threshold, the electrostatic binding energy of these two
clusters would exceed the rest mass energy needed to create all the pairs (since
the binding energy grows exponentially with the number of particles), making
this indeed a physically allowed transition.
For the creation of n pairs, such a transition would involve a factor of e2n

and would thus appear only at very high orders in perturbation theory; yet,
these transitions could not be neglected, since they prevented the possibility of
a stable ground state: once the two clusters were created, they would keep on
growing quickly, since now the energy balance was positive even if one added
just one particle at a time. The existence of nonnegligible contributions from

53 This detail is from Dyson’s unpublished Pauli Memorial Lecture “Our Stability is but Bal-
ance,” which he gave in Zurich on February 18, 1974. A copy of the manuscript is held in
the Albert Einstein Archives (call number 160–020). Apparently Dyson sent a copy to Helen
Dukas, Einstein’s former secretary and, after Einstein’s death, the trustee of his estate.
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Probing the Consistency of Quantum Field Theory I 31

very high orders of perturbation theory implied that the terms in the perturba-
tion series start getting bigger again, once the order of perturbation exceeds
the threshold for bulk electron–positron pair creation, in contradiction with the
assumed convergence of the series.54

During the summer of 1951, Dyson also discussed his results with Abdus
Salam, whom he had invited to visit him in Zurich.55 After Salam returned to
England, he reported to Kemmer:56

I came back from the continent on the 19th . . . I saw Dyson fairly regu-
larly I was all the time in Zürich spending almost 5/6 hrs. each day. He is
now engaged on a most imp[or]t[an]t development. He is convinced (after
repeated failures to prove the contrary) that the series expansions [sic] is
never c[onver]g[en]t; at best it is asymptotic; This is the same result which
Hurst has derived. . . . I saw Pauli for about half an hour . . .

Hurst must thus have obtained his result, which was then published in two
papers (submitted on November 14 and 30, 1951), around the same time as
Dyson. However, Hurst had obtained it in a very different, more quantitative
manner. From Dyson’s argument it was not clear how it could happen that the
terms in the perturbation expansion would start increasing again; after all, the
nth order of perturbation theory comes with a factor of gn, and if the coupling
constant g is less than one, this should lead to exponential decrease. However,
as Hurst (1952b) could show, this decrease is more than counterbalanced by the
increase in the number of Feynman diagrams, which goes more or less as n!.
Of course one might hope that the contributions from the individual Feynman
diagrams, when properly evaluated, might actually fall off faster than gn. But
Hurst (1952a) was able to show that this was not the case, at least for a toy
model of a scalar field with a ϕ3 self-interaction. The terms in the perturbation
series would thus decrease only up to the order where the additional factor of
g no longer sufficed to counterbalance the additional combinatorial factor of
n. At order n ≈ 1/g, the terms would start increasing again indefinitely, as in
Dyson’s heuristic argument.57

54 Dyson’s reductio proof of nonconvergence is sometimes misconstrued as taking this instability
of the vacuum to be an inconsistency in and of itself, rather than merely being inconsistent
with the assumed convergence of the series (Wightman, 1979, p. 994). This makes Dyson’s
argument seem weaker than it is, since one could actually imagine a consistent physical theory
with an unstable vacuum.

55 Letters from Dyson to Salam, May 14, and July 25, 1951, ASP, Dyson Correspondence.
56 Letter of 22 August 1951, NKP, Salam Correspondence.
57 Just like Hurst, Dyson had estimated that the perturbation terms would start increasing at order

1/g (order 137 for the case of QED). However, since he did not provide an argument for this
value, it can be assumed that he simply took it from Hurst. This estimate is not yet mentioned
in the previously quoted letter from Salam to Kemmer.
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32 Foundations of Contemporary Physics

Dealing, as he did, only with a toy model, Hurst had hardly provided a
rigorous proof of the nonconvergence of the power series in QED. Neverthe-
less, taken together, Dyson’s and Hurst’s results made it highly probable that
the perturbation series in QED did indeed diverge. The program of proving
the consistency of perturbative QED, pursued in Cambridge and by Dyson in
Birmingham, had failed. What was one to make of this?

2.5 Asymptotic Series
Had this result been obtained 100 years earlier, it would have been viewed as
utterly detrimental to the mathematical legitimacy of QED. In the early nine-
teenth century, a number of mathematicians, foremost among them Augustin
Louis Cauchy, had pursued a program of placing ‘on a firm, rigorous foot-
ing many mathematical methods and procedures that had up to then been used
without sufficient theoretical justification” (Belhoste, 1991, p. 9). One of their
primary objectives was to identify explicit criteria for determining whether an
infinite series converges. The most important tool in this regard was the radius
of convergence. Cauchy had shown, for example, that the Taylor series of a
function f (x) converges for real values of x smaller than the absolute value of
the smallest complex number z for which f (z) diverges.58 We have seen the
undiminished importance of the concept of radius of convergence in Dyson’s
argument for nonconvergence of the perturbation series.
The proponents of this “critical movement” sought to abolish the use of

divergent series in mathematics. The Norwegian mathematician Niels Henrik
Abel, another early champion of the new rigor, famously referred to diver-
gent series as “the invention of the devil” (Kline, 1972, p. 973). Then, as now,
solutions to differential equations were frequently constructed through a series
expansion (Kline, 1972, section 21.6). Cauchy asserted that this method gave

zero certainty that one has effectively solved the given equation, nor even
whether that equation admits a solution at all. . . . The solution of differential
equations by series was thus illusory, as long as one did not provide any
means of ensuring that the series obtained are convergent, and that their sums
are proper functions solving the given equations; so that it was necessary to
either find such ameans, or to look for a different method by which one could
establish in a general manner the existence of proper functions solving the
differential equations and calculate values that are arbitrarily close to those
very functions. (Cauchy, 1840, pp. 327–328)

58 This statement is sometimes referred to as the “Turin Theorem,” as Cauchy was in voluntary
exile in Turin at the time. A staunch royalist, he had left France after the revolution of 1830
(Belhoste, 1991, p. 152).
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Probing the Consistency of Quantum Field Theory I 33

Cauchy was thus moved to give the first general existence theorems for solu-
tions of differential equations, independent of the actual construction of such
solutions.
The ban on divergent series was certainly also meant to extend to mathemat-

ical physics. Legend has it that “[a]fter a scientific meeting at which Cauchy
presented his theory on the convergence of series, Laplace hastened home and
remained there in seclusion until he had examined the series in hisMécanique
céleste. Luckily every one was found to be convergent” (Kline, 1972, p. 972).
This anecdote probably primarily refers to Taylor series, that is, expansions in
an independent variable. However, Laplace (1798, book 2, chapter 5) had also
used expansions in terms of a small constant parameter. He had studied the
equations of motion for a body moving under the influence of both a primary
force (such as the gravitational attraction of the sun) and a small perturbing
force αQ, where α is a “very small constant coefficient, which, in the theory
of celestial motion, is of the order of the perturbing forces” (1798, book 2,
chapter 5, p. 235). The solutions were constructed iteratively and appeared as a
power series (1798, book 2, chapter 5, pp. 242–243), which resembled the per-
turbation series of QED, down to the use of the letter α to denote the expansion
parameter. One can thus easily imagine a nineteenth-century Dyson hastening
home after Cauchy’s presentation, only to find himself not quite as lucky as
Laplace.
It was only in the late nineteenth century that this negative attitude started to

relax again, as mathematicians came to accept that there are “divergent series
that are useful in the representation and calculation of functions,” and conse-
quently formalized and developed the concept of an asymptotic series (Kline,
1972, p. 1103). One reason for this shift was that Cauchy’s rigorous notion
of convergence was not always helpful for actual calculations. In hisMéthodes
nouvelles de la Mécanique céleste (“Newmethods of celestial mechanics”), the
French mathematician Henri Poincaré argued that mathematicians and natural
scientists really had different notions of convergence:

Between mathematicians and astronomers some misunderstanding exists
with respect to the meaning of the term “convergence.” Mathematicians who
are mainly concerned with perfect rigorousness of the calculation and fre-
quently are indifferent to the enormous length of some calculation which
they consider useful, without actually thinking of ever performing it effi-
ciently, stipulate that a series is convergent if the sum of the terms tends to a
predetermined limit even if the first terms decrease very slowly. Conversely,
astronomers are in the habit of saying that a series converges whenever the
first twenty terms, for example, decrease rapidly even if the following terms
might increase indefinitely.(Poincaré, 1993, p. 317)
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34 Foundations of Contemporary Physics

In working with differential equations, “the infinite series which were used
to find the solutions did not always yield useful approximations” (Schlissel,
1976, p. 309). A striking example is the three-body problem inNewtonian grav-
ity, another famous “unsolvable” problem. In the early twentieth century, the
Finnish mathematician Karl Sundman proved that an analytic solution exists: a
convergent expansion in powers of t1/3. However, it converged so ridiculously
slowly that it was entirely useless for practical astronomy. Instead, astronomers
continued to use mathematically divergent series (with t only appearing in the
arguments of trigonometric functions), whose first terms gave very precise pre-
dictions for, for example, the lunar orbit (Barrow-Green, 2010). It was in this
astronomical context that Poincaré first introduced the notion of asymptotic
series (Kline, 1972, p.1104).
By the mid twentieth century, divergent series had become standard fare.

Indeed, both Dyson and the Kemmer group were very likely familiar with
the textbook Divergent Series by the Cambridge mathematician G.H. Hardy
(1949), which asserts in its preface:

Then came a time when it was found that something after all could be done
about [divergent series]. This is now a matter of course, but in the early
years of the century the subject, while in no way mystical or unrigorous, was
regarded as sensational, and about the present title, now colourless, there
hung an aroma of paradox and audacity.

Hardy’s book begins with several examples of divergent series. And the
example f (x) he used to discuss the notion of asymptotic series (1949, p. 26ff)
bears an uncanny resemblance to the diverging perturbation series:

f (x) =
∞∑
n=0

n!(−x)n (3)

Just like the Dyson series, this was a power series whose coefficients
increased as (or rather, in this simple case, were equal to) n!. AndHardy showed
that f (x) was an asymptotic expansion of the function

f (x) =
∫ ∞

0

e−w

1 + xw
dw (4)

that is, the difference between the function and the first m terms of the series
is less than the next term in the series,59 which is equal to (m + 1)!xm+1.

59 This estimate holds only for x in the right half of the complex plane, i.e., for x = reiθ with
|θ | ≤ π/2, which of course includes the important case of x real and positive. For x in the
left half of the complex plane, the upper bound on the remainder is weakened by a factor of
1/| sin θ |. For real negative x, i.e., for θ = π, the upper bound becomes infinite, and the series
is no longer an asymptotic expansion of f (x).
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Probing the Consistency of Quantum Field Theory I 35

“There is therefore,” Hardy wrote (1949, p. 28), “one sense at any rate in which
the series ‘represents’ f (x).” He consequently used the same symbol, f (x), for
the series and the function.
The perturbation series thus had all the makings of an asymptotic series, and

Hurst (1952a, p. 638f) concluded his second paper by observing:

If it be granted that the perturbation expansion does not lead to a con-
vergent series in the coupling constant . . . then a reconciliation is needed
between this hypothesis and the excellent agreement found in electrodynam-
ics between experimental results and low-order calculations. It is suggested
that this agreement is due to the fact that the S-matrix expansion is to be
interpreted as an asymptotic expansion in the fine-structure constant, so that
the agreement mentioned is due to the fact that as the fine-structure constant
is small, the error committed by stopping the calculations at any order of
approximation is of smaller order than the last term calculated.

What did all of this mean for the consistency of QED? While neither Dyson
nor Hurst actually provided a full proof of the divergence of the perturbation
series, the agreement between these two very different arguments was nonethe-
less quite persuasive. And if one accepted their conclusion, one had to concede
that the perturbation expansion could not be used to construct an exact solution
of QED or prove the existence of such a solution.60 However, the divergence
of the perturbation series also did not imply that no such solution existed. If
anything, the empirical success of the perturbation series suggested, as Hurst
argued, that it probably was the asymptotic expansion of an exact solution.
This could be taken as a conclusion to the attempt at proving the consist-

ency of QED: the existence of exact solutions had been shown to be likely;
indeed, said existence could be considered – in a mathematically sophisticated
way – the best explanation for the empirical success of QED. The divergence
of the perturbation series thus did not really change the status of QED as a
theory, nor did it have obvious implications for the applicability of QFT for
the strong nuclear interactions. But it did significantly change the status of
perturbation theory. Dyson had believed that QED was nothing more than
the perturbative expansion and that consistency could and would be proved
through perturbation theory. Now, perturbation theory had been demoted to a
mere approximation method. And even though the results of Dyson and Hurst

60 Under certain conditions one can reconstruct a function from its asymptotic series, but in the
context of QFT such methods were only explored decades later. Using Borel summation of
the perturbation series, one can reconstruct the known nonperturbative solutions from the per-
turbation series for some simple models in constructive QFT (Miller, 2017, p. 56). There is
still some hope that generalized Borel summation techniques could be used to obtain exact
solutions for more complicated and realistic models (Dunne and Ünsal, 2012, Section 8).
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only addressed (and disproved) the mathematical convergence (in the sense of
Poincaré) of the perturbation series, the expectations for its physical conver-
gence immediately plummeted. For theories with strong coupling, “even the
first approximation would be dubious” (Hurst, 1952a, p. 639).
The results of Dyson and Hurst thus emphasized that nonperturbative meth-

ods would be necessary – both to assess the consistency of QED and to extend
QFT to the nuclear interactions. They even had some ideas what to look for:
since exact solutions in QFT apparently did not have a convergent series expan-
sion, even in the limit of a vanishing coupling constant, one should expect an
essential singularity for e2 or g2 equal to zero.61 According to Salam,62 Dyson
was “hopeful of great things” in this regard and “expect[ed] an essential singu-
larity of the type exp(−1/e2) at the origin.” While the exponential of 1/x can
be considered the standard example of an essential singularity, one can still
appreciate Dyson’s intuition: we will indeed encounter similar expressions in
later sections, as we study the attempts to investigate consistency beyond the
perturbation expansion.
But first we need to bid farewell to the protagonist of the first section. Dyson

hardly participated in these investigations. In his short paper on the divergence
of the perturbation series, he enthusiastically embraced the notion of open and
closed theories and proposed that QED might not in fact be closed and that
the equations of QED had no exact solutions. All that QED then did was give
a useful approximation to an as yet undiscovered theory, for the construction
of which “not merely new mathematical methods but a new physical theory is
needed.” Dyson had thus fully switched to Oppenheimer’s view and stopped
working on QED entirely (Schweber, 1994, p. 565). He did work on nuclear
physics for a while longer (Dyson et al., 1954), and we will encounter him as
a side character in later sections. But he ultimately moved on to other top-
ics, removed from relativistic QFT, such as solid-state physics. As he wrote
to Murray Gell-Mann in 1955:63 “I have now left the hard territory of field
theories and I am wandering happily in the dream-land of spin-wave inter-
actions, where every Born approximation series converges . . .” In hindsight,
Dyson would identify his discovery of the nonconvergence of the perturbation
series as a decisive turning point – perhaps never more explicitly (and at a more
suitable occasion) than in his 1974 Pauli Memorial Lecture in Zurich:64

61 While Hardy’s example, Equation (4), may at first glance appear to be perfectly well-behaved
(and equal to 1) at the origin, things are not that simple: due to the branch cut on the negative
real axis, the limit of f (x) for x → 0 is, in fact, not uniquely defined (Hardy, 1949, p. 27).

62 Letter to Kemmer of August 22, 1951, NKP, Salam Correspondence.
63 Letter of October 24, 1955, MGP, Box 6, Folder 33.
64 Page 4, see footnote 53.
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We entered in 1951 the modern era of particle physics, which resembles the
modern era in art and music. Instead of trying to build a great coherent theory
along classical lines, the physicists of the new era work with fragments of
themes, with dissonant ideas placed in apparently random juxtaposition, just
like modern composers.

It is thus to the modern era of particle physics, to the search for nonpertur-
bative solutions, and back to Pauli that we now turn.

3 The Search for Nonperturbative Solutions
The apparent divergence of the perturbation series made perturbation theory
irrelevant to the consistency question in QED. The remainder of this book will
therefore focus on non-perturbative approaches to QED. “Nonperturbative” is
used here in the widest possible sense, running the gamut from approximations
still partially reliant on the perturbation series to exact results independent of
any approximation at all.65 This is a vast field – a fact that is easily overlooked
when focusing solely on the dichotomy between lowbrow “conventional” QFT
and highbrow algebraic QFT (Wallace, 2011; Fraser, 2011). Given this vast-
ness, this chapter is probably the most impressionistic and idiosyncratic of
the entire book. I will focus on those aspects of middlebrow nonperturbative
approaches to QFT that arose in the early 1950s and were either directly con-
nected to the question of consistency or will become relevant to it in later
chapters. This will be something of a tour d’horizon, but it will start right where
we left off – in Zurich, in 1951.

3.1 Källén and Thirring
While for Dyson the nonconvergence argument was “a terrible blow to all my
hopes” (Schweber, 1994, p. 565), for Pauli the fun was just beginning. In a
sense, it was history repeating itself. Some 20 years earlier, Oppenheimer had
made his discovery that radiative corrections in QED lead to an infinite dis-
placement in the spectral lines – as a postdoc with Pauli in Zurich.66 Pauli had
reacted by briefly turning Zurich into the center for studying the extent of these
difficulties. The central papers establishing that Oppenheimer’s result was no
accident, but rather revealed a critical defect of QED, were written by postdocs

65 Duncan (2012, p. iv) also remarks on the vagueness of the term “nonperturbative.”
66 The paper was submitted after Oppenheimer had returned to the US, but he later recalled that

“when I came back I had practically everything that I was going to do on the self energy
problem, the fields, but I didn’t have it written up.” Interviewwith Thomas S. Kuhn, November
20, 1963. AHQP, Microfilm 1419–04.
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and visitors under Pauli’s supervision in Zurich.67 In 1951, Pauli reacted in
much the same way to Dyson’s result.
The physicists whom Pauli set to work were two young postdocs, Gunnar

Källén from Sweden and Walter Thirring from Austria. Both arrived in Zurich
to work with Pauli in late 1951,68 and soon started investigating the status and
the relevance of Dyson’s heuristic proof of non convergence. It appears that
Pauli had not been informed of Hurst’s results. Salam had only seen Pauli for
half an hour during his stay in Zurich, and Dyson recalled that he had tried to
introduce the two, but Pauli had shown no interest.69 Dyson himself, now a
young father, did not keep in touch with Pauli – the next extant letter between
the two after Dyson’s departure from Zurich dates from December 1954. Con-
sequently, when Thirring was assigned the task of proving Dyson’s conjecture,
he essentially repeated Hurst’s analysis – using the exact same toy model.
News of Hurst’s work only reached Zurich when Hamilton sent Pauli a copy
of Hurst’s thesis.70

It was not entirely coincidental that Hurst and Thirring had used the same
model – known for some time as the Hurst–Thirring Model (Bogoliubov and
Shirkov, 1959, p. 352), but now usually referred to by the very matter-of-fact
name of ϕ3 theory. Ward (1950) had already shown that renormalization in
ϕ3 theory was far easier than in QED. The only perturbative UV divergence
was the one associated with the simple second-order self-energy diagram. If
one calculated that diagram and introduced a suitable mass counterterm, then
the divergences in all higher-order diagrams were automatically removed: no
higher-order corrections to the mass counterterm needed, and no charge renor-
malization at all. Thirring later introduced the term “super-renormalizable” for
such theories, whose perturbative ultraviolet divergences can be removed in
a finite number of steps. This feature of course made ϕ3 theory ideally suited
for studying the convergence of the perturbation series;71 when estimating the
higher-order terms relevant to addressing that question, one did not need to

67 Ivar Waller (1930) demonstrated that Oppenheimer’s result also applied to free electrons. Lev
Landau and Rudolf Peierls showed that the divergences appeared in configuration space just
as they did in occupation-number space (Landau and Peierls, 1930). Finally, Léon Rosen-
feld found divergences analogous to those in QED for the gravitational coupling of photons
(Rosenfeld, 1930) and for a nonrelativistic harmonic oscillator coupled to a quantized radiation
field (Rosenfeld, 1931). Rosenfeld wrote this latter paper when he was already in Copenhagen
but later recalled that it had been “directly inspired by Pauli,” who wanted to see “how general
is this divergence business” (Interview with Kuhn and Heilbron, see footnote 23).

68 Letter from Pauli to Armin Thellung, 20 December 1951 (von Meyenn, 1996, p. 468).
69 Interview by Jagdish Mehra, November 4, 1971, second side of tape, p. 29 of transcript. JMP,

Box 99.
70 Letter from Pauli to Källén, August 19, 1952 (von Meyenn, 1996, p. 708f).
71 First attempts at a generalization to actual QED soon followed (Petermann, 1953)
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Probing the Consistency of Quantum Field Theory I 39

concern oneself with the removal of new divergences. Hurst had thus ignored
renormalization entirely in his argument, giving Thirring a reason to publish
his work, which explicitly addressed this issue, after all.72

The bigger question – beyond more firmly establishing the divergence of the
perturbation series – was whether there might exist solutions of QED that could
not be expanded in a power series for a small coupling constant. This was the
problem pursued by Källén.73 He had been a postdoc with Pauli in 1950 and
was now returning toworkwith him again for a fewmonths.74 He shared Pauli’s
predilection for mathematics (Jarlskog, 2014, p. 405ff) and now promptly took
on the task of “looking behind the veil of the Dysonian power series.” As the
reader will have anticipated, Källén did not manage to prove or disprove the
existence of exact solutions to the equations of QED. However, he did make
substantial progress on the first major obstacle, formulating “a definition of
renormalization that is not explicitly bound to these power series.”75

A central problem in even contemplating the existence of nonperturbative
solutions was the intimate connection between renormalization and perturba-
tion theory. How would one even write down the field equations that one then
hoped to solve nonperturbatively? One couldn’t work with the unrenormal-
ized Hamiltonian, because one did not know the value of the bare mass and
charge. And one couldn’t work with the renormalized Hamiltonian, because
the renormalization constants were only given as perturbatively constructed
power series. It should be noted that this conundrumwas not directly connected
to the fact that the renormalization constants were infinite in perturbation the-
ory. What was needed was simply a nonperturbative method for determining
the renormalization constants.
We will illustrate Källén’s proposal (Källén, 1952) using the example of the

electron wave function renormalization constant Z2. Consider the renormalized
field equations for the electron field, which contained the physical mass and
charge (which one knew) as well as the renormalization constants (which one
didn’t):

72 (Thirring, 1953). See also letter from Pauli to Källén, September 16, 1952 (von Meyenn, 1996,
p. 730).

73 In his paper, Thirring also made some vague remarks on the subject, invoking “preliminary
investigations” that implied that the perturbation series diverges around any value of the cou-
pling constant, not just around zero, i.e., for small coupling constants. “This would mean that
if there are solutions at all they must be non analytic for all real values” of the coupling
constant (Thirring, 1953, p. 35). But Thirring does not appear to have followed up on these
investigations.

74 Manifold biographical information on Källén can be found in (Jarlskog, 2014).
75 Both quotes are from a letter dated December 23, 1951, from Pauli to his former assistant

Markus Fierz, in which he reported on Källén’s work (von Meyenn, 1996, p. 480).
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40 Foundations of Contemporary Physics(
iγµ∂µ − m

)
ψ(x) =

(
eγµAµ(x) + δm

)
ψ(x) (5)

Actually, these field equations do not contain Z2, but Z2 does appear in the
renormalized equal-time anticommutation relations for ψ:{

ψ†
α(x, t),ψβ(x′, t)

}
= Z−12 δαβδ(x − x′) (6)

Källén then formally integrated the field equation to obtain:

ψ(x) = Z−1
2 ψfree(x) −

∫
S ret(x − x′)

(
eγµAµ(x′) + δm

)
ψ(x′)d4x′ (7)

where S ret(x − x′) is a retarded Green’s function for the Dirac operator, and
ψfree(x) is an operator that obeys the free field equations and the usual (unrenor-
malized) canonical anti-commutation relations.76 This formal solution now
explicitly contains Z2, in order for ψ to fulfill the renormalized anticommu-
tation relations (equation (6)). At this point Källén introduced an additional
supplementary condition from which the renormalization constant could be
determined:

〈0|ψ(x)|q〉 = 〈0|ψfree(x)|q〉 (8)

This condition requires some unpacking. The states |0〉 and |q〉 are both
eigenstates (vacuum and one-electron states, respectively) of the free Ham-
iltonian, again with the physical mass. The field (ψfree)† thus turns |0〉 into an
infinite superposition of states |q〉, and the right-hand side of Källén’s condition
is simply e−iqx times an appropriately normalized spinor. The field ψ† creates
a far more complicated state when acting on |0〉, at least when expressed in
terms of eigenstates of the free Hamiltonian. Källén’s condition now stated that
ψ† |0〉 was equal to (ψfree)† |0〉 plus additional terms that, however, contained
no further (free) one-particle states |q〉.
We can now compare this with Equation (7) to see how Källén’s condition

determines the renormalization constant. When the operator in that equation
acts on the vacuum, both the first and the second summands individually create
more one-particle components than allowed by Equation (8). However, one
could now choose the wave function renormalization constant Z2 such that
the one-particle components created by the second summand on the right-hand

76 Note that ψfree(x) obeys the free field equations with the physical mass, not the bare mass,
i.e., Equation (5) with the entire right-hand side set to zero. The physical picture is that in the
free theory the mass does not need to be renormalized, and thus the mass appearing in the field
equations is already the physical mass. One could, of course, also approach the free theory from
the interacting theory. In that case, if one were to “turn off” the interaction, one would end up
with a particle with the bare mass, but this would be a somewhat perverse way of smuggling
divergences into the free theory. The free mass is thus always taken to be equal to the physical
mass m.
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Probing the Consistency of Quantum Field Theory I 41

side of Equation (7) are exactly compensated by the factor of Z−1
2 in the first

summand.
Källén’s renormalization conditions were inspired by the perturbative renor-

malization procedure; but it was by no means clear that there is a limit in which
the two conditions are equivalent, and Källén did not expound on the connec-
tion between his conditions and perturbative renormalization in any detail. In
1956, four years later, Léon van Hove (on whom more in chapter 5) would
still refer to the nonperturbative renormalization conditions merely as a “rea-
sonable guess of Källén.”77 More importantly, the main question – whether or
not the equations of motion, supplemented with the renormalization conditions,
actually had nonperturbative solutions – remained entirely unanswered when
Källén returned to Sweden on February 23, 1952.78

It was quite obvious which outcome Pauli was ultimately rooting for. At
the International Physics Conference in Copenhagen in June 1952,79 where
both Källén and Thirring presented their results, Pauli made it clear that he
“would not feel happy if it was proved that the renormalization procedure leads
to a consistent description of electrodynamic phenomena without taking into
consideration other elementary particles” (Kofoed-Hansen et al., 1952, p. 55).
This statement sheds some further light on Pauli’s motivation. In addition to
rejecting the mathematical tool of the power series, Pauli was also unhappy
with the picture of the world implied by Dyson’s original program: a neatly
compartmentalized world it was, with separate renormalized QFTs for the elec-
tromagnetic, nuclear, and possibly gravitational interactions, connected only
by the plus signs in the Lagrangian. Pauli’s vision had always been a holistic
one.80 Already when writing his foundational papers on QED with Heisenberg
in 1929, he had complained not just about the theory’s lacking consistency, but
also about the fact that the Lagrangian consisted of “three independent sum-
mands, among which no logical relation, by which I mean an inner connection,
is established.”81

While Pauli’s ambition was clear, in the summer of 1952 he and Källén were
at an impasse – the existence of nonperturbative solutions in QED could neither
be proven nor disproven. It would require some novel ideas to move things
forward, and we will return to Pauli only in the second volume of this Element

77 Notes on a conversation with van Hove taken by John Wheeler, Wheeler Relativity Notebook
III, p. 254, entry dated February 15, 1956, JWP.

78 Letter from Pauli to Thellung, February 29, 1952 (von Meyenn, 1996, pp. 565–566).
79 The conference was part of the founding process of CERN.
80 For more on how Pauli’s desire to see QFT fail fits into his wider philosophical views at the

time, see a forthcoming paper by Noah Stemeroff.
81 Letter to Oskar Klein, February 18, 1929 (Hermann et al., 1979, p. 491).
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42 Foundations of Contemporary Physics

In the meantime, others were changing the rules of the game and redefining
what it would mean for QED to have exact solutions.

3.2 Green’s Functions as Solutions
In 1952, Pauli and Källén were not the only ones looking for exact solutions.
So was Abdus Salam. Salam had returned to Pakistan in the fall of 1951 to
take on a professorship at his alma mater, the Government College at Lahore
(Fraser, 2008, p. 104). Here he did his best to continue his research, but the
College did not subscribe to research journals, and Salamwas expected to man-
age the soccer team rather than work on quantum field theory (ibid., p. 106).
Nonetheless, he managed to do some work after all, as evidenced by a letter
to Kemmer, in which Salam gave updates on his progress in constructing solu-
tions of QED.82 He had heard of Källén’s work, but had not seen the paper.
Salam’s approach was very different from Källén’s, in that he continued to
work with the perturbation series and tried to find explicit expressions for the
remainder.
While Salam was initially quite optimistic, his attempts appear to have pro-

gressed no further than Källén’s. His letter is, however, interesting for another
reason: it differs from Källén not just in its relation to perturbation theory, but
also in the underlying notion of solution. Rather then looking directly for solu-
tions to the field equations (or the Schrödinger equation) of QED, Salam was
attempting to construct Green’s functions. This was becoming the dominant
view of what it would mean to solve a QFT, as I shall discuss in the remainder
of this chapter.
The new focus on Green’s functions was hardly the first step in the demo-

tion of the traditional dynamical equations of QFT. In the course of the 1930s
and 40s, the central paradigmatic problem of QFT had shifted from solving the
Schrödinger equation to constructing the S-Matrix, culiminating in Dyson’s
1949 renormalizability paper (Blum, 2017). When Dyson extended his renor-
malizability proof and methods beyond the S-Matrix, he had anticipated a
return to normalcy in this regard. In order to treat bound-state problems, he
had worked towards establishing a finite, renormalized Schrödinger equation,
which could then be tackled using “all the well-known approximate methods,
variation methods, iteration methods, and if necessary numerical integrations”
(Schweber, 1994, section 9.16). This would have marked a revival of the tried
and true methods of nonrelativistic quantum mechanics. But this revival did
not materialize, as it proved to be far more efficient to adapt the methods

82 Letter dated April 15, 1952, NKP.
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Probing the Consistency of Quantum Field Theory I 43

developed for scattering and apply them to other problems, such as calculating
the energies of bound states. This was a further reason for Dyson to abandon
QED, as witnessed by a letter of January 14, 1952, from Peierls to R. H. Dalitz,
another postdoc of his: “To my great surprise, [Dyson] seems to have lost inter-
est in his programme for treating divergence, and partly he seems to feel that
all that can be done with his technique could be done more simply with the
Bethe–Salpeter equation” (Lee, 2009, p. 291). The Bethe–Salpeter equation is
a striking example of techniques originally developed for relativistic scattering
now being applied outside that domain. Indeed, Dyson (1949b) himself had
unwittingly pioneered this sort of integral equation, so we need to revisit his
paper in a little more detail.
It had been Dyson’s central insight that Feynman’s diagrammatic approach

to perturbation theory could be used to decompose the terms in the perturba-
tion series into several recurring factors. For example, one could identify in
any Feynman diagram vertex parts, which consisted of an arbitrary number of
vertices and internal lines but were connected to the rest of the diagram solely
through two electron lines and one photon line – just like a single vertex. The
factorΛµ corresponding to such a vertex part could be calculated independently
of the rest of the diagram. One could then calculate that rest, with the vertex
part replaced by an unmodified vertex γµ, and then afterwards insert for that
unmodified vertex the pre-calculated quantity Γµ = γµ + Λµ. Γµ might even
include the sum of many different (or, in principle, all) vertex parts, thereby
enabling the calculation of multiple perturbation terms in one go. A similar
procedure could be used for electron (Σ) and photon (Π) self-energy parts, i.e.,
the parts of diagrams that were connected to the rest only through two electron
or photon lines. Again, one could initially replace them by the free electron (SF)
and photon (DF) propagators and then later insert the modified propagators S′F
and D′

F, defined by

S′F = SF + SFΣSF (9)

D′
F = DF + DFΠDF (10)

In this way, one could divide the construction of the S-Matrix into (a) the
calculation of isolated vertex and self-energy parts and (b) the evaluation of
“skeleton graphs,” where all of the self-energy and vertex parts were replaced
by free propagators and unmodified vertices, respectively. This was not just a
calculational simplification: the self-energy and vertex parts were also where
the divergences occurred. Isolating them allowed Dyson to apply renormali-
zation methods without having to deal with arbitrarily complicated skeleton
graphs.
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44 Foundations of Contemporary Physics

Figure 1 This (subpart of a) Feynman diagram has two electron and one
photon external line and so could be considered a vertex part. However, due
to the photon line that connects only to the right-hand external electron line,

Dyson decomposed it into a proper vertex part and a self-energy part.

In order to make matters unambiguous, Dyson had to introduce the concept
of a “proper vertex part.” The simple definition of a vertex part given earlier
also encompasses cases where one of the three lines joining the vertex part to
the rest of the diagram contains a self-energy part (see Figure 1). Dyson instead
considered such a structure to be the combination of a self-energy part and a
proper vertext part, the latter being defined as a vertex part without self-energy
insertions on its external lines. This made the distinction between what was a
self-energy and what was a vertex part unambiguous. Dyson also introduced
the concept of proper self-energy parts (Σ∗ and Π∗) , i.e., self-energy parts that
could not be decomposed into two successive self-energy parts. An electron or
photon line could, of course, contain arbitrarily many such proper self-energy
parts, so that the defining equations for the modified propagators were adjusted
to be:

S′F = SF +
∞∑
n=1

SF (Σ∗SF)n = SF + SFΣS′F (11)

D′
F = DF +

∞∑
n=1

DF (Σ∗DF)n = DF + DFΠD′
F (12)

Finally, Dyson introduced the concept of “irreducible” vertex and self-
energy parts.83 These were (proper) vertex and self-energy parts that could not
be obtained from simpler ones by insertion.

83 This is not to be confused with the modern term “one-particle irreducible,” which refers to a
diagram that cannot be split into two separate diagrams by cutting a single line. Such diagrams
would have merely been called “proper” by Dyson.
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Probing the Consistency of Quantum Field Theory I 45

For the electron self-energy part, there was actually only one irreduci-
ble diagram, aside from the mass counterterm δm: the diagram where the
electron emits and reabsorbs a virtual photon – two vertices, order e2. This
allowed Dyson to derive an explicit expression for Σ in terms of the modified
propagators and the vertex function Γ:

Σ(p) = e20

(∫
d 4kΓµ(p,p − k)S′F(p − k)γµD′

F(k)
)

(13)

For Dyson this was significant, because it provided a connection between
results at lower orders of perturbation theory with results at higher orders. This
connection could be used to make the induction step required to demonstrate
that renormalization could be performed to an arbitrary order in perturbation
theory. If one had the propagators and the vertex function up to order e2n, Equa-
tion (13) gave the self-energy up to order e2n+2. Inserting this into Equation (11)
then gave the S′F to order e

2n+2, i.e., one order (one factor of e2) higher than the
initial input.
Instead of evaluating Σ at some order of e2, one could directly insert Equa-

tion (13) into Equation (11), obtaining not an explicit expression, but rather an
integral equation for S′F:

S′F(p) = SF(p) + SF
[
e20

(∫
d4kΓµ(p,p − k)S′F(p − k)γµD′

F(k)
)
− δm

]
S′F(p).

(14)

Here, the arguments of the vertex function Γ are the momenta of the two
electron lines involved.84 An analogous equation can be written down for the
modified photon propagator:

D′
F(k) = DF(k) + e20DF(k)Tr

(∫
d4pΓµ(p,k − p)S′F(k − p)γµS′F(p)

)
D′
F(k)

(15)

Note that there is no such compact form for the equation governing the vertex
function, since there is more than one (in fact, an infinity of) irreducible vertex
parts. This is due to the possibility of the two electrons exchanging (multiply)
crossed photon lines. In any case, while Dyson was aware of these relations,
he never explicitly wrote them down, referring to them simply as “the integral
equations.” He saw no need to use or solve them in any way other than through
the iterative construction of perturbation theory.

84 It should also be noted that Dyson employed the Feynman gauge, where the photon propagator
is proportional to gµν , the Minkowski metric. Consequently, the photon propagator itself is not
considered to carry Lorentz indices. Instead, one always contracts the Lorentz indices of the
two vertices connected by a photon line.
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Others, however, saw the appeal of actually working with these integral
equations, as they could be used to extend the diagrammatic approach to non-
scattering problems. Dyson had only considered integral equations for diagram
parts that were more complex versions of the elementary constituents, the ver-
tices and the propagators. However, one could also consider diagram parts
that had no such elementary counterparts. In particular, an integral equation
for diagrams (or parts of diagrams) with four external charged-particle lines
could be used to determine the properties of two-particle bound states.85 This is
the previously mentioned Bethe–Salpeter equation, first derived in early 1951
by Hans Bethe and E.E. Salpeter at Cornell on a purely diagrammatic basis
(Bethe and Salpeter, 1951; Salpeter and Bethe, 1951).
Just as with the vertex, there was an infinity of irreducible diagrams with four

external lines, due to the possibility of exchanging crossed photons.86 Pioneer-
ing the use of approximation methods for constructing (as opposed to just for
solving) Dysonian integral equations, Bethe and Salpeter considered only one
irreducible diagram: the simple one-photon exchange. The only reducible dia-
grams one could obtain from this were those where the photon lines exchanged
between the two electrons did not cross (Figure 2), which Salpeter and Bethe
(1951, p. 1234) aptly named “ladder-type graphs.” By considering only this
class of diagrams, they were able to obtain an explicit, closed-form integral
equation as a starting point for their treatment of bound states.
As long as these integral equations concerned only the calculation of (parts

of) Feynman diagrams, it was not at all clear what more fundamental role they
might play within the structure of QFT. This changed after Salpeter presented
his work with Bethe at the Institute for Advanced Study:

Then finally I went and gave a formal colloquium at the Princeton Institute
for Advanced Studies. What happened is somewhat like the apocryphal sto-
ries you hear about the Institute at the time – where they interrupt the speaker
and don’t let him finish and start writing the next paper right there and then.
And that’s almost what happened to me. I gave a colloquium on the equation,

85 The four external lines correspond to the two particles (incoming and outgoing) that are sup-
posed to form the bound state. I (and Bethe and Salpeter) thus speak of charged particles
more generally, rather than specifically of electrons, since two electrons (or an electron and
a positron) cannot form a stable bound state, as opposed to, say, an electron and a proton.

86 It should be noted that the meaning of the term “irreducible” here deviates even more strongly
from its current usage. For Bethe and Salpeter, “irreducible” diagrams were those diagrams
that could not be obtained from simpler ones by inserting modified vertices, propagators or
four-point diagram parts. Equivalently, this meant diagrams that could not be “split into two
simpler graphs by drawing a line which cuts no quantum [photon] lines at all and each of the
two particle lines only once” (Salpeter and Bethe, 1951, p. 1232, emphasis added). This (by
modern standards) unusual use of “irreducibility” is also pointed out explicitly in the editor’s
remark of (Salpeter, 2008).
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Probing the Consistency of Quantum Field Theory I 47

Figure 2 Some exemplary ladder diagrams, the class of diagrams that
Salpeter and Bethe (1951, p. 1234) considered for setting up their integral

equations. The essential point is that the ladders on the rung never cross. Note
that the exchange particles are represented by dashed lines – the

Bethe–Salpeter equation was supposed to cover both the exchange of photons
and of (scalar) mesons. It is not clear what the dashed lines between the

diagrams are supposed to represent.

and both Francis Low, who was already fairly well-known at the time, and
Murray Gell-Mann, who was just some bright youngster from somewhere or
other at the Institute, were in the audience, and got incensed enough at this
sort of intuitive plausibility argument that they almost already startedmaking
their rigorous field-theoretic derivation of it, right there on the blackboard.87

Gell-Mann and Low’s field-theoretic derivation of the Bethe–Salpeter equa-
tion was based on the realization that functions such as S′F or the Bethe-Salpeter
four-point function could not just be defined diagrammatically but also explic-
itly and compactly, without any reference to a perturbative expansion, as matrix
elements of the Heisenberg-picture field operators. Their reconstruction was
based on what is now known as the Gell-Mann-Low theorem, which relates
the ground state of the free Hamiltonian (the interaction-picture vacuum) to
the ground state of the full, interacting Hamiltonian (the Heisenberg-picture
vacuum). Recall that Källén had worked only with the vacuum of the free
Hamiltonian. His rationale had been that, when calculating S-matrix elements,
one anyway assumes that the interaction vanishes adiabatically (i.e., infinitely
slowly) for t → ±∞. In this limit, the free and interacting Hamiltonians thus
coincide, and so do their vacua. Since the states do not evolve in time in the
Heisenberg picture, one can simply take the two vacua to be equal. Gell-Mann
and Low (1951) acknowledged this approach but felt it was inadequate for the
treatment of bound states, where the interaction could not be taken to vanish
asymptotically. Using the expression they obtained for the relation between the
two vacua, they were able to, e.g., identify the modified electron propagator (in

87 Interview with Salpeter by Spencer Weart, www.aip.org/history-programs/niels-bohr-library/
oral-histories/4854.
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configuration space) with the time-ordered vacuum expectation value (VEV)
of Heisenberg field operators:

S′F(x,x′) = 〈0|T
(
ψ0(x)ψ0(x′)

)
|0〉 (16)

This expression was perfectly analogous to the free field theory: if one takes
the operators and states on the right-hand side to be those of the free theory,
then one has the free propagator SF on the lefthand side, instead of S′F.

88

It was then Julian Schwinger at Harvard, who – in parallel with the work of
Bethe, Salpeter, Gell-Mann, and Low – developed a complete reformulation of
QFT based on such time-ordered VEVs and the equations determining them.
He also introduced the custom of referring to these VEVs as Green’s func-
tions,89 although, strictly speaking, that designation only applies to free fields,
and even then only to the two-point functions, the propagators.90 Still, I will
adopt Schwinger’s terminology in the following.
Schwinger (1951a) derived equations for the Green’s functions directly from

the Heisenberg field equations, that is, without taking a detour via the pertur-
bative calculation of the S-Matrix. His derivation is somewhat obscured by
his reliance on his new formulation of quantum theory based on the “quantum
action principle.”91 But the general idea can be extracted from these idiosyn-
crasies, as I will do in the following. The most straightforward way to go from
the field equations to equations for Green’s functions is to take the VEV of the
field equations. This just gives, however, an equation for the VEV of a single
field operator, which is usually just equal to zero. Schwinger thus introduced
an artifice into the field equations – namely, inhomogeneous terms interpreted
as external (nondynamical) sources.92 For example, the field equation for the
electron now read:

88 Note that this equation uses the convention – introduced by Gian Carlo Wick (1950, eq. 7’),
but not yet in common use by 1951 – that the time ordering operator, when applied to fermions,
gives a minus sign for each change in the order of the fields.

89 That this somewhat idiosyncratic extension of the notion of a Green’s function goes back to
Schwinger is confirmed by Nambu (1955, p. 396). Indeed, Schwinger (1996) appears to have
developed a certain fondness for George Green, considering himself “largely self-educated”
just like the “miller of Nottingham.”

90 The fact that the free propagators are Green’s functions was first highlighted by Feynman
(1949, p. 750).

91 (Schwinger, 1951c). The quantum action principle was Schwinger’s attempt to translate Feyn-
man’s path integral approach “into a rigorous and conventional language” (letter from Dyson
to Peierls, September 23, 1950 (Lee, 2009, p. 249)). While Schwinger’s approach may not be
that well-known today, many of its elements can be found in contemporary path-integral-based
presentations of QFT.

92 The reader may well wonder why Schwinger did not simply multiply both sides of the field
equations by another field operator before taking the VEV, in order to obtain higher Green’s
functions. Formally, this would yield the same Schwinger-Dyson equations, but ambiguities
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Probing the Consistency of Quantum Field Theory I 49[
γµ

(
i∂µ − e0Aµ0

)
− m0

]
ψ0(x) = η(x) (17)

with a spinorial source term η. An analogous external vectorial current Jµ
was included in the field equation for the electromagnetic field. With exter-
nal sources, the VEV of a single field operator was no longer identically zero;
instead, it became a functional of the external source. Schwinger could now
show that functional derivatives with respect to the external sources increase
the number of field operators in the VEV.93 So, for example,

−i δ

δη(x′) 〈0|ψ0(x)|0〉 = 〈0|T
(
ψ0(x)ψ0(x′)

)
|0〉 = S′F(x,x′) (18)

after the external spinorial source η is set to zero. In this manner, one could
take the VEV of the field equations and then apply functional derivatives to
get equations for Green’s functions involving more fields. A Green’s function
involving n fields would come to be known as an n-point function, making, e.g.,
the propagators two-point functions. The equation for the electron propagator
S′F read:

94[
γµ

(
i∂µ − e0Aµ0

)
− m0 + ie0

(
δ/δJµ(x)

) ]
S′F(x,x′) = δ(x − x′) (19)

By applyingmultiple functional derivatives one could, in principle, construct
equations for Green’s functions involving an arbitrary number of fields, though
Schwinger stopped at the equation for the electron four-point function, which
he dubbed the “‘two-particle’ Green’s function.”
How were Schwinger’s functional differential equations related to Dyson’s

integral equations? Schwinger (1951b) was able to establish the connection by
replacing the functional derivatives of the electron propagator with respect to
the external current95 by an integral over Dyson’s vertex function Γ. This could
be read as a definition of the vertex function within Schwinger’s framework:

arise from multiplying operators at the same space-time point. Schwinger was well aware of
this difficulty. Several months earlier, he had completed a paper on the definition of the four-
current, which centrally involves the product of two electron operators. We will return to this
issue in chapter 4 of the second volume.

93 This was the step for which Schwinger had to invoke his action principle. Nowadays, the
effect of the functional differentiation is usually determined from a generating functional, an
approach first introduced by Symanzik (1954).

94 One can see here, with the delta function on the righthand side, why Schwinger chose to refer
to S′F as a Green’s function. Only the functional derivative (as opposed to another partial deriv-
ative) on the left-hand side spoils the identification of S′F as a Green’s function in the traditional
sense.

95 As it turned out, Schwinger’s equations did not actually contain functional derivatives with
respect to the spinorial sources η. The redundancy of these spinorial sources was soon pointed
out by Utiyama et al. (1952).
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50 Foundations of Contemporary Physics(
δ

δJµ(z)

)
S′F(x,y) = e0

∫
D′
F(z, z′)S′F(x,x′)Γµ(x′,y′, z′)S′F(y′,y)d4x′d4y′d4z′

(20)

The connection between the equation for the two-particle Green’s func-
tion and the Bethe–Salpeter equation could be established in a similar manner
(Karplus and Klein, 1952). Dyson’s and Schwinger’s equations were now
viewed as the integral k-space and (functional) differential x-space versions,
respectively, of what came to be known as the Schwinger–Dyson equations.
This set of equations, in principle, determined the vacuum expectation val-
ues of arbitrary combinations of field operators. And soon such a full set of
Green’s functions came to be viewed as a satisfactory and complete solution
of a QFT. The first written endorsement of this view that I could find is the
aforementioned letter from Salam to Kemmer:

Any matrix element for a scattering process or even bound state can be
extracted from the general kernel [ 〈0|Tϕ(x)ϕ(y) · · · ϕ(z)|0〉 ] Thus if we can
show that renormalization works for a general [ 〈0|Tϕ(x) · · · ϕ(z)|0〉 ] we are
home.

This view of QFT gained considerable traction over the next few years, cul-
minating in a formal proof byArthurWightman (1956) that, at least for a neutral
scalar field, one could indeed get a solution to the field equations from a full
set of n-point functions.96 This a result came to be known as the reconstruction
theorem.

3.3 Solving the Schwinger–Dyson Equations
The Schwinger–Dyson equations provided a new, nonperturbative formulation
of renormalized QFT based on time-ordered VEVs of field operators, which
rivaled Källén’s more traditional formulation (based on the field equations)
and largely eclipsed it, not least due to Schwinger’s many disciples: Paul Mar-
tin, who obtained his PhD with Schwinger in 1954, recalls that in the early
1950s, QFT at Harvard was a “religion” with “its own golden rule – the action
principle – and its own cryptic testament – On the Green’s Functions of Quan-
tized Fields” (Martin, 1979, p. 70). The status of Schwinger’s and Källén’s
approaches in 1950s field theory is perhaps best encapsulated in the mock tem-
plate for a generic field theory paper that appeared in the Journal of Jocular

96 Wightman’s functions were the vacuum expectation values of products (not time-ordered prod-
ucts) of field operators and thus not exactly the same as the Green’s functions discussed in this
section. On the relationship between theGreen’s function and theWightman function approach,
see (Wightman, 1976, pp. 213–222).
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Probing the Consistency of Quantum Field Theory I 51

Figure 3 Snippet from page 12 of the Journal of Jocular Physics of October
7, 1955. A copy is available digitally at the CERN archives. Reproduced

courtesy of the Niels Bohr Archive, Copenhagen.

Physics, a spoof publication produced by a number of physicists in Copenha-
gen on the occasion of Niels Bohr’s 70th birthday. The paper opens with a
reference to Schwinger, while a later footnote refers to a paper by Källén in
the Swedish journal Arkiv för Matematik, Astronomi, och Fysik, whose relative
obscurity is highlighted by the incorrect ordering of the names of the disciplines
in the citation (Figure 3).
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52 Foundations of Contemporary Physics

Also with regard to renormalization, the Schwinger–Dyson equations were
easier to use than Källén’s field equations – renormalization proceeded (just
as in Dyson’s original formulation, in fact) in terms of propagators and vertex
functions rather than of in terms of fields:97

S′F → Z2SFR
D′
F → Z3DFR

Γ
µ → Z−12 Γ

µ
R

where the index R indicates a renormalized quantity.
But did the establishment of the Schwinger–Dyson equations bring physi-

cists any closer to finding exact solutions of QED? The immediate answer
is: no, to the contrary. While the Heisenberg field equations could at least be
written in closed form, the Schwinger–Dyson equations were an infinite set of
coupled integral or functional-differential equations, with no obvious recursion
relations among them. Effectively, this meant that there was really no realis-
tic hope of finding an explicit, exact solution. In a sense, this meant the end
of investigations into the consistency of QED. No one really ever tried again
to construct exact solutions starting from the field equations, like Källén had,
nor to somehow construct a full set of Schwinger–Dyson equations of QED. In
another sense, however, the debate on consistency had only just started – after
all, there is quite a bit of book left.
In the following chapters, we will encounter a variety of reactions to this new

situation, with the perturbation series apparently divergent and other exact solu-
tions out of reach. It should not be forgotten that the main reaction was probably
the one that Walter Thirring (2008, p. 100) in his autobiography attributed
to Feynman: “I don’t give a shit whether it converges!” Even among those
physicists who felt that probing the consistency of QED was still a worthwhile
endeavor, there were differing views on how to go about it. One approach
was to study approximate solutions other than the perturbation series. In the
second volume of this Element we will see how such nonperturbative approx-
imate solutions related to consistency questions. But it was anyway clear that
new approximation methods would be needed, if one wanted to describe the
nuclear interactions using quantum field theory. And it was here, as a starting
point for new approximation methods, that the Schwinger–Dyson equations
truly showed their usefulness.

97 Note that the equations for the renormalized Green’s functions (as opposed to the field equa-
tions) tend to contain extraneous renormalization constants. As a result, the Schwinger–Dyson
equations were still frequently written in terms of the unrenormalized functions.
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Probing the Consistency of Quantum Field Theory I 53

We have alreadymentioned the ladder approximation that Bethe and Salpeter
applied to the equation for the four-point function, providing a starting point
for the treatment of bound states in relativistic QFT. However, approximations
could also be used to calculate Dyson’s vertex function and propagators – and
thus to redo the calculation of the S-Matrix with new methods that could be
compared to, and ideally went beyond, perturbation theory. The first major
attempt to use the Schwinger–Dyson equations to actually calculate the S-
Matrix was undertaken by Samuel Edwards (1953), another member of the
Kemmer group in Cambridge, where he was a PhD student under the supervi-
sion of Jim Hamilton. For the academic year 1951/52, he was awarded a J.H.
Choate fellowship for students from Cambridge to spend a year at Harvard,
from where he wrote a letter to Kemmer:98

On arrival at Harvard Schwinger [. . .] said I must do field theory, and set
me the task of calculating the proton-neutron mass difference. The earlier
approaches to this problem [. . .] are by subtraction, but my method is to use
the integral equations for Γµ (implicit in Dyson and in Schwinger’s paper in
the Proc. Nat. Acad. Sci.) [. . .] This equation I believe is insoluble (i.e., has
no solution). But there are interesting considerations in hand whichmay get a
solution. [. . .] I do not know of any other attempt to solve the field equations
as they stand, so it seems to be breaking new ground.

The new ground eventually broken by Edwards essentially consisted in trans-
ferring the ladder approximation to the calculation of the vertex function Γ.99

The reader will recall that there are infinitely many irreducible vertex parts, just
as there are infinitely many diagram parts with four external electron legs, due
to the presence of crossed photon lines. In full analogy to Bethe and Salpeter,
Edwards retained only the simplest irreducible vertex part, where a single pho-
ton joins the two electron lines. The corresponding reducible diagrams are
once again those with a ladder structure of nonintersecting photons exchanged
between the two electron lines. Using this approximation, Edwards obtained a
compact Schwinger–Dyson equation for the vertex function. The derivation of
this equation is straightforward and closely mirrors Dyson’s derivation of the
equations for the propagators: calculate the modified vertex function in the lad-
der approximation; add an additional photon line connecting the two electron
lines; get back the same vertex function, since the resulting diagrams once again

98 Letter from February 2, 1952, NKP.
99 I will describe Edwards’ approach using conventional Feynman–Dyson diagrammatic lan-

guage, even though he presented it in the rather different Schwinger style. As he joked in
the margins of the letter to Kemmer when using Schwinger’s notation G for the electron
propagator: “Dyson’s SF (but now I work with Schwinger!)”.
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54 Foundations of Contemporary Physics

will have no intersecting photon lines and were thus fully accounted for in the
original calculation. The integral equation obtained by Edwards then reads:100

Γ
µ
R (p,q) = γ

µZ−12 − ie2
∫
ΓνR( p,p − l)SFR( p − l)

× ΓµR ( p − l,q − l)SFR(q − l)ΓνR(q − l,q)DFR(l)d 4l (21)

While this equation is nice and compact, it is a nonlinear integral equa-
tion, further coupled with the equations for the propagators. Nevertheless, it
was now the most promising starting point for obtaining approximate solu-
tions of QED, and we will be encountering several such attempts in this book.
Edwards’s approximation was quite drastic: replace all of the Green’s functions
in the integrand with the unperturbed expressions, except for one of the vertex
functions. This resulted in a linear integral equation for the vertex function,
which did yield solutions in limiting cases such as p = 0. Edwards’s solu-
tions could reproduce the results of perturbation theory in that same limit when
expanded in a power series, but he also observed hints of nonanalytic behavior.
While Edwards’s approximation still relied on perturbation theory for its for-
mulation – the terms (or diagrams) he included in his calculation could only be
identified within a perturbative expansion – it did represent a “partial departure
from the expansion method” (Edwards, 1953, p. 285).
Yet, as Edwards remarked in his letter to Kemmer, exact solutions of QED

remained as remote as ever. While Edwards’s approach went beyond per-
turbation theory, there was no clear path for iterating his approximation to
obtain an exact solution. Dyson’s approach in perturbation theory – proving
the convergence of an approximation method to demonstrate the existence of
solutions – could not be pursued in the context of Green’s functions and the
Schwinger-Dyson equations. In the early 1950s, the search for exact solutions
to QED ended. Exact solutions were now at best to be hoped for in less compli-
cated toy models, as we shall see in the second volume of this Element. If one
wanted to tackle the consistency of QEDdirectly, one had tomove from the ulti-
mately intractable level of the equations to the theory’s axiomatic foundation,
as discussed in chapter 5.
But first, let us take stock: after the success of renormalized QED it had

seemed natural for Dyson and the Kemmer group to investigate whether the
theory was now indeed fully consistent. That effort had failed, and any further
attempt to prove the consistency of QED through the existence of solutions

100 Edwards wrote his equation for the renormalized Green’s function, which brings in an addi-
tional factor of Z−12 in the first summand on the right-hand side. Note that we are using a
different convention than Edwards: in our notation, the arguments of the vertex function are
the two electron momenta; in Edwards’s notation, it is one photon and one electron momentum.
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Probing the Consistency of Quantum Field Theory I 55

appeared to be doomed to failure. So far, I have argued that the question of
the consistency of QED (at least at the level of the dynamical equations) had
become intractable.
At the same time, one can also argue that the question of the consistency

of QED had now become physically irrelevant. Recall that before renormaliza-
tion, there had been a clear physical interpretation of the putative inconsistency
of QED; namely that the theory was unable to treat radiation reaction. With the
calculation of the Lamb shift, however, QED had shown itself to be splen-
didly able to do just that. There still appeared to be something that perturbation
theory could not capture, but it was entirely unclear what physical effects
were supposed to be encoded in the nonanalytic or essentially singular parts
of the Green’s functions.101 QED was, of course, empirically incomplete (or
“open”, to use Oppenheimer’s terminology), but it seemed highly implausible
that nuclear physics was hidden in the nonperturbative nooks and crannies of
electrodynamics. The consistency of QED had not been proven – but was there
still reason to doubt it?
There was. While much of the work on Green’s functions discussed in this

chapter was not (primarily) concerned with consistency issues, there were still
those that cared. Källén had never given up on proving the inconsistency of
QED. And the possible relevance of the consistency question for a theory of
the strong interaction was still undeniable; this aspect would draw other physi-
cists, most notably Gell-Mann and Low, to continue in its investigation. For
those physicists still interested in the consistency of QED, the attention now
shifted from the existence of solutions to what was arguably still the theory’s
most controversial aspect: infinite renormalization. If QEDwas to run intoman-
ifest difficulties of consistency, it would be in the context of renormalization,
or in the domain of high energies where the divergences that renormalization
was supposed to cure seemed to originate. We shall discuss this new focus of
the inconsistency debate in the following chapter, before turning to the other
directions mentioned earlier.

4 Infinite Renormalization and UV Behavior
Källén had neither been able to find exact solutions of QED, nor to prove their
nonexistence. But he did not give up on probing the consistency of QED. In
1953, he turned his attention to what was widely considered the greatest weak-
ness of QED: infinite renormalization. As mentioned in the introduction, for

101 It was more than two decades later that matrix elements with an essential singularity for α = 0
would come to be associated with tunneling transitions between topologically distinct ground
states (’t Hooft, 1976).
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56 Foundations of Contemporary Physics

some physicists, like Dirac, the entire procedure of infinite renormalization
was so suspect that they rejected renormalized QFT altogether. For those like
Källén, who actually worked with QFT, things were not as clear-cut. At least
mathematically, the handling of infinities in perturbative QED seemed well
under control through the “formalistic” regularization techniques of Pauli and
Villars (1949).
Consequently, when Källén attempted to show that the infinities involved in

renormalizing QED were not merely an artifact of the perturbation approxima-
tion but actually persisted even in his nonperturbative scheme, he did not view
this as an inconsistency proof in itself. But it did address the most obvious weak
spot of QED. For Källén, as we shall see in later chapters, this represented a
first step, a lemma of sorts, in obtaining a full inconsistency proof. Before we
look at Källén’s investigation of the renormalization constants, we need to first
look at the novel methods he used in this investigation.

4.1 Spectral Representations and the Källén-Lehmann
Representation

More than just a new approach, investigating the finiteness of the renormali-
zation procedure was a definite step away from a critical investigation of the
solvability of QED. In Källén’s nonperturbative formulation, the renormaliza-
tion condition could only be formulated under the assumption that there were
exact energy eigenstates in QED – specifically, the vacuum and physical one-
particle states. While not much needed to be assumed about these states – not
even, as we shall see later, that they could be normalized to one – their exist-
ence could no longer be called into question. Indeed, Källén’s attempt to obtain
a non-perturbative estimate for the renormalization constants rested on an even
stronger assumption; namely, that there existed a complete set of states |n〉,
each corresponding to a specific eigenvalue of energy-momentum pµn .
With this assumption, Källén (1952) was able to derive an expression for

the commutator of two Heisenberg field operators in terms of matrix ele-
ments of these operators for the states |n〉. Since this expression thus involved
the spectrum of the Hamiltonian, it came to be known as the spectral rep-
resentation. The spectral representation was later re-derived102 in a more
straightforward manner and in a simpler context (not QED, but scalar field
theory) by Harry Lehmann (1954), on whom more later. Since Lehmann’s
treatment is significantly more transparent (justifying the later designation as

102 On the context of Lehmann’s derivation, see (Blum, 2019).
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Probing the Consistency of Quantum Field Theory I 57

the Källén–Lehmann representation),103 and does not differ in substance from
Källén’s original treatment, I will rely on Lehmann’s presentation in discussing
the spectral representation. The spectral representation for the VEV of the com-
mutator of scalar Heisenberg fields ϕ is derived by inserting a complete set of
energy-momentum eigenstates between the two operators, giving

〈0 |[ϕ(x), ϕ(x′)]| 0〉 =
∫ ∞

0
∆(x,x′; κ2)ρ(κ2)d(κ2) (22)

where ∆(x,x′; κ2) is the commutator of a free scalar field with mass κ2, and the
spectral function ρ is an unknown function determined by the actual spectrum
of energy-momentum eigenstates.104 The spectral function is implicitly defined
by the relation∫ ∞

0
ρ(κ2)δ(k2 − κ2)dκ2 = (2π)3

∑
pn=k

〈0|ϕ(x)|n〉〈n|ϕ(x′)|0〉eik(x′−x) (23)

where the sum is over all states n belonging to some four-momentum eigen-
value k. Despite appearances, the right-hand side is also independent of x and
x′, since the exponential precisely cancels the space-time dependence of the
matrix elements. From this equation, one obtains the value of ρ(κ2) at the

103 The list of physicists that discovered the spectral representation can be extended even further.
In Japan, two students of Shoichi Sakata, Hiroomi Umezawa and Susumu Kamefuchi, used a
spectral representation to prove the theorem – discussed in more detail later – that the renor-
malized charge in QED is always smaller than the bare charge (Umezawa and Kamefuchi,
1951). Källén, who described himself as “rather particular about ‘priority problems”’ (Letter
to Arthur Wightman, November 28, 1960, GKA), later freely acknowledged the priority of
Umezawa and Kamefuchi in deriving the spectral representation. Kamefuchi also recalls that
Wightman later praised their paper as “the beginning of axiomatic field theory” (Fax from
Kamefuchi to the author, May 24, 2022). The spectral representation also appears in the 1954
paper by Gell-Mann and Low, discussed later. Gell-Mann later claimed that they developed the
spectral representation independently of Källén (Interviewwith Gell-Mann by Sara Lippincott,
July 17/18, 1997, p. 23, Caltech Oral Histories, https://oralhistories.library.caltech.edu/228/).
This seems plausible, given that, as early as 1951, Gell-Mann and Low were making fruit-
ful use of spectral decompositions in their field-theoretical derivation of the Bethe–Salpeter
equation (Gell-Mann and Low, 1951, eq. 25). However, since they were there dealing with
four-point functions, which cannot be rewritten as an integral over free functions with dif-
ferent rest masses, they did not in that paper obtain what we would now consider a spectral
representation. Finally, in a letter to Arthur Wightman, Sam Schweber lists Wightman along-
side Källen, Lehmann and “Gell-Mann and Low II” as having “told us the general form for
these functions” (AWP). The letter is undated but contains remarks on the proofreading of
Schweber’s QFT textbook. In that book (Schweber et al., 1955, p. 386), Schweber also credits
Wightman with having derived the spectral representation, referencing an unpublished 1952
manuscript, which is, however, not extant.

104 Also, the reader should note again that these are renormalized field operators. There is a
different convention, used by Schwinger, where the spectral function is defined through the
unrenormalized operators. See the 1956 lecture notesDifferential Equations of Quantum Field
Theory – A Set of Lectures Given at Stanford University, Section VIII, JSP. I would like to
thank Porter Williams for making these lecture notes available to me.
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58 Foundations of Contemporary Physics

point κ2 = k2. To get the full spectral decomposition, one must thus apply
this equation for all possible four-momentum eigenvalues to get the full spec-
tral decomposition. In any case, ρ is a sum of absolute values and therefore
positive definite.
When taking the limit of equal times, x0 = x′0 in equation 22, the interacting

commutator on the left-hand side and the free commutator ∆ on the right-hand
side are both zero; taking this limit instead for the time derivative (with respect
to x0, say) of both sides, one gets the equal-time canonical commutator for the
renormalized fields. This is a known, non-vanishing expression (proportional
to δ(3)(x−x′)). In fact, the expression is nearly identical to the free commutator
on the right-hand side – it only differs by a factor of the field renormalization
constant Z3. Källén and Lehmann thus obtained a spectral representation for
the bosonic field renormalization constant, which in QED (where the boson is
the photon), doubles as the charge renormalization constant:

Z−1
3 = 1 +

∫ ∞

0
ρ(κ2)d(κ2) (24)

This was the first nonperturbative expression for a renormalization constant.
It involves a slight redefinition of the spectral function ρ of the electromagnetic
field. Since the spectrum of the electromagnetic potential will always include
a massless (κ2 = 0) one-photon state, the corresponding spectral function will
always include a summand δ(κ2). In equation 24, this summand has been sepa-
rated off, resulting in the first term on the right-hand side. The spectral function
in the second term then only involves states with two or more particles. We will
be using this definition of the spectral function from now on.105

The point of this redefinition is to establish explicit numerical bounds on the
renormalization constant. This also requires invoking the positive definiteness
of the spectral function. Due to the presence of negative-norm states with sca-
lar photons in the Gupta–Bleuler formalism, the positive definiteness of ρ in
QED was not quite as immediately evident as for a scalar. However, as Källén
showed, positive definiteness ultimately resulted from the usual cancellation
between contributions from scalar and longitudinal photons.106From equation
24 and the positive definiteness of ρ, Källén could then conclude that Z3 must
lie between 0 and 1.

105 An analogous redefinition of the spectral function can of course be done for massive fields as
well, by separating off the summand δ(κ2 − m2) corresponding to the massive one-particle
state. For the massive case, the only difference in equation 24 is then that the lower bound of
the integral in the second term on the right-hand side is determined by the lowest energy state
above the one-particle state. This lower bound will be greater than m2 for m2 > 0 (mass gap).

106 It is this argument that fails for non-abelian gauge theories, where the bare charge can be smaller
than the renormalized one (asymptotic freedom).
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Probing the Consistency of Quantum Field Theory I 59

Källén had thereby proved nonperturbatively that, no matter what kind of
charged matter one assumed, charge renormalization would always only lead
to a reduction of the bare charge (Källén, 1952, p. 426). This result had first
been derived by Schwinger, although he does not appear to have published it.
It was also derived independently of Källén in Japan, in the group of Shoichi
Sakata (Umezawa and Kamefuchi, 1951). And it was a very important result,
which Pauli, in particular, had always placed great emphasis on.107 It showed
that the effects of charge renormalization could never be reproduced by heavy
auxiliary fields. For mass renormalization, one could introduce heavy scalar
fields and couple them to the electron. They gave an infinite contribution to
the self-energy that had the opposite sign as compared to the electromagnetic
self-energy, leading to a compensation of the two infinite effects, at least to
some order in perturbation theory. This mechanism had formed the basis of
several models that anticipated results of renormalization theory through the
cancellation effects of heavy fields (Blum, 2015, pp. 87–88), in particular by
Sakata (1947). However, Källén’s theorem proved that no such compensation
was possible for charge renormalization. This made a realistic interpretation
of charge renormalization (where the necessary subtractions are understood as
the effects of an actual physical field) impossible. Kamefuchi recalls that this
result managed “to kill his [Sakata’s] method and philosophy.”108

4.2 Källén’s Proof of Infinite Renormalization
Källén’s result left open a central question: was Z3 actually a finite number or
was it infinitely small, having to compensate an infinitely large bare charge as
implied by perturbation theory? In other words – and this finally brings us to
the question with which we started out this chapter – was the renormalization
constant Z−13 really infinite, independent of perturbation theory? Källén (1953)
engaged with this question in detail in a paper penned after his return to Sweden
from Zurich. As we shall see, he was ultimately unable to make any defini-
tive statements about charge renormalization specifically, only about the entire
set of renormalization constants in QED: the inverse charge renormalization
constant Z−13 , the mass renormalization constant δm, and the inverse square
root of the electron wave function renormalization constant Z−1/22 . All three of
these constants were infinite in perturbation theory, and Källén sought to deter-
mine whether theywould remain so in his nonperturbative formulation of QED.

107 Letter from Pauli to Matthews, December 14, 1949 (von Meyenn, 1993, p. 720).
108 Fax from Kamefuchi to the author, June 29, 2022. Kamefuchi went on to remark that

Sakata “was content with the fact that his method played a pioneering role in the historical
development of the [renormalization] theory.”
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60 Foundations of Contemporary Physics

To this end, he devised a relatively involved reductio proof, showing that, under
the assumption that all three renormalization constants were finite, one could
obtain a constant lower bound for the spectral function ρ of the photon. This
implied that the integral in equation 24 would not converge, rendering Z−13
infinitely large. This was in contradiction with the original assumption, thereby
implying that at least one of the renormalization constants must be infinite.
The lower bound for the spectral function was obtained by considering only

a select subset of states in equation 23. As each of these states gives a posi-
tive contribution to the spectral function, this indeed leads to a lower bound.
The specific states that Källén considered were states |q,q′〉, which included
only an electron–positron pair with momenta q and q′. These are the simplest
many-particle states possessing the same quantum numbers as the photon. This
simplicity allowed Källén to obtain a nonperturbative expression (in terms of
unknown spectral functions) for the relevant matrix elements. The resulting
expression was then analyzed in the limit of large total momentum q + q′. In
this limit, several terms dropped out under the assumption that all renormali-
zation constants were finite (and thus that the relevant spectral functions went
to zero in the limit). In this manner, Källén obtained the following relation for
the relevant matrix elements of the current operator:109

lim
(q+q′)2→∞

〈0|jµ |q,q′〉 = 〈0|jBornµ |q,q′〉 2
√
Z2 − 1
Z3

(25)

where jBornµ is the renormalized Heisenberg current, but calculated only to lead-
ing order in perturbation theory (Born approximation). The right-hand side
could be calculated explicitly and the left-hand side could then be inserted
into the expression for the spectral function ρ, to obtain a lower limit for that
function at large energies:

lim
κ2→∞

ρ(κ2) > e2

12π2κ2

(
2
√
Z2 − 1
Z3

)2
(26)

If this lower limit is greater than zero, then equation 24 implies that Z−13 is
logarithmically infinite. Consequently, the right-hand side must be zero. The
denominator cannot become infinite, because Z3 is less than 1. Therefore, the
only remaining possibility is for the numerator to be zero. This seemed possible
in principle, for

√
Z2 = 1/2. This exceptional case was somewhat irritating

and was dismissed by Källén as too special to warrant serious consideration.

109 Note that Källén gave the spectral function for the electromagnetic field in terms of matrix ele-
ments of the electromagnetic current operator by applying the Heisenberg equations of motion,
apparently to avoid issues with gauge noninvariance.
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Probing the Consistency of Quantum Field Theory I 61

Aswe shall see in chapter 4 of the second volume, this strange exception indeed
disappeared when Källén slightly corrected his result a couple of years later.
Disregarding this transient anomaly, Källén had – starting from the assump-

tion that all renormalization constants are finite – reached the conclusion that
Z−13 is infinite. While this was not a proof that Z−13 was infinite, it was a
reductio ad absurdum from which one could conclude that the initial assump-
tions were invalid, i.e., “that at least one (and probably all) of the renormaliza-
tion constants is infinite.” (Källén, 1953, p. 15)
Källén’s proof had some shortcomings. For one, despite being a model of

rigor when compared to, e.g., the proofs for the divergence of the perturbation
series, it was far from unassailable, as Källén himself was the first to concede
in his paper:

The proof presented here makes no pretense at being satisfactory from a
rigorous mathematical point of view. It contains, for example, a large num-
ber of interchanges of orders of integrations, limiting processes and so on.
From a strictly logical point of view we cannot exclude the possibility that a
more singular solution exists where such formal operations are not allowed.
(Källén, 1953, p. 15)

However, the proof’s most important drawback was its indirectness: it gave
no indication of how the renormalization constant(s) would diverge in any
actual calculation, nor which constants would diverge, nor what the physical
interpretation of that divergence should be. For Källén, the proof appears to
have been little more than a lemma of formal relevance. But others soon looked
at the matter more directly and physically.

4.3 Gell-Mann, Low and the Ultraviolet Behavior of QED
There was a certain tension in how the renormalization constants were inter-
preted in the early 1950s. On the one hand, the actual value of these renormali-
zation constants was considered a “purely academic question” (Thirring, 1951,
p. 463). After all, they did not show up anywhere in the physical predictions
of QED, just as little as the cutoff used to regularize the theory. On the other
hand, renormalization was closely tied to a failure of QED at high energies
or short distances – in the ultraviolet (UV), for short. Schwinger (1948) had
characterized renormalization as a procedure that could “isolate those aspects
of the current theory that essentially involve high energies, and are subject
to modification by a more satisfactory theory, from aspects that involve only
moderate energies and are thus relatively trustworthy.” In principle, however,
the renormalized theory could give predictions for electrodynamic processes
at very high energies – all of the divergences had been removed, after all.
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62 Foundations of Contemporary Physics

Of course at short distances the nuclear interactions would become important,
even dominant. Consequently, no one had really investigated the UV behavior
of QED – it was an empirically irrelevant question. But it was finally asked in
the summer of 1953, by the already mentioned pair of Murray Gell-Mann and
Francis Low, now no longer at the Institute for Advanced Study but together at
the University of Illinois.110

According to Källén,111 their work had originated from an attempt to give an
inconsistency proof for QED of their own. In studying mass renormalization,
they had discovered a quadratically divergent, non–gauge-invariant mass term
for the photon, which they apparently briefly believed spelled trouble, until
Källén convinced them that this was a problem well-known from perturbative
calculations and had been solved through the gauge-invariant regularization
technique of Pauli and Villars (1949). The paper that Gell-Mann and Low
(1954) ultimately published, which is now primarily famous for the introduc-
tion of renormalization group methods, instead dealt with, as indicated in its
title, “Quantum Electrodynamics at Short Distances.”112

In the paper, they investigated whether QED could in principle be appli-
cable at arbitrarily short distances. As the paradigmatic process for studying
the short-distance behavior, they took the scattering of two electrons (Møller
scattering), exchanging a four-momentum k2 through a virtual photon. This
four-momentum will be spacelike, i.e., k2 < 0.113 Investigating short distances
thus meant probing the behavior of the photon propagator as k2 → −∞. It
should be stressed that this had not been done before. And, as Gell-Mann and
Low highlighted, it was a question that could not really be addressed within
perturbation theory. The reason for this are the so-called large logarithms. The
n-th order term in the perturbative expansion of the renormalized propagators
is dominated, for large |k2 |, by the term proportional to

(
ln k2/m2)n, with m the

electron mass. This implies that higher-order contributions become increas-
ingly important for large |k2 |. While this was not a problem for experimentally

110 See interview with Gell-Mann by Sara Lippincott, p. 29, as referenced in footnote 103.
111 Letter to Pauli of June 30, 1955 (von Meyenn, 2001, p. 291).
112 On the significance of this paper in the early history of the renormalization group, see Fraser

(2021). Li (2015, p. 1216) has emphasized the importance of the renormalization group “as a
way not just to calculate empirical quantities but also to determine whether a given Lagrangian
exists in the UV limit.” Indeed, exploring the UV limits of QFTs was precisely what Gell-Mann
and Low used their newly developed renormalization group methods for in this pioneering
paper.

113 This is nowadays called t-channel scattering, where the momentum squared of the virtual pho-
ton k2 is given by the square of the four-momentum transfer, the Mandelstam variable t, and is
thus negative. For processes like electron-positron scattering, there is also s-channel scattering,
where k2 is given by the square of the center-of-mass energy, the Mandelstam variable s, and
is thus positive (timelike virtual momentum).
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Probing the Consistency of Quantum Field Theory I 63

accessible scattering processes, at some point these logarithms would start
cancelling out the increasing powers of the coupling constant. Specifically,
perturbation theory would break down completely when

ln k2/m2 ≈ 1/e2 (27)

This implied distances far smaller than the size of the nucleus. Before Gell-
Mann and Low’s work, no one had considered it worthwhile to ask how QED
would behave at such short distances. Even Dyson, at his most optimistic, had
(often explicitly) assumed that any quantum field theory would be insufficient
at very small distances; he hadmerely believed that this insufficiency would not
yet be manifest at nuclear scales. Despite the success of renormalization the-
ory, it was still generally accepted that QFT would not be able to describe the
ultimate structure of matter. This entrenched view, which was to some extent a
holdover from the long pre-renormalization crisis of QFT, was first challenged
by Gell-Mann and Low. They thus expanded the scope of possible outcomes
for probing the consistency of QED. Until then, the only options had been full
inconsistency (as Källén was angling for) or a more or less consistent theory
that in some manner (which no one had really investigated) would become
unreliable, and possibly even divergent, at very short distances. To these two
options, Gell-Mann and Low added a third: QEDmight, at least in principle, be
a final theory. They were, of course, fully aware that QED by itself was empir-
ically inadequate as a final theory candidate. But it could serve as a blueprint
for one:

[T]he first few terms [in a perturbation expansion of QED] should suffice for
calculation unless r is as small as e−137ℏ/mc, a ridiculously small distance.
We have no reason, in fact, to believe that at such distances quantum elec-
trodynamics has any validity whatever, particularly since interactions of the
electromagnetic field with particles other than the electron are ignored. How-
ever, a study of the mathematical character of the theory at small distances
may prove useful in constructing future theories. Moreover, in other field
theories now being considered, such as the relativistic pseudoscalar meson
theory, conclusions similar to ours may be reached . . . (Gell-Mann and Low,
1954, p. 1301)

How did they go about this? The process whose UV behavior Gell-Mann
and Low studied was the scattering of two charged particles. In the Green’s
function approach, this process is determined by the photon propagator DFR.
At first order in perturbation theory this is equal to the free propagator 1/k2,
which is the Fourier transform of the Coulomb potential 1/r. As Gell-Mann and
Low pointed out, the most straightforward way to physically interpret the mod-
ified propagator was then to read it as radiative corrections to the electrostatic
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interaction. While these corrections to the electrostatic potential due to vac-
uum polarization had been known for a long time (Uehling, 1935), Gell-Mann
and Low were the first to describe the short-distance features of the potential
through scattering processes with large momentum transfer and thus through
the values of the photon propagator DFR for large off-shell momenta |k2 |.
In order to study the UV behavior ofDFR, Gell-Mann and Low used spectral

decomposition methods similar to those developed by Källén and Lehmann.
While Källén had only derived a spectral representation for the VEV of the
commutator of two fields, both Lehmann and Gell-Mann and Low had derived
an analogous spectral representation for the two-point Green’s functions, the
propagators. For a massless bosonic field, the spectral representation of the
renormalized propagator DFR is given by

DFR(x,x′) = DF(x,x′) +
∫ ∞

0
DF(x,x′; κ2)ρ(κ2)d(κ2) (28)

whereDF(x,x′; κ2) is the free propagator of a fieldwithmass κ2, and the spectral
function ρ is the same as in Källén’s representation. In momentum space, this
becomes

DFR(k2) =
1
k2
+

∫ ∞

0

1
k2 − κ2 + iϵ

ρ(κ2)d(κ2). (29)

This was the quantity whose behavior Gell-Mann and Low wanted to study
for large |k2 |. It is here that they established the connection between their study
of UV behavior and Källén’s work on the renormalization constants. Taking
the limit of this propagator for k2 → −∞, Gell-Mann and Low obtained

lim
k2→−∞

DFR(k2) = lim
k2→−∞

(
1
k2
+

∫ ∞

0

1
k2 − κ2

ρ(κ2)d(κ2)
)

=
1
k2
+

∫ ∞

0
lim

k2−→∞

1
k2 − κ2

ρ(κ2)d(κ2)

=
1
k2
+

1
k2

∫ ∞

0
ρ(κ2)d(κ2)

=
1

k2Z3
. (30)

using the spectral representation of the renormalization constant, equation 24.
The essential element here is, of course, taking the limit in the integral;
strictly speaking, this can only be done if the spectral function ρ falls off
quickly enough (Matsubara et al., 1984, p. 873f). In the limit of infinite off-
shell momenta, the renormalized photon propagator is then the propagator of
a free, massless field multiplied by Z3, the charge renormalization constant.
And Gell-Mann and Low provided a concrete physical interpretation of this
mathematical result: the electrostatic potential close to the origin is again a
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Probing the Consistency of Quantum Field Theory I 65

pure Coulomb potential, but now for a charge of magnitude Z−13 e. And this
was indeed to be expected: close to the particle, one saw the unmodified Cou-
lomb potential of the bare charge. This was the most physical interpretation of
the bare charge since its introduction several years earlier. It also meant that,
in studying the UV behavior of QED, Gell-Mann and Low were effectively
investigating the magnitude of the charge renormalization constant.
To study this UV behavior, Gell-Mann and Low introduced a novel regulari-

zation scheme, where the unrenormalized modified propagators are regularized
such that they are equal to the free propagator (with the physical mass) at a
momentum k with k2 = −λ2 (Wilson, 1971, pp. 1843ff). Formally, this new
regularizationmethod is equivalent to a modern renormalization condition with
a renormalization scale λ. However, one needs to be careful here, because
Gell-Mann and Low did not interpret the propagator fixed by this condition
as already renormalized. To them, imposing the “renormalization” condition
at the scale λ was merely an intermediate step, which they considered to be a
form of regularization; renormalization was to be performed in an additional
next step by enforcing the usual on-shell renormalization condition. Conse-
quently, Gell-Mann and Low considered λ to be a regularization scale, that is,
a form of cutoff.114 What we would now consider a propagator renormalized
off the mass shell, Gell-Mann and Low viewedmerely as a regularized, and still
unrenormalized propagator. The cutoff of Gell-Mann and Low was interpreted
as a renormalization scale only later by Bogoliubov and Shirkov (see part 2,
chapter 3).
In contrast to their innovative regularization method, Gell-Mann and Low

were more traditional in their reliance on perturbation theory. They worked
under the assumption that if a certain UV behavior was shared by all terms (to
arbitrarily high order) in a perturbative expansion of the propagator, then the
full propagator itself would exhibit the same UV behavior – even if, as was
to be assumed, the full propagator was not the sum of the perturbation series.
This assumption was particularly useful for the regularized propagator, which
contained three distinct scales, k, λ, and m, the electron mass, making the UV
limit nontrivial. Gell-Mann and Low proposed to neglectm in the limit where k
and λ were large. In general, one could not simply set m = 0, as doing so might
lead to infrared divergences. However, when the regularized propagator is cal-
culated in perturbation theory, such divergences do not arise. Gell-Mann and

114 This interpretation of Gell-Mann and Low’s “cutoff” scale is discussed in Fraser (2021, p.
121). In addition to their study of the photon propagator, Gell-Mann and Low also investigated
the UV behavior of the electron propagator in an approximation where the photon self-energy
is neglected. In this part of their paper (section 3), they used a more traditional regularization
procedure, where the regularization scale λ can straightforwardly be interpreted as a UV cutoff.
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Low now assumed that this feature carried over to the nonperturbative theory,
where the UV limit of the full regularized propagator could then be obtained by
setting the electron mass equal to zero. Their approach was criticized by Källén
in a short review for the Zentralblatt für Mathematik (Källén, 1955), where he
argued that a series does not necessarily inherit the functional properties of its
individual summands, even if that series converges.
The role of perturbation theory in Gell-Mann and Low’s approach would be

reevaluated in the 1960s by Kenneth Wilson, and we will revisit this point in
volume 2, chapter 5. However, already in 1954, it was clear that Gell-Mann
and Low were able to obtain results that appeared to transcend perturbation
theory. By extrapolating the properties of the terms in the perturbation series,
they could derive a functional equation for the renormalized photon propagator,
parameterized as

DFR =
1
k2
dR(k2/m2). (31)

They found that the most general solution to their functional equation was
given in terms of two unknown functions ψ and q. These two functions, which
remained undetermined by the functional equation, were related to the solution
dR in a somewhat unusual way, through the following equation:

ln (−k2/m2) =
∫ e2dR(k2/m2)

q(e2)

dx
ψ(x) (−k2 � m2). (32)

This equation is a little hard to read. The essential point is that the left-hand
side diverges as k2 goes to −∞, so the right-hand side must, too. The question
then is whether dR also has to go to infinity for that to happen. The UV limit
of dR is the charge renormalization constant, so this would imply that the bare
charge is infinite and QED would be divergent at short distances. For the inte-
gral to diverge without dR having to go to infinity, the integrand must diverge
at a finite value of x, that is, the function ψ must have a zero for some finite x0.
In this case, e2dR would only need to attain the value x0 as k2 goes to −∞ in
order to ensure that the left-hand side diverges. x0, the location of the zero of ψ,
could then be identified with the (finite) value of the bare charge. Quite strik-
ingly, this value turned out to be entirely independent of the observed physical
charge.
The solution to the Gell-Mann-Low functional equation thus left open the

possibility that the bare charge might be nonperturbatively finite. This was
not, as Gell-Mann and Low pointed out, in conflict with Källén’s result that
one of the renormalization constants was infinite; it would then just not be
the charge renormalization constant. But Gell-Mann and Low had provided
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a new and direct nonperturbative handle on the magnitude of the renormaliza-
tion constants, which would prove to be very important. For the time being,
however, it provided only a minor and possibly entirely inconsequential qual-
ification of Källén’s result. In any case, it was still not at all evident that any
sort of statement about the magnitude of the renormalization constants was rel-
evant to the question of the consistency of QED. The magnitude of the charge
renormalization constant, at least, had become somewhat less academic, since
it appeared even in the renormalized theory, in the UV limit of the photon
propagator.
But what would it mean if QED had solutions that diverged at short dis-

tances? Gell-Mann and Low appeared to believe that a final theory had to be
finite in the UV. This question was not debated further at the time.115 Which
is curious, because it is not at all clear how the argument that an infinite bare
charge implies the inconsistency of the theory would actually unfold.
After all, the charge itself is not directly observable; it needs to be extracted

from a scattering cross section, for example, for Gell-Mann and Low’s prime
example, Møller scattering. And the high-energy behavior of that scattering
cross section will not solely depend on the UV behavior of the photon prop-
agator (and thus on the bare charge), but also on the UV behavior of the
vertex function (which modifies the tree-level graph) or of the four-point func-
tion (which gives the contribution from the irreducible box diagram). One
could choose to ignore these complications, and simply take the cross sec-
tion for Møller scattering calculated at leading order in perturbation theory
(Jauch and Rohrlich, 1955, section 12–1):

dσ
dΩ
=

e4

m2E2
X (33)

where E is the energy of one electron in the center-of-mass system, and X is the
spin sum, which depends only on the scattering angle in the E → ∞ limit. But
if one takes this limit, one sees that the behavior of the cross section essentially
depends on how the charge goes to infinity. If it goes as lnE2/m2, the cross
section in this approximation will in fact remain finite for all energies.116

115 Nor, it should be mentioned, is it debated today. It would seem that the possibility of a theory
being asymptotically infinite is considered largely irrelevant. Physicists are happy to consider
only the two extreme cases of UV behavior: the Landau pole (clearly inconsistent) and asymp-
totic freedom (plausibly consistent). This is also due to the fact that while these extreme cases
are instantiated by prominent QFTs (QED and QCD, respectively), there is no paradigmatic
example of an asymptotically infinite theory. Or rather: no longer. In 1954, asymptotic infinity
was, of course, still considered the most plausible UV behavior for QED.

116 This means, a fortiori, that it will not come into conflict with the unitarity bounds on the total
cross section, which were discovered several years later (Froissart, 1961).
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Neither Gell-Mann and Low nor Källén thus provided immediate insight into
the question of the consistency of QED. Rather, the upshot of their work was
that the infinities of QED would not simply vanish in a nonperturbative anal-
ysis. New solutions that did not rely on a perturbation expansion and did not
involve divergent quantities – solutions that would unambiguously establish
the consistency of the theory – were not on the horizon. Those who still felt
that the consistency of QED was a worthwhile question had to look for alter-
native ways of investigating it. We will explore these other approaches in the
following sections, starting with arguably the most radical one: the axiomatic
approach.

5 The Axiomatic Approach
The story of axiomatic QFT is quite distinct from the story reconstructed in
the other parts of this Element. First, it is a lot closer to mathematics proper. In
stark contrast to the intricate manipulations and approximations of middlebrow
nonperturbative QFT that we have seen so far, we will in this section have to
engagewith highbrow papers written in the theorem-proof style of mathematics
and mathematical physics. Second, the story of axiomatic QFT cannot be read
as a prelude to the discovery of asymptotic freedom. Axiomatic QFT would
go off on its own trajectory, ultimately becoming an established subdiscipline
of mathematical physics. We will not be able to follow it very far along this
trajectory. Instead, we will merely follow it from the origins of axiomatic QFT
in the 1930s to its first major contribution to the consistency debate: the famous
theorem formulated by Rudolf Haag in the mid 1950s.
The origins of axiomatic QFT can be traced back to a tradition associated

with the University of Göttingen, and more specifically with David Hilbert, of
studying, “by means of axioms, those physical sciences in which mathemat-
ics plays an important part” (Browder, 1976, p. 14). Hilbert first formulated
this program in 1900 as the sixth of a set of 23 problems he deemed central
to the development of mathematics in the twentieth century. His subsequent
work on the axiomatization of physics led him from the established theories
of classical physics to general relativity and, ultimately, to quantum mechan-
ics (Corry, 2004). Hilbert’s work on QM was conducted in collaboration with
Lothar Nordheim and John von Neumann and was the immediate predeces-
sor to von Neumann’s foundational textbook Mathematische Grundlagen der
Quantenmechanik (v. Neumann, 1932). Von Neumann’s book, in turn, became
the starting point for axiomatic QFT. Attempting to give an axiomatic formu-
lation of QFT – with all its foundational issues, which the reader will by now
be familiar with – would have been well-nigh impossible had physicists not
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been able to piggyback on von Neumann’s axiomatic formulation of quantum
mechanics.
What did the axiomatic approach change with regard to the question of con-

sistency? It certainly implied an increase in mathematical precision, though the
axioms were never cast in a formal language and remained “soft” in the sense
of Rédei and Stöltzner (2006). But the new approach did not simply result in a
more rigorous formulation of the axioms we have already discussed, namely,
(A) the basic tenets of quantum mechanics and (B) the dynamical equations of
QED. As I have argued, these were the implicit axioms underlying the consist-
ency debate up to this point. Onemight have imagined an axiomatic approach to
QFT based on making these axioms explicit and precise. After all, Hilbert had
readily included dynamical equations in his axiomatic systems, either directly –
Newton’s equations with specific force laws in classical mechanics117 – or as
immediate corollaries of the axioms – Hilbert action and Einstein equations in
general relativity (Hilbert, 1915).
But in the axiomatic approach to quantum mechanics, the dynamical equa-

tions were of reduced importance. For von Neumann, the state space was
primary, and his axiomatics was an axiomatics of Hilbert space. The time-
dependent Schrödinger equation and the special dynamical role of the Ham-
iltonian were introduced as part of the historical introduction (von Neumann,
1932, p. 8), not as part of the mathematical foundation. Early axiomatic QFT
followed von Neumann’s approach in this regard. Consequently, it did not deal
with the physical details of quantum electrodynamics but rather with the formal
aspects of an abstract quantum field theory. But without the field equations,
what was the decisive factor that set this abstract QFT apart from standard
quantum mechanics?
Von Neumann’s book had nothing to say on this point. Its treatment of

QFT was rudimentary, amounting to little more than a paraphrase of Dirac’s
foundational paper on radiation theory (Dirac, 1927b). But over the course of
the 1930s, von Neumann and his compatriot, friend, and collaborator Eugene
Wigner explored the possibility of a similarly Hilbert-space-based, axiomatic
approach to QFT. Von Neumann’s approach was to loosen the axioms of quan-
tum mechanics to encompass systems with an infinite number of degrees of
freedom, while Wigner supplemented (A) the basic tenets of quantum theory
with an additional axiom, namely (B′) Poincaré invariance. Von Neumann thus
approached QFT as quantum field theory, whereas Wigner viewed QFT as
relativistic quantum theory.

117 In his 1905 lectures on mechanics; see (Corry 2004, section 3.3.1).

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009265362
Downloaded from https://www.cambridge.org/core. IP address: 169.224.197.5, on 27 Oct 2026 at 07:48:36, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009265362
https://www.cambridge.org/core


70 Foundations of Contemporary Physics

Thework of bothWigner and vonNeumannwas highly influential in shaping
the post-renormalization axiomatic QFT of the 1950s, although it wasWigner’s
vision of relativistic quantum theory that ultimately came to define axiomatic
QFTmost strongly.118 This emphasis on Poincaré invariance, rather than on the
specific dynamical laws of QED, made the debate on consistency within this
tradition quite distinct from the debates discussed elsewhere in this Element –
it was quite literally the consistency of a different system of axioms that was
at stake. This difference was ultimately far more relevant than the fact that one
tradition made its axioms more explicit than the other.
In the next two sections, we will discuss the work of von Neumann and

Wigner in the 1930s. These early explorations were highly tentative and did not
directly engage with the divergence difficulties that dominated the discourse on
QFT during that period; asWigner later admitted, he “was a little afraid that the
problems of field theory were not ripe for solution.”119 Yet, taken together, von
Neumann’s work on systems with an infinite number of degrees of freedom and
Wigner’s work on Poincaré-covariant Hilbert spaces formed the basis for the
formulation of Haag’s theorem, which we will discuss in Sections 5.3 and 5.4.
Wigner provided the immediate impetus and the framework for the formulation
of axiomatic QFT, while von Neumann was the first to clearly identify math-
ematical features that distinguished QFT from quantum mechanics and that
ultimately stood in the way of a straightforward realization of the axiomatic
program.

5.1 Von Neumann and Nonseparable Hilbert Spaces
The first in-depth study of the state space of QFT was not performed by von
Neumann but by Vladimir Fock (1932) in the Soviet Union. Fock identified this
state space as a “sequence of configuration spaces for 1, 2, . . . etc. particles.”
While the space thus constructed now carries Fock’s name, he did not actually
analyze its mathematical structure in much detail. He clearly appears to have
assumed that there was no qualitative difference between the state space of
quantum mechanics and that of QFT. In particular, he tacitly assumed that his
space was not supposed to contain states with an infinite number of particles,
that is, the limit of his sequence of configuration spaces.

118 The contrast between an axiomatic QFT that views Poincaré invariance as central and a
field-theoretic approach to QFT that treats Poincaré invariance as a negotiable feature of the
dynamics can still be observed in the twenty-first century (Fraser, 2016, chapter 5).

119 Interview with Thomas S. Kuhn, December 14, 1963, www.aip.org/history-programs/niels-
bohr-library/oral-histories/4963-3.

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009265362
Downloaded from https://www.cambridge.org/core. IP address: 169.224.197.5, on 27 Oct 2026 at 07:48:36, subject to the Cambridge Core terms of

http://www.aip.org/history-programs/niels-bohr-library/oral-histories/4963-3
http://www.aip.org/history-programs/niels-bohr-library/oral-histories/4963-3
https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009265362
https://www.cambridge.org/core


Probing the Consistency of Quantum Field Theory I 71

Around the same time, von Neumann was collaborating with Pascual Jordan,
a pioneer of QFT. Jordan had voiced his opinion that a functioning theory of
quantum fields – one that avoided the divergence difficulties – would require a
generalization of the mathematical framework of quantum mechanics (Jordan,
1933). Together with Jordan (andWigner), vonNeumann explored the possibil-
ity of generalizing the structure of the quantummechanical operator algebra.120

This collaboration likely inspired von Neumann’s investigations into other gen-
eralizations of QM, specifically of its Hilbert space structure. He thus began
exploring the consequences of modifying the axioms he himself had introduced
for a Hilbert SpaceH.
One of these axioms was that of “separability”, which essentially stipulated

that any orthonormal set in H (and thus any orthonormal basis) is at most
countably infinite. Another axiom ensured that any complete orthonormal set –
that is, any orthonormal basis – is at least countably infinite.121 In a lecture
series given in Princeton in the academic years 1933/34 and 34/35,122 von
Neumann identified these two axioms as the only two that could be sensibly
modified to construct a more general theory of “linear spaces” that included
the theory of Hilbert spaces. Relaxing (or rather: negating) the axiom of infini-
tude simply gave the well-known finite-dimensional Euclidean vector spaces
Cn. But negating the axiom of separability produced a new mathematical
entity, which von Neumann later sometimes referred to as a hyper-Hilbert
space (Jordan and von Neumann, 1935). Following the later custom, I will be
referring to this entity as a nonseparable Hilbert space.123

The pièce de résistance of the lecture series was von Neumann’s proof
that any linear space had an orthonormal basis, without having to make use
of the axiom of separability – though making essential use of the axiom of
choice (Theorem 12.19). For nonseparable Hilbert spaces, this orthonormal
basis would be uncountable; however, even in such spaces, any element could

120 On Jordan’s program of an algebraic generalization of quantum mechanics, which spanned
several decades, see Liebmann et al. (2019), arXiv:1909.04027.

121 In (von Neumann, 1929, p. 65) these are labelled as axioms C and D. Confusingly, the labeling
is reversed in (von Neumann, 1951, p. 20). And in a footnote in Jordan and von Neumann
(1935), separability is (in what is presumably a typo) referred to as axiom E.

122 Reprinted as von Neumann (1951).
123 Von Neumann also showed that any nonseparable Hilbert space would obey the same axioms,

regardless of the exact uncountable cardinalityℵ of its basis (p. 31). Later this could be taken to
imply that the only qualitatively relevant transition is that from quantum systems with a finite
number of degrees of freedom to quantum systems with an infinite number of degrees of free-
dom. This transition corresponds to the transition from a countably infinite to an uncountably
infinite basis for the Hilbert space. By contrast, the transition from quantum systems with a
countably infinite number of degrees of freedom to those with an uncountably infinite number
of degrees of freedom would not introduce any fundamentally new structures.
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still be written as a linear combination of only a countable number of basis
elements (p. 29). Von Neumann thus concluded that “these spaces are very
similar to Hilbert Space with regard to most of their important properties. This
is due to the fact that every separable part of them lies in a subset of themwhich
is a [closed, separable] Hilbert Space” (p. 32–33).
The appendix to von Neumann’s lectures contains an example of a nonsepa-

rable Hilbert space (example 3, pp. 46–48) that bears a striking resemblance
to fermionic occupation number space: it is the space of complex-valued,
finite-norm functions (the wave functions) defined on the direct product of a
countably infinite number of spaces (corresponding to the one-fermion states),
each containing exactly two linearly independent elements. These elements
correspond to the occupation numbers zero and one, and von Neumann even
calls these elements 0 and 1. This should not be overestimated, since the use
of 0 and 1 is also typical in the construction of a power set. And this is what
von Neumann was constructing here, the Hilbert-space analog of a power set –
arguably the simplest possible nonseparable Hilbert space. But by the time he
gave his first and only seminar series explicitly on QFT, one year later, in the
academic year 1935/36,124 he most certainly had established the connection
between his model of a nonseparable Hilbert space and fermionic occupation
number space.
For us, this raises the question: who was right? Fock, who considered his

space a regular Hilbert space, or von Neumann, who identified the state space
of QFT as nonseparable? The answer is (of course?) that they were both right.
Fock’s space was a regular Hilbert space, but it differed from von Neumann’s
in that it excluded states with an infinite number of particles. Fock had ignored
these states when demonstrating the equivalence of his space with occupation-
number space. Von Neumann (1939), in his last paper on the subject, clarified
the distinction between the two spaces: he considered infinite direct products∏ ⊗αHα, where eachHα is a regular Hilbert space. He could show that such a
nonseparable Hilbert space (a “complete direct product”) could be decomposed
into mutually orthogonal subspaces (the “incomplete direct products,” p. 35). If
a general element of the complete direct product was written as

∏ ⊗αfα (with
fα an element of Hα), then the elements of a given incomplete direct product
differed from each other only in a finite number of fα (p. 24, lemma 3.3.5).
The identification of Fock’s space – whose elements only differed by a finite
number of particles – with an incomplete direct product was tempting, but von
Neumann merely remarked:

124 Reprinted in Rédei and Stöltzner (2001, pp. 249–268).
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What happens could be described in the quantum-mechanical terminology
as a “splitting up” of

∏ ⊗αHα into “non-intercombining systems of states”,
corresponding to the “incomplete” direct products [. . .]. This viewpoint, as
well as its connection with the theory of “hyperquantization” [i.e., second
quantization], will be discussed elsewhere. (p. 4)

But this never happened; unlike Wigner, von Neumann did not return to
quantum field theory after the war, instead devoting himself to the develop-
ment of computing machines. The question thus remained unanswered: what
was the state space of QFT? It undoubtedly contained an infinity of one-particle
states. Normally these were discretized by putting the system “in a box,” which
meant that there was a distinct lowest-energy state, eliminating the problem of
infrared divergences. But this still left a countable infinity of one-particle states
extending to infinitely high energies. Should the state space include states with
an infinite total number of particles occupying these one-particle states? Such
states with infinite total particle number did not appear as intermediate states in
perturbation theory calculations. They could also be removed through a cutoff
procedure (as von Neumann effectively did in his QFT seminars – and with him
many others), because there was then only a finite number of one-particle states
to occupy. So, all in all, the states with infinite particle number seemed largely
irrelevant, and vonNeumann’s assessment that nonseparable linear spaces were
“very similar to Hilbert Space with regard tomost of their important properties”
seemed vindicated by the practice of QFT. While von Neumann’s forays into
quantum field theory may thus well have seemed sterile at the time, his results
would become relevant more than a decade later. However, it was Wigner’s
attempt at analyzing the Hilbert space structure of QFT from the perspective of
relativity that would form the actual starting point of axiomatic QFT.

5.2 Wigner, Wightman and Relativistic Quantum Theory
In the late 1930s, Wigner (1939) presented a paper on relativistic quantum
theory that deliberately avoided engaging with the concerns of the quantum
field theory of the day, the properties of fields, the dynamical interactions,
the divergences, or even the infinite number of degrees of freedom. Instead,
it focussed exclusively on the transformation properties of the states in the
Hilbert space of a relativistically covariant quantum theory. By taking the
Hilbert space as a starting point, rather than a specific dynamics or set of vari-
ables, Wigner’s approach clearly echoed von Neumann’s original approach to
quantum mechanics.
Wigner managed to construct all unitary irreducible representations of the

Poincaré group. He further showed that in fact every unitary representation
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of the Poincaré group could be decomposed into irreducible representations, a
nontrivial statement for an infinite group. With these unitary representations in
hand, he could then construct the Hilbert space. If all transition probabilities
(i.e., the scalar product in the Hilbert space) were to remain invariant under
Poincaré transformations – as was to be expected in a relativistic quantum the-
ory – then all states in the Hilbert space must transform under such a unitary
representation. As a result, he could construct a Hilbert space for a relativistic
quantum theory simply by enumerating the different unitary representations of
the Poincaré group that comprised it.
At the time, Wigner did not delve into the physical interpretation of the

Hilbert space thus constructed. But after the war, he revisited his results and
developed them into a program for constructing relativistic quantum theory
from the ground up – not by taking a classical field theory and then quantizing it,
but by constructing a Hilbert space from the demands of relativistic invariance
alone. This new perspective was first outlined in Wigner (1948).
Already at this stage, the advantages and disadvantages of the new viewpoint

were apparent. On the positive side, focusing on the irreducible representa-
tions meant a huge decluttering compared to the field-theoretical viewpoint.
For example, from the representation-theoretic perspective (Wigner called it
the invariantentheoretische Weg), it was easily established that a representa-
tion characterized by a null energy-momentum four-vector (i.e., corresponding
to a field theory with massless quanta) would only involve two spin degrees of
freedom. This result required an elaborate derivation in field theory, where one
started, e.g., for the case of spin one, with a four-component vector potential
and had to eliminate all the unphysical and nondynamical degrees of freedom.
The states in an irreducible representation were directly labeled by the proper-
ties of particles (energy-momentum and spin orientation/polarization), without
reference to the possibly redundant field description. But this frugality came
with a price: The baroque field-theoretical description provided a direct pre-
scription for constructing invariant interaction Hamiltonians. By contrast, the
representation-theoretic view, as Wigner clearly stated, gave “no indication on
how to solve the problem of interaction.”
Wigner explored the possibility of introducing interactions into his frame-

work together with his PhD student, the Ukrainian-born Mexican physicist
Marcos Moshinsky (1949). Moshinsky tried to extend Wigner’s irreducible
(one-particle) representations to construct covariant two-particle scattering
states for two scalars or two Dirac fermions. These states were constructed as
linear combinations of incoming plane waves and outgoing spherical waves.
The question was now how to determine the relative amplitude between
incoming and outgoing waves, that is, the scattering amplitude. In quantum
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mechanics, this was done by inserting the scattering ansatz into the Schrödinger
equation with the interaction Hamiltonian. Instead, Wigner and Moshinsky
attempted to determine the scattering amplitude by imposing further conditions
on the scattering state. Specifically, Moshinsky imposed (boundary) conditions
on the scattering wave functions at those points in many-particle configura-
tion space where the coordinates of the two scattering particles coincide. These
boundary conditions were motivated solely by demands of relativistic invari-
ance, with some concessions to simplicity. Moshinsky’s construction did not
go very far. It allowed, for example, only for the scattering of spherical waves –
that is, for collisions where the colliding particles have no relative angular
momentum – and was never published. In general, Wigner himself was very
cautious about promoting his approach to relativistic quantum theory. It was the
young American Arthur Wightman who turned Wigner’s particle perspective
into a full-fledged research program.
Wightman initially wanted to do his PhD with Wigner “on the mathemat-

ical foundations of field theory,” but, as Wightman recalled, Wigner warned
him that this topic was “too hard.”125 Given that Moshinsky was working
on related problems at the same time (Wightman eventually also graduated
in 1949), one can only assume that Wigner objected to Wightman’s frontal
approach.126 Wightman then ended up doing his PhD on a topic in meson phys-
ics with Robert Marshak and John Wheeler (MIW, p. 28). But shortly after
graduating, he became the main proponent of Wigner’s approach to QFT. In
September 1951,127 he came to the Niels Bohr Institute in Copenhagen for a
sabbatical “and he carried with him from Princeton the wisdom of Wigner”
(Haag, 2010b). Indeed, in Copenhagen he appears to have begun pursuing
the Wignerian program for QFT in earnest, as evidenced by a letter to Fritz
Rohrlich:128

As far as my own work is concerned I am exceedingly optimistic. Wigner’s
methods are so powerful in field theory that I am getting blisters on my hands
trying to use them. If I weren’t so stupid slow and inaccurate, field theory
would already have reached the stage in which divergences are of historical
interest only. That is one of the reasons why I will be glad to be back in
Princeton. I hope that with you, [Valentine] Bargmann and Wigner taking an
interest the thing will go much further. I’ll make you a bet that if you three
do take an interest, the renormalization program will be dead as a doornail
in June 1953. Wanna bet?

125 Interview with Jagdish Mehra, January 18, 1988, JMP, Box 104, Folder 38, page 2. From now
on, this interview will be referred to as MIW.

126 Wightman recalls that he “forced [himself] on [Wigner]” (MIW, p. 32).
127 See the Copenhagen Minute Book in the AHQP.
128 The letter is undated, but sent from Copenhagen. It is in the Fritz Rohrlich Papers.
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In particular, he later recalled that he pursued:

. . . the question that Wigner had left open, which I was very uncertain about
mathematically, and which occupied an inordinate amount of time during
my year in Copenhagen, was whether there is any physics in the unitary
equivalence class of the reducible representation of the Poincaré group. I
kept worrying that somewhere in the multiplicity theory there was some hint
of an S matrix or something like that. (MIW, p. 5)

This was the problem that alsoWigner andMoshinsky had pursued: whether
the many-particle representations constructed from Wigner’s original irre-
ducible one-particle representations somehow contained the dynamics of the
theory. Wightman presented his work at the previously mentioned inaugural
CERN conference in June 1952. Programmatically, Wightman’s presentation
(Wightman, 1952) was more assertive than anything Wigner had ever said,
explicitly referring to the “present difficulties for relativistic quantum theo-
ries” and characterizing his program not as a novel approach to QFT but as
an attempt to build “up logically the requirements which must be imposed on
any theory by the demand of invariance with respect to the inhomogeneous
Lorentz group” (my emphasis). The results that Wightman presented, however,
did not really go beyond what Moshinsky had done in his thesis three years
earlier. It was becoming clear that the Wignerian program, based solely on a
Poincaré-invariant Hilbert space, was not rich enough to produce the dynamics
of quantum field theory. Further general principles were needed to sufficiently
constrain the theory.
After Wightman’s talk, Heisenberg remarked “that the theory of Wightman

was in principle an S-Matrix theory” (p. 56). This remark, while not inaccurate,
requires some unpacking. A decade earlier, Heisenberg had embarked on his
own program of rebuilding QFT from scratch: the S-Matrix approach (Blum,
2017). This approach was indeed quite similar to that of Wigner and Wight-
man, as it too relied not on field dynamics but on implementing the constraints
of relativity theory (Lorentz invariance of the S-Matrix) and of quantum theory
(unitarity of the S-Matrix). Heisenberg had realized early on that these con-
straints were still too loose, an insight he shared withWightman, remarking that
“it would prove valuable to make another restriction of the possible theories in
the scheme of Wightman” (p. 57). Heisenberg had explored several such fur-
ther restrictions. The one he now suggested to Wightman had been introduced
into the framework of S-Matrix theory by Ralph Kronig (1946): the demand of
causality.
It was one thing to suggest adding causality as a further axiom to theWigner–

Wightman approach, but quite another to give a mathematical formulation of
this demand. Kronig’s idea had been to implement causality as a condition on
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the S-Matrix, where it appeared as Kramers–Kronig-type relations between the
real and the imaginary parts of the S-Matrix elements. In this form, causal-
ity was indeed being explored in the early 1950s, not least by Wigner himself
(Cushing, 1990, Section 2.6), although there is no indication that he connected
this issue to his work on relativistic quantum theory.129 By this time, however,
Heisenberg no longer believed in a pure S-Matrix approach. When he recom-
mended that Wightman incorporate the demand for causality into his program,
he added that “it is difficult to enter on the question of causality without the con-
cept of a field.” This seems to be a reference to another version of the causality
principle, first introduced by Pauli in his proof of the spin-statistics theorem
(Blum, 2014) and nowadays known as “microcausality.”Microcausality asserts
that for a field operator ϕ,

[ϕ(x), ϕ(y)] = 0, (34)

when the points x and y are spacelike separated. The two versions of causality –
Kramers–Kronig analyticity conditions and microcausality – were related,130

but they were formulated on very different levels. While Kronig’s formulation
pertained to scattering amplitudes, microcausality was concerned with the field
operators.
There is no indication that Wightman took Heisenberg’s remarks to heart.

Upon returning to Princeton, he began putting together a book with Wigner
and Bargmann, entitled Foundations of Relativistic Quantum Mechanics. A
manuscript of the first few chapters of this unpublished book can be found
in Wightman’s papers.131 The manuscript focuses on consolidating Wigner’s
representation theory, rather than introducing new concepts, such as causality.
However, others paid close attention both toWightman’s talk and Heisenberg’s
comment.

5.3 Haag and His Theorem
Wightman made a positive impression during his time in Copenhagen. After
meeting him at the Copenhagen conference, Pauli remarked that he had now a
“much more positive opinion” of Wightman (Pauli to Møller, August 19, 1952,
(von Meyenn, 1996, p. 709)), though he did alsomake fun of his foundationalist

129 There were also other operationalizations of causality within the framework of the S-Matrix,
cf. (Blum and Fraser, 2025).

130 This connection was soon to be explored in more detail in (Gell-Mann et al., 1954).
131 I would like to thank Porter Williams for tracking down this manuscript. The manuscript is

undated, but it can be dated indirectly through a prominent reference to it: Haag’s 1953 lecture
notes, mentioned later in this Element, refer to a “survey article by Wigner, Wightman and
Bargmann,” the content of which appears to match the manuscript in the Wightman papers.
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zeal. Pauli picked up on Wightman referring to himself as a missionary (MIW,
p. 33), and consequently spelled his name “Whiteman” (von Meyenn, 1996,
p. 654). Wightman, the missionary, did actually manage to make one con-
vert, the young German physicist Rudolf Haag. Haag attended the Copenhagen
conference as the “delegate” from Munich, which had once been a center of
German theoretical physics but had since become somewhat of a provincial
backwater. Impressed by Wightman’s presentation, Haag recalled:

Of great importance for my future work was a tea party at the castle
where Niels Bohr lived. I got hold of Wightman and we walked many
times around the lawn. We saw that we had many aspirations in common
and . . . he . . . recommended in the strongest terms that I should read the 1939
paper by Wigner on the irreducible representations of the inhomogeneous
Lorentz group (nowadays called the Poincaré group). After my return from
the conference to Munich I dug out this paper [Wigner 1939] and indeed, it
was a real revelation. (Haag, 2010b)132

Haag returned to Copenhagen in the spring of 1953. In summer, he began
working in earnest on relativistic quantum theory. In the academic year
1953/54, he gave a weekly seminar on the subject, resulting in lecture notes,
which were published as a preprint of the CERN theory group in Copenhagen in
November 1953 (CERN/T/RH-1). Haag characterized his approach as follows:

We shall not start with a discussion of any particular theory which is at
present used in the physics of elementary particles, nor shall we base the
investigation upon the general formalism common to all these theories. We
begin on a lower level by assuming only some rather general facts of expe-
rience and physical principle. The mathematical framework will then be
deduced. The advantage of this approach is that we may feel sure of the
mathematical consistency . . .On the other hand the input is as yet small and
consequently the resulting framework wide. However, the comparison with
current field theories seems to lead to some interesting statements. (p. 1)

The idea was thus to start from a set of “general principles.” The first two
of these principles were those of Wigner and Wightman, (A) “the skeleton of
quantum mechanics” (states as rays in Hilbert space) and (B′) “Invariance of
the Laws against Lorentz Transformation.” From this starting point, one then
gradually added further principles, trying to get as close as possible to regular
QFT. It is here that the discussion in this chapter finally makes direct con-
tact with this book’s main subject – the consistency of QFT. The final step in
Haag’s program was to find a model of his axioms, that is, to test their mutual
consistency. This model was to consist of a state space, and ultimately of field

132 A similar story is recounted by Wightman, MIW, p. 15.
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operators, that obeyed the axioms. Together, field operators and a state space
furnish a solution of a QFT, so Haag was ultimately looking for exact solu-
tions, just like Dyson and Källén. But Haag was not trying to get these exact
solutions from the dynamical equations; instead, he was trying to short-circuit
the dynamics and get the solutions directly from the axioms.
It was clear that axioms (A) and (B′) were not sufficiently constraining.What

then were the additional principles that Haag, following Heisenberg’s advice,
added to those proposed byWightman?We will get to the principle of causality
in a moment. But Haag also introduced another element from the S-Matrix
program into the representation-theoretical approach: a focus on the asymptotic
behavior of the states.
Recall that Moshinsky had tried to obtain interacting many-particle states

by introducing new restrictions on those states in regions where two parti-
cles overlap – a natural thing to do when trying to include interactions. Haag
now observed that it is far easier to make definite statements about the regions
where two (or more) particles should definitely not interact anymore, namely
the infinite past and future, a common artifice of scattering theory. In these
regions, two particles would either form a bound state (and thus be counted
as a one-particle state) or ultimately move apart. Haag thus proposed adding
an additional simple principle; in Haag’s counting, this is Principle 4 because
he also included the covariance of states under spatiotemporal reflections as
an additional principle alongside Poincaré invariance.133 Haag’s Principle 4
states that, in the asymptotic past and future, the total state of the system
will decompose into spatially localized one-particle states, which are local-
ized superpositions of the one-particle momentum eigenstates that Wigner had
constructed.
The implications were far-reaching: Haag could now uniquely identify and

label each state (no longer just the one-particle states) in the Hilbert space by
enumerating the (mass and the spin of the) particles it contained for asymptotic
times.134 In fact, there were two possible ways to label the states, corresponding
to two possible bases of the Hilbert space, depending on whether one consid-
ered the particles in the asymptotic past or the asymptotic future. By identifying

133 Note Haag’s unprecedented and unexplainably strange notation: he uses T to denote spatial
inversion and C for time reversal. This is particularly odd given that he appears to have been
quite attuned to the intricacies of defining time reversal in QFT, such as determining the appro-
priate formulation of time reversal needed to underwrite the principle of detailed balancing.
Around the time that Haag’s lecture notes were printed, Gerhart Lüders, another CERN post-
doc in Copenhagen, was writing a foundational paper on these matters (see Blum andMartínez
de Velasco, 2022).

134 Adequately symmetrized with either Bose or Fermi statistics (Principle 5) and adding the
(unique) no-particle vacuum state in order to complete the Hilbert Space (Principle 6).
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not one but two bases for the full Hilbert space of a relativistic quantum theory,
Haag effectively completed the Wignerian program. He did this by connecting
Wigner’s construction of the Hilbert space with the usual state space of QFT,
that is, Fock space.
This was a rather natural thing to do and it could be accomplished, as we just

saw, by adding a rather uncontroversial principle about asymptotic behavior.135

However, this success only exacerbated the central problem of the Wigner
approach: how to integrate interactions. The scattering amplitudes could now
be understood – fully in the spirit of the S-Matrix program – as the unitary
transformation that connected the bases corresponding to the asymptotic past
and future, respectively. But how were these amplitudes to be determined?
Haag had constructed a many-particle Hilbert space without having to invoke
a detailed description of the behavior in the region of interaction. Now, some
dynamical development was needed to connect the in and out states. Follow-
ing Heisenberg’s anticipation, Haag thus found himself compelled to introduce
fields into the picture after all.
Mathematically, this was relatively straightforward. Since he was now in

Fock space, Haag could introduce a “complete system” (p. 37) of annihila-
tion and creation operators, u( j)κ and u( j)†κ , on his Hilbert space – or rather, two
sets, one for the past and one for the future. These operators removed/added
asymptotic particles of type ( j) (specified by mass and spin) in the state κ
(specified by momentum and spin orientation) from/to a given state. In a com-
plete inversion of the usual procedure in field theory, where the field operators
were decomposed into annihilation and creation operators, Haag instead used
the annihilation and creation operators to construct asymptotic field operators:

φ( j)(x) =
∑
κ

f ( j)κ (x)u ( j)
κ + f

∗( j)
κ (x)u†( j)κ , (35)

135 Wightman would later claim that he had already discovered in Copenhagen that “in a theory
with massive particles, you can write down the unitary equivalence class of the Poincaré group
and there is no dynamics in it whatsoever. The same unitary equivalence class if the particles
are interacting as when they are not . . .” (MIW, p. 5–6). This statement suggests that he had
obtained results similar to Haag’s. There is, however, no documentary evidence for this discov-
ery. TheWigner–Bargmann–Wightman manuscript mentioned earlier does not seem to contain
this result, nor does a report by Fritz Coester on a seminar given by Wightman at Princeton
provide any such hint: “Wightman gave a couple of seminars on Relativistic Configuration
Spaces. In spite of the learned presentation there was no great news in it. He has a program
to develop relativistic quantum theory of elementary particles from the particle concepts. As
you know I have great sympathy for such an approach. However more than the theory of the
Lorentz group is needed to get any non trivial physics and ideas seem to be conspicuously
absent” (Letter to Josef Maria Jauch, December 5, 1953, cited in von Meyenn (1999, p. 426)).
In any case, Wightman did not contest Haag’s priority, remarking that Haag already “knew
that intuitively” when they met at the Copenhagen party (MIW, p. 15).
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where f is a solution of the free field equations.136 The S-Matrix could now
be interpreted as the transformation connecting the operators of the incoming
and outgoing fields. This view was already familiar from conventional pertur-
bation theory; Källén (1950) and Yang and Feldman (1950) had reformulated
Dyson’s work in the Heisenberg representation and had defined the S-Matrix
in that same manner. However, the in and the out fields still lacked a dynami-
cal connection that would allow, at least in principle, the actual calculation of
an S-Matrix. Haag proposed to fill this gap with what he called the “interpo-
lating field” ψ( j). This field operator was also constructed from the in- or out-
annihilation and creation operators (which, after all, were supposed to form a
complete system), but in a more complicated fashion:

ψ( j)(x) =
∑
n,m

ψ( j)nm(x), (36)

where the ψnm contain normal-ordered products of n creation and m annihila-
tion operators. How exactly this interpolating field was to be calculated was, of
course, an open question. Haag did suggest ways to establish at least some con-
tact with regular perturbative calculations (Section IV.3). Nonperturbatively,
Haag proposed two conditions to impose on the interpolating field, though he
did not elevate these conditions to the level of “principles,” perhaps because
they would become problematic, as we shall see in a moment. The first con-
dition was called the “asymptotic condition” and was supposed to clarify the
relationship between the interpolating field and the asymptotic fields. It stated
that the in and out fields emerge as the infinite time limits of the interpolating
field, with convergence defined as strong operator convergence,

lim
t→∞

������(ψ( j)(x) − φ( j)(x)
)
ϕ
������ = 0, (37)

where ϕ is an arbitrary state vector.137 The second condition was the canonical
(equal-time) commutation relations (CCRs) for the interpolating field. These
included the microcausality condition discussed earlier, as well as the non-
vanishing commutator between the field and its time derivative. While this

136 The reader should note that despite being an asymptotic field, this operator is, in principle,
defined for all space-time points.

137 Haag (2010b) would later point out that this definition of the asymptotic condition was
fallacious and that his mistake was corrected by Lehmann, Symanzik and Zimmermann
(Lehmann et al., 1955). They imposed an asymptotic condition not on the field operators, but
rather on newly defined interpolating creation operators. This point is not relevant to our discus-
sion here. The LSZ amendment is necessary because states such asψ( j)(x)ϕ, i.e., states obtained
by acting on a normalized state with a field operator, are actually infinite, non-normalizable
superpositions, invalidating the convergence condition. This is not the case for the LSZ crea-
tion operators. We will discuss this point in somewhat more detail in the context of the work
of Léon van Hove.
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condition is significantly stronger, all of the subsequent arguments would be
equivalent even for mere microcausality (p. 57).
At this point, Haag obtained a result that can be considered the first half of

Haag’s Theorem. He found that if the interpolating fields were to fulfill the
asymptotic condition and the CCRs/microcausality, the ψ( j)12(x) in equation
36 would have to vanish. This, in turn, would imply the absence of interac-
tions between (i.e., a trivial S-Matrix for) two incoming particles.138 What
to make of this result? There were three possible conditions for interpolating
fields – the asymptotic condition, microcausality, and a nontrivial S-Matrix
(i.e., an interacting theory) – and they could not all be simultaneously fulfilled;
one of them needed to be dropped. Dropping the demand for an interacting
theory – unphysical as that concession was – led to an interesting result: the
principles, including Lorentz covariance, the Hilbert space structure of QM and
the CCRs/microcausality, were in fact consistent. Taken as axioms, they had a
model: the free, noninteracting field operators, which were exact solutions of
the free field equations. Haag took this to be the central result of his analysis.
He opened the conclusions to his lecture notes:

It appears that the general formalism of field theory follows essentially from
the principles 1–5 formulated in chapters I and II and that a completely
consistent mathematical formulation of such a theory is possible . . . [p. 70]

Proving the in-principle compatibility of special relativity and quantum
mechanics was a nontrivial result, even if the fact that the free field equa-
tions have exact solutions had, of course, been known from the start. And,
in any case, dropping the demand of nontrivial interactions was in no way
a viable option. As we have seen, there were two conceivable options that
preserved an interacting theory: modifying either the asymptotic condition or
the CCRs. Haag seems to have pondered the second option, remarking in his
conclusions that “[d]ifficulties arise from the assumption of canonical com-
mutation relations for the field variables.” However, it was the first option that
gained immediate traction. After all, Haag’s formulation of the asymptotic con-
dition was a relatively new invention, whereas microcausality was a hallmark
of relativistic QFT.
But if the asymptotic condition was discarded (p. 58), what was left of the

connection between interpolating and asymptotic fields? Without such a con-
nection, the introduction of the interpolating fields was pointless. An obvious

138 Of course Haag had not shown that the S-Matrix would be entirely trivial, only the two-particle
scattering amplitudes. This was the main desideratum in Haag’s proof of his theorem, and later
iterations generalized his result to also include more complicated scattering processes (Hall
and Wightman, 1957).
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idea was that they might be related by some unitary transformation. How-
ever, Haag was compelled to reject this option as well. Through very simple
arguments (merely invoking translational invariance), he showed that if the
asymptotic fields and the interpolating field were connected through a uni-
tary (time evolution) transformation, then that unitary transformation would
leave the vacuum invariant. This was, as Haag somewhat cryptically noted,
“not fulfilled in the ordinary formulations of electrodynamics or meson the-
ory” (p. 60), probably a reference to the Gell-Mann and Low theorem, which
established a nontrivial relationship between the vacuum of the interaction rep-
resentation (corresponding to the asymptotic fields) and the vacuum of the
Heisenberg representation (corresponding to the interpolating fields). Gell-
Mann and Low had not investigatedwhether their transformationwas unitary; it
certainly involved some nontrivial limits. Could there, then, exist a connection
between the asymptotic and the interpolating fields that was neither a limiting
relation (like the original asymptotic condition) nor a unitary transformation?

5.4 Friedrichs, Fuglede and Inequivalent Representations
The essential element for the second half of Haag’s theorem was the inequiv-
alent representations of the CCRs. In his lecture notes, Haag credited this new
mathematical development to two sources: the young Copenhagen mathema-
tician Bent Fuglede and the German-born mathematician K. O. Friedrichs of
New York University. Both Friedrichs and Fuglede had recently developed an
interest in the mathematical foundations of QFT, likely motivated by the suc-
cess of renormalized QED in the late 1940s.139While Haag appears to have first
learned of inequivalent representations from Fuglede, priority for the discovery
clearly lies with Friedrichs. So it is with him that we begin.
Friedrichs’s main expertise lay in the PDEs of physics (Reid, 1983). Like

Wigner and von Neumann, Friedrichs had been shaped by the Göttingen math-
ematical tradition of Hilbert and Klein. He had been a student of Richard
Courant, who had coauthored with Hilbert (and written most of) a famous text-
book onMathematical Methods of Physics. In this book, Courant aimed to take
“methods – which had their roots in physical intuition,” transform them “into
rigorous tools backed by general theories” and then “return the improved tools
to the physicists for their own work.” After losing his Göttingen professorship
due to the Nazi racial laws, Courant had left Germany and accepted a position
at NYU, where Friedrichs (whose fiancée was Jewish) had joined him in 1937.

139 Fuglede has confirmed to me (phone call, July 19, 2022) that his (ultimately unpublished)
results on inequivalent representations were indeed motivated by an interest in quantum field
theory. Friedrichs’s books is explicitly on the foundations of QFT.
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There, they worked together on a second volume of the Mathematical Meth-
ods, which introduced elements of von Neumann’s Hilbert space methods – an
approach Courant had not fully absorbed (Reid, 1996, pp. 196–198).
During the war, Friedrichs had worked on the theory of shock waves. After-

ward, he became increasingly interested in the mathematics of quantum field
theory. In the early 1950s, he engaged with the problem that both Wigner and
von Neumann had approached only obliquely, though effectively: providing a
mathematical foundation for quantum field theory. Friedrichs was known for
a predilection for “the dangerous problems . . ., the really tough ones, in which
there was no certainty of getting through” (Reid, 1983). And the foundations of
quantum field theory was considered such a problem among mathematicians as
evidenced by Irving Segal’s review of the book that resulted from Friedrichs’s
foray into quantum field theory:

Attempting a mathematical treatment of quantum fields may be a bit like try-
ing to run a cross-country mile in 4 minutes. One of the main obstacles is the
psychological one arising from the prevailing opinion that it can’t really be
done.[140] . . . The subject does not at present admit a systematic or rigorous
presentation. To a considerable extent it is not even so much a subject in the
mathematical sense as a set of techniques for dealing with specific problems
with various elements in common. . . . It is regrettable that the standard of
rigor and the mode of presentation are not such as to make the mathemat-
ical consistency of many of the sections wholly manifest and explicit, but
one must be thankful that the ice has been broken with this first large-scale
attempt to deal mathematically with quantum fields. (Segal, 1954)

Friedrichs published his results in a series of long papers in the Communica-
tions on Pure and Applied Mathematics, which were later combined in a book
(Friedrichs, 1953). His approach to quantum theory differed somewhat from
the von Neumann tradition, which indirectly, through the Wigner–Wightman
connection, also served as the model for Haag’s setup. In this latter tradition,
the steps in constructing a quantum theory were to start with the Hilbert space,
find a complete set of operators, and then deduce the commutation relations.
Friedrichs took the opposite approach. He started from the commutation alge-
bra of the observables and then tried to find a representation of this algebra as
operators on aHilbert space. In quantummechanics, these two approaches were
known to be equivalent, due to the Stone–von Neumann theorem; it implied
that the canonical commutation relations had a unique (up to unitary transfor-
mations) representation as operators on a Hilbert space. One could thus, after
one had constructed one complete set of operators from the Hilbert space and

140 Segal’s book review was published in November 1954. The mile had been run in less than four
minutes for the first time by Roger Bannister in May 1954.
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found the commutation relations, take any representation of the commutation
relations and again end up with the Hilbert space one had started from. There-
fore, it didn’t really matter whether one started by setting up the Hilbert space
or started with the algebra of the operators. The algebraic approach had already
been used before Friedrichs (and even before von Neumann), for example, in
the textbook by Weyl (1928, paragraph 46).141

Friedrichs now pointed out that things were more complicated in the case of
an infinite number of degrees of freedom: here there were also other, inequiv-
alent representations of the commutation relations – be they given as field
commutation relations or as commutators of annihilation and creation opera-
tors. This was closely connected to von Neumann’s results on the nonseparable
structure of the state space of QFT: in these inequivalent representations, the
annihilation and creation operators acted in the usual way (i.e., lowering and
raising occupation numbers, respectively), but on states in different orthogonal
subspaces of the larger, nonseparable Hilbert space. In keeping with von Neu-
mann’s identification of those other subspaces with states of infinite particle
number, Friedrichs distinguished his new representations from the usual one
by noting that for the new representations the number operator

N =
∑
κ

u†kuk, (38)

which corresponds to the total particle number, has an infinite expectation value
for any state. Friedrichs consequently referred to the nonstandard representa-
tions as “myriotic,” because they involved states with a myriad of particles. He
also emphasized that such representations were relevant for physics; indeed, it
had long been recognized that states with an infinite number of photons with
infinitesimally small energies needed to be considered in QED in the context
of the infrared divergence.142

In the fall of 1953, Fuglede arrived at similar results, in collaboration with –
and this may come as a bit of a surprise – Arthur Wightman. Wightman and
Fuglede presumably knew each other from Wightman’s stay in Copenhagen.
Indeed, it appears to have been his interactions with Wightman that briefly
sparked Fuglede’s interest in QFT. In turn, Wightman was very interested
in the question of inequivalent representations, though he did not connect it
with the axiomatic approach to QFT; that is why Haag, and not Wightman,
is the protagonist of this section. In January 1954, Fuglede decided to aban-
don this joint project, in order to finish his PhD thesis, giving Wightman

141 For a brief history of the Stone–von Neumann theorem, see (Rosenberg, 2003).
142 (Bloch and Nordsieck, 1937). On the early history of the infrared divergence, see (Blum, 2015).
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permission to complete the paper by himself.143 Wightman, however, needed a
“mathematical technician” (matematisk tekniker) to help him with the inequiv-
alent representations, for which he then recruited the Swedish mathematician
Lars Gårding, who promptly came to stay at the Institute for Advanced Study
from January to April 1954.144 Wightman wrote two papers with Gårding on
inequivalent representations, followed by a third with his former PhD student
Sam Schweber (Garding and Wightman, 1954a,b; Wightman and Schweber,
1955).145 These papers went significantly beyond Friedrichs in their system-
atic classification of representations of the CCRs. But for us the most important
aspect of this story is that, while still actively involved in Wightman’s inves-
tigation in September 1953, Fuglede also discussed the issue of inequivalent
representations with Haag, as he wrote to Wightman:

[A] fewwords about the “institute life” here. As usual there are many foreign
guests here. One of them, a German whose name is something like Haag,
works on problems similar to those you are working with. I have had a few
discussions with him concerning some mathematical questions appearing in
his investigations. Perhaps you know him?146

This is confirmed by Haag, who cites Fuglede as his main source for the
existence of inequivalent representations (endnote 18).
We have now established how the inequivalent representations of the CCRs

were discovered and how this information reached Haag. But what did it mean
for Haag’s axiomatic program? For Haag, the existence of the inequivalent
representations implied that there were transformations that were not neces-
sarily unitary but still conserved the CCRs. The simplest example, which Haag
presented in his lecture notes, is what would later come to be known as a Bogoli-
ubov transformation, where new annihilation and creation operators v and v†

143 Letter from Fuglede to Wightman, January 19, 1954, AWP. I would like to thank Porter Will-
iams for making these letters accessible to me. In this letter, Fuglede also mentions that he was
getting married in March, which was another reason for him to stop working on QFT. He also
appears to have been somewhat disappointed that his results had already been anticipated by
Friedrichs, as he confirmed in a phone conversation on July 19, 2022.

144 The dates of Gårding’s stay can be found on the IAS website (www.ias.edu/scholars/lars-
garding). The quote, along with the information that Gårding was invited byWightman to help
with the inequivalent representations, are from Gårding’s (Swedish-language) autobiography
(Gårding, 2019).

145 Looking at the chronology of publication, one might think of reading these papers as responses
to Haag’s theorem, especially sinceWightman and Schweber (1955) actually references Haag’s
lecture notes. In the Arthur Wightman Papers, however, there is a letter to the editor of the
Physical Review, dated October 14, 1954 (three months after submission), in which Wightman
requests “three minor additions to the text as it stands,” one of them being the reference to
Haag’s CERN lectures. Therefore, it seems clear that Haag’s lectures could not have influenced
Wightman’s take on inequivalent representations.

146 Letter of September 23, 1953, AWP.
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are constructed from the annihilation and creation operators u and u† through
the relations:147

vκ = cosh ϵuκ + sinh ϵu†κ
v†κ = sinh ϵuκ + cosh ϵu†κ (39)

This transformation preserved the CCRs but was not unitary (for an infinite
number of states κ), so it delivered a new, not unitarily equivalent represen-
tation of the CCRs. The results of Fuglede and Friedrichs therefore supplied
Haag with the second part of his theorem: it appeared that the only way to get
from his principles to an interacting QFT was to invoke the new inequivalent
representations.
The example given by Haag was a rather trivial specimen of a myriotic repre-

sentation, a “relatively” myriotic representation that actually allows for a Fock
space representation with a well-defined number operator, but not within the
confines of the original separable Hilbert space.148 This is not true in general
for all myriotic representations. It is unclear whether Haag, at the time, appre-
ciated the distinction; but then again, his theorem149 also did not indicate what
precise kind of nonstandard representations would be needed to construct an
interacting QFT. All Haag could conclude was that “the ‘strange reps.’ . . .will
almost inevitably play a role in any discussion in field theory” (p. 69).
This posed a challenge for the axiomatic program, which started from the

construction of a Hilbert space, only to find that this Hilbert space was too small
to accommodate physically interesting theories. The step from establishing the
consistency of free QFT as a relativistic quantum theory to the construction of
a theory with nontrivial interactions was greater than anticipated. A huge gap
remained between the axiomatic exploration of consistency and the study of
specific, realistic theories like QED or QFTs of the nuclear interactions. This
separation was succinctly summarized by Haag himself several years later at
the 1957 conference in Lille on mathematical problems of QFT:

[A]t the moment there are essentially two distinct methods in use by which
one hopes to analyse problems of quantum field theory.

147 Note that in the lecture notes, Haag here had regular sines and cosines rather than hyperbolic
ones. This was corrected in the later published version of the notes (Haag, 1955).

148 For a detailed discussion of these points, and also for a reading of Haag’s theorem that fits
Haag’s original formulation, see (Earman and Fraser, 2006), especially pp. 328ff. Relatively
myriotic representations would become essential for the description of spontaneous symmetry
breaking. Indeed, Bogoliubov constructed the transformations that now bear his name in the
context of superconductivity.

149 On the naming and subsequent definition of Haag’s theorem, see (Lupher, 2005).
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One approach, of which the talk of Källén gives a typical example, starts
from an almost completely defined theory (or model). All relevant properties
(commutation relations, equations of motion, etc.) are explicitly specified
from the outset. However, one is aware of the fact that, in writing down
these basic equations, one must make use of mathematical operations which
can only be defined a posteriori by a certain limiting procedure. The problem
is then to find out just exactly how these mathematical operations should be
defined to make the physical predictions of the theory meaningful. Or, if one
is less optimistic, to show that no such definition can be given at all.
The other approach has been called ‘axiomatic’ byWightman . . . It wasmoti-
vated by the following idea. Since there is no inherent contradiction in the
notion of a relativistic quantum theory of interacting particles, it seemed
worthwhile to start from the wide frame allowed by the general principles
and, narrowing the mathematical frame step by step, to look for the neuralgic
spots.150

The primary difference between the two approaches was thus not so much
one of rigor, but of method. For axiomatic QFT, consistency was a principle
of construction; for Källén – and the protagonists of the second volume of
this Element – it was a tool for analyzing existing structures. A detailed his-
tory of axiomatic QFT after the foundational work of Wightman and Haag still
remains to be written. While the relative importance that axiomatic field theo-
rists attributed to Haag’s theorem fluctuated over time, it remained an essential
result for that program. We will conclude our historical treatment of axiomatic
QFT here in order to refocus on the consistency of QED. However, we still
need to answer one question in this chapter: what was the relevance of Haag’s
theorem outside of the axiomatic program?
This question was explored by Haag himself, particularly in relation to

Dyson’s work on the perturbative renormalizability of the S-Matrix. In this
work, Dyson had made use of the matrix U(σ), a unitary operator that took
the wave function at t = −∞ and evolved it to some spacelike hypersurface
σ (Dyson, 1949a, pp. 488–489). In the limit where σ is taken to t = +∞, the
matrixU is then the S-Matrix and could bemade finite through renormalization.
The status of U(σ) for finite times was more problematic. Whenever it

appeared – whether in the calculation of renormalized Heisenberg field oper-
ators for finite times (Dyson, 1951b) or in the context of finite-time evolution
(Stueckelberg, 1951)151 – it had been necessary to blur the initial and final times
by averaging over a short time interval. In Haag’s framework, the matrix U(σ)
(without short-time averaging) could be viewed as a unitary transformation

150 (Haag, 1959, p. 151). The original English text was first published as (Haag, 2010a).
151 On Stueckelberg’s results, see also Blum and Fraser (2025).

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009265362
Downloaded from https://www.cambridge.org/core. IP address: 169.224.197.5, on 27 Oct 2026 at 07:48:36, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009265362
https://www.cambridge.org/core


Probing the Consistency of Quantum Field Theory I 89

from the incoming to the interpolating field, a transformation that did not exist
for an interacting theory according to Haag’s theorem. Haag thus concluded
that his results might also explain “the fact that Dyson’s U-matrix for finite
times is still undefined after renormalization” (p. 67). In the published version
of his lecture notes, Haag (1955) used a somewhat less cautious formulation,
stating already in the abstract that “Dyson’s matrix U(t1, t2) for finite t1 or t2
cannot exist.” However, given his original formulation, one does not get the
impression that he felt this entirely invalidated Dyson’s derivation – for note
that the problem was thatU is undefined after renormalization. It was therefore
impossible to useU to describe finite-time evolution in the renormalized theory.
The role of U in the renormalization procedure, however, was not addressed.
Haag’s attitude seems to have been in keeping with a modern reading where the
premises of Haag’s theorem are invalidated by the regularizations involved in
renormalization, making the use of U as an intermediate step in the derivation
of the renormalized S-Matrix far less problematic (Miller, 2015).
In any case, as we have already noted, perturbation theory was essentially

dead anyway by the mid 1950s – on a foundational level due to the non-
convergence of the Dyson series, and on a practical level due to its limited
usefulness for nuclear interactions. What relevance, then, did Haag’s theorem
have for the nonperturbative approaches introduced in the previous chapter?
Very little, one must say. Haag’s theorem was so relevant for the early axi-
omatic approach because that approach started from the construction of the
Hilbert space. Even if Haag had come to the conclusion that this representation-
theoretical approach could not determine the dynamics, the construction of
the Hilbert space remained the first order of business. The nonperturbative
approaches we have encountered, on the other hand, started from the dynamical
equations. Solutions to these – whether approximate or exact – could be (and
in fact were) then sought without first fully defining the state space. As a result,
nonseparable Hilbert spaces might arise naturally when solving the dynami-
cal equations. Unbeknownst to Haag, this is essentially what happened a year
before Haag’s formulation of his theorem, in the work of Léon van Hove.

5.5 Van Hove and the Fixed-Source Model
The Belgian physicist Léon van Hove was yet another mathematically trained
newcomer to QFT. In the early 1950s, he began investigating a seemingly
minor problem in the foundations of QFT that had recently been pointed out
by Hartland Snyder (1950) and Günther Ludwig (1950). They observed that
the field operators were not really operators in Hilbert space. When written
as an infinite linear combination of annihilation and creation operators, a field
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operator takes any given state into an infinite, nonnormalizable superposition of
states with one particle more than the original state. This is true not just for the
field operators but also for interaction Hamiltonians with unpaired field opera-
tors, such as the interaction Hamiltonian of QED, which has an unpaired photon
operator. Such a Hamiltonian also transforms a given state into an infinite
superposition. This difficulty is unrelated to the usual divergence difficulties
of QFT; although it can be removed through a cutoff, it cannot be removed
through renormalization. While the infinite renormalization of the field opera-
tors is proportional to the coupling constant, this problem also arises for free
field operators.
As Snyder had pointed out, the problem is ameliorated by the fact that

one can formally take the inner product of an infinite superposition with a
proper state in Hilbert space, and the result will be finite. In other words,
the matrix elements of the field operators will all be finite. The field opera-
tors and the Hamiltonian were thus improper operators, akin to the position
operator in nonrelativistic quantum mechanics. As long as one is only calcu-
lating S-Matrix elements, the problem does not arise, since this only involves
calculating matrix elements of the Hamiltonian. If, however, one took a more
traditional, quantum-mechanical, approach to QFT and tried to find stationary
states – that is, the eigenvalues and eigenvectors of the Hamiltonian – the fact
that the Hamiltonian is an improper operator becomes a real problem, because it
implies that the Hamiltonian has no eigenvectors in the state space. And while
at the avant-garde of the development of QFT the S-Matrix approach ruled
supreme, van Hove in 1951 could still confidently assert that:

The central problem in quantum field theory is to look for the stationary
states of the system, i.e., the eigenvectors and eigenvalues of the Hamiltonian
operator . . . (van Hove, 1951, p. 1056)

No one had ever officially renounced this problem. It had become less inter-
esting as scattering experiments displaced spectroscopy. But it was also a
prohibitively difficult problem for a relativistic field theory like QED (Blum,
2017). When van Hove’s master’s (licence) student, Marguerite Gossiaux,
investigated this problem further in her 1951 thesis, she did so by using a
very simplified toy model: a field theory of scalar mesons U interacting with
a number of infinitely heavy, point-like nucleons with fixed positions and spin
orientations. This was sometimes referred to as the Fixed-Source (or, later, van
Hove) model.152 The interaction Hamiltonian is given by

152 In her thesis, Gossiaux, actually used a somewhat more general model that included a form
factor and thus also allowed for extended nucleons. Van Hove later restricted his attention to
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HI = g
l∑

s=1
γ0,sU(®xs), (40)

where g is the coupling constant, l the total number of nucleons, and γ0,s and ®xs
are the Dirac spin matrices and position vectors, respectively, of the nucleons.
Both the position and the spin of the nucleons are constants of the motion, and
the γ0,s can be replaced by their eigenvalues, ±1, depending on the spin of the
nucleon corresponding to the index s.
This Hamiltonian has nontrivial dynamics but is also exactly solvable. Gos-

siaux was able to formally write down the energy eigenfunctions u of the total
Hamiltonian (which also included the kinetic energy of the scalar field) as an
infinite product of Hermite polynomials, one for each mode of the scalar field
(pp. V.6–V.7). The next question was how the energy eigenfunctions of the
interacting theory related to the usual Hilbert space, which is spanned by the
energy eigenfunctions of theHamiltonian for a free, noninteractingmeson field.
Since the energy eigenfunctions for both the free and interacting theories were
now explicitly given, the natural next step was to try to expand one in terms of
the other. This meant calculating scalar products. It was at this point that ques-
tions of Hilbert space structure first entered – after the dynamical equations had
been solved.
Solving the Schrödinger equation had required writing the energy eigenfunc-

tions as functions of the variables qk, the “coordinates” associated with the
kth mode of the scalar field. In terms of the usual annihilation and creation
operators, ak and a†k ,

qk =
1
√
2

(
ak + a†k

)
. (41)

This made it natural to perform the scalar product in an infinite product of
spaces of square-integrable functions of the variable qk, which is exactly what
Gossiaux tried. However, she had to conclude that

The expansion coefficients of u in terms of the eigenstates of the free field
are infinite products and are given by very complicated expressions.

Gossiaux’s discussion of the fixed-source model ended on this inconclusive
note. The decisive breakthrough may well have come from Princeton, where
van Hove spent the academic year 1949/50 at the Institute for Advanced Study
(Messiah, 1993), around the same time Gossiaux was working on her thesis. In

point-like sources. This aspect is irrelevant for obtaining exact solutions. However, the van
Hove model with extended sources does not exhibit the striking orthogonality properties that
van Hove later discovered for the point-source case (Fewster and Rejzner, 2019, Section 3). I
would like to thank Maria Papageorgiou for pointing out this latter fact to me.
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any case, von Neumann’s work on nonseparable Hilbert spaces was still absent
from Gossiaux’s thesis, while a first citation of von Neumann’s 1939 paper
appears in the slightly later van Hove (1951).
Van Hove appears to have realized that the state space Gossiaux had implic-

itly assumed in her thesis was precisely the kind of nonseparable Hilbert space
identified by von Neumann.153 It was therefore much larger than the Hilbert
space of the free theory and would include states with infinite particle number.
This gave him the decisive pointer: the scalar products that had frustrated Gos-
siaux could be calculated if, for at least one of the two states, all but a finite
number of modes were in the ground state. This greatly simplified the calcula-
tion of the scalar products, since the remaining finite number of excited modes
would only make a negligible contribution. In this way, van Hove demonstrated
that scalar products between energy eigenstates of the interacting and of the
free Hamiltonian vanished in general. The eigenstates of the interacting theory
thus manifestly lived in a different orthogonal subspace of the full nonsepara-
ble space than the eigenvectors of the free Hamiltonian. More than that, if one
considered the energy eigenstates for interaction Hamiltonians with different
(but nonzero) values of the coupling constant g, these were also elements of
mutually orthogonal subspaces.
Going even further, van Hove was then able to show that even infinite-

energy eigenstates of the free Hamiltonian, with infinite particle number, were
still orthogonal to finite-energy eigenstates of an interacting Hamiltonian. This
latter result may be a bit surprising at first glance. It showed that the full non-
separable Hilbert space was not simply obtained by adding states with infinite
particle number to the Fock space of the free theory. Van Hove did not elab-
orate much on this result, but it may be helpful for the reader to understand it
better – especially since I was unable to find an elementary explanation in the
literature.154 So I will briefly illustrate van Hove’s result in the simplest pos-
sible framework, fermionic occupation-number space. Here, the Fock space of
the free theory has basis vectors of the form

|1〉1 |0〉2 |1〉3 |0〉4 |0〉5 |0〉6 . . . , (42)

where the indices label the (infinitely many) modes, and the key point is that,
beyond some finite index n, all modes are in the ground state |0〉. To these Fock-
space states, one can add further basis vectors with infinite particle number –
that is, with an infinite number of modes in the excited state |1〉. But even with

153 (van Hove, 1952). For an English-language summary of van Hove’s paper, see Sbisá (2020).
154 I would like to thank Maria Papageorgiou, Laura Ruetsche, and, in particular, Noel Swanson

for very helpful discussions on this matter.
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these infinite-particle states one does not yet have a complete basis for the full
nonseparable Hilbert space. One also has to take into account states such as the
following:

(α |0〉1 + β |1〉1)(α |0〉2 + β |1〉2)(α |0〉3 + β |1〉3) . . . , (43)

where α and β are nonvanishing complex numbers satisfying |α |2 + |β|2 = 1.
For each individual mode, such states have a nonzero scalar product with any
basis vector of the original Fock space, including basis vectors with infinite par-
ticle number. However, that scalar product for each individual mode is always
less than one. Thus, the full scalar product, involving an infinite product over all
modes, is zero in the end. States such as that of equation (43) thus furnish addi-
tional linearly independent basis vectors of the full nonseparable space. And
these basis vectors naturally appear as eigenstates of interacting Hamiltonians.
Van Hove had used von Neumann’s mathematical insights to resolve the

problem of the nature of the field operators and the Hamiltonian – they had to be
taken as acting in a much larger space than the Hilbert space of the free theory.
In turn, van Hove’s result gave physical significance to von Neumann’s non-
separable Hilbert space: the orthogonal subspaces were in fact the eigenspaces
of Hamiltonians with different interaction terms, where this difference could
be as minor as a different numerical value for the coupling constant. Most
importantly, the nonseparable Hilbert space arose directly when solving the
dynamical equations.
Van Hove’s results were soon picked up by the emerging axiomatic QFT

community, and cited by Wightman and Schweber (1955) as related to Haag’s
theorem – albeit not as an actual instance, due to the nonrelativistic nature of the
van Hove Model. And outside the axiomatic community, the impact was cer-
tainly greater than that of Haag, also because van Hove had explicitly worked
out how perturbation theory failed in his model. He performed a perturbative
calculation of Dyson’s time evolution operator U(σ) and obtained nonvanish-
ing amplitudes for the creation of bosons from the vacuum, which he deemed
“difficult to interpret.” Van Hove’s results were sometimes explicitly cited as
an objection to perturbation theory, for example, by Alexander Stern (1952),
who considered it “more serious” than the nonconvergence of the perturbation
series, or by A. John Coleman (1953), who felt that van Hove’s result “suggests
that . . . the occasional successes of renormalization methods are lucky flukes.”
Years later, Källén would still insist to Wightman (letter of January 27, 1964,
Källén Papers, University of Lund):

Preterea censeo: You ought to havementioned at least van Hove and possibly
also Friedrich [sic] in connection with your “Haag” theorem [. . .] However,
I know that you will not change your opinion on that matter.
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Given the already problematic state of perturbation theory, we also need
to ask what the implications of van Hove’s work were for nonperturbative
approaches. As I have already indicated, van Hove had shown that nonsepara-
ble Hilbert spaces, and the “maze of inequivalent irreducible representations”
(Gårding and Wightman, 1954a, p. 617), might well arise naturally when they
were needed, thus reducing the relevance of Haag’s theorem. But van Hove’s
contributionwasmore important on amethodological level: it showed that deep
questions about the structure of QFT could be addressed with simplified toy
models.155 In this regard, van Hove’s model actually fell slightly short, as it
did not involve infinite renormalization (aside from an infinite, constant energy
in the Hamiltonian).
This concludes our discussion of the axiomatic tradition and of Haag’s the-

orem – and leads us directly to the theme that will start off the second volume
of this Element the emerging methodological tradition of exactly solvable toy
models. While Haag was working on his theorem, T. D. Lee was able to con-
struct a model QFT that was superior to van Hove’s model in a crucial aspect:
it was not just exactly solvable, it also included infinite renormalization. In
the second volume, we will discuss how this discovery reinvigorated investi-
gations into the consistency of QED and showed that far worse things could
happen with the renormalization constants than simply being infinite.

155 I owe the clear identification of this methodological tradition to Sébastien Rivat (2021), who
discusses its relevance to the work of Kenneth Wilson in the 1960s.
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